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Abstract

We presenttechniquesto efciently computethe distanceunder max-normbetweenra point and a wide classof
geometricprimitives.We formulatethe distancecomputatioras an optimizationproblemand usethis framavork
to designefcient algorithmsfor corvex polytopesalgebraic primitivesandtriangulatedmodels We extendthem
to handlelarge modelsusing boundingvolumehierarchies, and userasterizationhardware followed by local
re nementfor higherorder primitives.We usethe max-normdistancecomputatioralgorithmto designa reliable
voxel-intesectiontestto determinavhetherthesurfaceof a primitive intersectsa voxel.We usethis testto perform
reliable voxelizationof solidsand geneiate adaptivedistance elds that providesa Hausdorf distanceguarantee
betweertheboundaryof theoriginal primitivesandthereconstructegurface

1. Intr oduction

The notion of a distancefunctionbetweentwo elementsof

a metric spaceis fundamentaln variousbrancheof math-
ematicsandappliedscience®.g., approximatiortheoryand
numericalanalysis It is considereda fundamentaproblem
in geometriccomputatiorandrelatedareasincluding robot
motion planning?’, implicit and volume modeling15 3247,

surface reconstruction' 21, physically-basedmodeling 4,

computeraided design?4, etc. This problemhasbeenac-
tively studiedin different elds andmostof the algorithms
have beenproposedor ef cient computationof Euclidean
distancebetweertwo sets.

In this paper we mainly focuson the max-norm(or I1 )
distancecomputation.Under this norm, the distancebe-
tweentwo pointsx andy (in d dimensions)s represented
asD1 (x;y) andis de ned as

D1 (xiy) = maxix  yij; 1= L2Zund (1)
We can extendthis de nition for distancebetweena point
p andasetS RYY. Computingdistancesinderthe max-
norm is different from the Euclidean-normi; is notin-
ducedby aninnerproductspacesonotionsof orthogonality

Y D1 (p;S) = infes D1 (p;9)
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for distancecomputatiorcannoteused Themax-normdis-
tanceproblemarisesn differentapplicationincludingplan-
ning underuncertaintyusingMarkov decisionprocessefn
machinelearning?44, de ning discreteobjectsunderthe
supercwer model3, imageanalysis®®, dynamicsand con-
trol systems7 48, toleranceanalysisandNC machiningt4 40,
andvolumegraphics!> 47. Unlike Euclideandistancecom-
putation,no ef cient andpracticalalgorithmsareknown for
max-normcomputation.

Oneof our motivationsfor max-normcomputatiorarises
from voxelizationof geometricprimitives in RS, Givena
geometricscenedescription,voxelization dealswith tech-
niquesthatgeneratea discretesetof voxelsto approximate
the continuoussceneasfaithfully aspossible3. Voxeliza-
tion is usedin ray tracing 46 and volume rendering3247,
implicit modeling?2 24, shaperepresentatiod> and model
repair36. In orderto producean accuratevoxelizationand
guaranteeHausdorf-distanceapproximation|t is essential
to know whetheror not somepart of the geometricmodel
passeghrougha voxel. We refer to this testasthe voxel-
intersectiontest Sincevoxelsandiso-distancéallsfor max
norm are both cuboids,an exact voxel-intersectiortestcan
be performedby computingthe maxnormdistancebetween
the centerof thevoxel andthe primitive.

Main Contributions In this paper we presentalgorithms
for efcient max-norm distancecomputationsbetweena
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point and a wide classof geometricprimitives. We ana-
lyze the problemof max-normcomputatiorandreduceit to
anoptimizationproblem.Basedon our optimizationframe-
work, we presentefcient and specializedalgorithmsfor
corvex polytopes algebraicprimitivesand polygonalmod-
els. We also presentef cient techniquesbasedon bound-
ing volumehierarchiesandrasterizatiorhardwareto extend
thesealgorithmsto largemodels Overall,we shav thatmax-
norm computationis no moreexpensve thanthe Euclidean
case.On the contrary in mary casest is cheapeito com-
putebecausehe correspondinglistanceunctionsarelinear
ratherthanquadraticandwe utilize this propertyto develop
ef cient algorithms.

We demonstratehe application of max-normdistance
computatiorto performthevoxel-intersectiortest.lt is used
to generatean adaptve distance eld (ADF) of comple
modelsde ned using Booleanoperationsvherethe under
lying modelsconsistof polyhedra,quadricsandtori. The
ef cient voxel-intersectiorteststakesa small percentagef
additionaltime in termsof ADF generatiorandguarantees
nomisseccomponentandaboundeHausdorf-erroronthe
approximatedamplesaswell asthereconstructegurface.

Someof our new resultsinclude:

An optimization-baseframavork for max-normcompu-
tation.

An equationsolvingapproactfor algebraicgprimitives.
Specializedalgorithmsfor corvex polytopesguadricand
triangulatedmodels.

An ef cient graphicshardware-basedpproximatesolu-
tion for generaimodels.

An ef cient andexactvoxel-intersectioriestfor voxeliza-
tion andADF computatiorbasecbnls norm.

Organization Therestof thepapelis organizedasfollows.
We brie y suney relatedwork on distancecomputatiorand
voxelizationin Section2. We reducethe max-normcompu-
tation problemto an optimizationproblemin Section3 and
presentspecializedalgorithmsfor cornvex polytopes,alge-
braic primitives and triangulatedmodels.We extend these
algorithmsusing boundingvolume hierarchiesand graph-
ics hardwareto handlelarge modelsand non-cowex prim-
itivesin Section4. We useour algorithmto performvoxel-
intersectiortestsandADF generationin Section5 andhigh-
lights its performanceon differentbenchmarkén Section6.

2. Prior Work

In this section,we give a brief overview of prior work on
distancecomputationyoxelizationandadaptive sampling.

2.1. DistanceComputation

Theproblemof distancecomputatiorbetweervariousprim-
itivesunderEuclideamormis well studiedin computational
geometryrobotics,andsimulatedcervironments Somewell-
known algorithmsand suneys of distancecomputationun-
derEuclideamormcanbefoundin Lin etal. 2829,

The distancecomputationunder max-normin itself has
notbeenextensvely studiedin theliterature.However, there
is considerableamountof work for various geometricor
proximity computationsunderl; norm. Theseincludethe
studyofl; Voronoidiagramandits combinatoriaandcom-
plexity 6816253738 andl; skeleton computations?. In
particular Papadopoulowet al. 38 have presentedd(nlogn)
algorithmsto computethe2D |1 Voronoidiagramof poly-
gonsandhighlightedits applicatiorto VLSI layoutandman-
ufacturing.However, no practicalalgorithmsor implementa-
tionsareknown for 3D 11 Voronoidiagramsof pointsetsor
higherorderprimitives.

2.2. DistanceFields and Voxelization

Many efcient algorithmsare known to computethe dis-

tance elds andtheirgradientsatary pointin spaceA good
overview of thesealgorithmshasbeengivenin Cuisenaires

dissertationtl. A key issuein generatingdiscretesamples
is the underlying samplingrate. Someof the commonal-

gorithmsuse an adaptve re nement stratgy basedon an

octree,and only split those cells that contain a piece of

the nal surfacein a top-davn manner However, the cri-

terionfor performingthe containmentest,i.e., whetherthe
surface passeshrougha voxel, may not be robust. Many

authorshave usedcurvatureinformationin generatingthe
distancesamples!® 42, Moreover, Frisken et al. 1539 have

presentedottom-upandtop-davn methodsfor generating
ADFs basedn piecavisetri-linear interpolation.

3. DistanceComputation under I; Norm

Theproblemof computinghedistancaunderary normfrom

a point to a setcanbe posedan optimizationproblem.Our

goalis to utilize thespecialstructureof thedistanceunction

andthe underlyingset S to formulateef cient algorithms.
Computingthe max-normdistanceof a point from a setis

substantiallydifferentfrom the Euclideancasein severalre-

spectsFirst, the distancemetric is not smoothwith respect
to its variables.Secondly unlike |, spacel1 spaceis not

aninner productspace.The relationshipbetweenorthogo-
nality and minimum distancesn inner productspacescan
bevery powerful in formulatingtheseproblemswithout us-

ing optimization.In the minimum distanceproblem,these
differencedranslateto changesn both the algorithmicap-

proachandthe characteristicof the solution.In the restof

this section,we rst presentan optimizationbasedframe-
work to computethe max-normand later presentspecial-
ized algorithmsfor corvex polytopes,algebraicprimitives
andtriangulatedmodels.

3.1. Optimization Framework

Let S bea setconsistingof pointssatisfying fi(x) 0;i =
1;2;:::;n, whereeachf; is a non-linearanalytic function.
Ourgoalis to computethe distancefrom a point p to theset
S. Without lossof generality we assumehatthe point p is
theorigin anddoesnotbelongto S.

¢ TheEurographic#Association2003.



Varadhanetal. / Ef cient Max-NormDistanceComputation

We explain our algorithm for the 2D case rst. Con-
sider partitioning the planeinto regions suchthat the dis-
tancefrom ary pointin aregionto the origin is determined
by the samecoordinate.This partition exists becauseof
the de nition of the norm. As shawvn in Fig. 1(b), the re-
gionswherethe x;-coordinatedetermineghe |1 distance
is givenby thesetsRy,; = fxg x 0" x3+Xx 0Og
andRy, = fxg x» 0" x3+x» 0g. Eachregion, Ry,
andRy,,, is boundedby two linear constraintsThe regions
wherex, determineshedistanceRy,, andRy,,, areobtained
by similar linear constraintsThe four regionsfor the two-
dimensionatases shavnin Fig. 1(b).

Now let us assumehatwe arerestrictedto onesuchre-
gion, say Ry,,. By addingthe additionalconstraintfor x to
belongto S, our constraintspaceis restrictedto a portion
of the primitive lying inside Rx,,. We can nd the shortest
distancefrom the origin to this part of the surfaceby mini-
mizing x;. Notethatif our constrainspacenvascontainedn
Rx;,, our objective functionwould beto minimize x;. This
is asimplelinearfunction.

Extendingthis formulationto the d-dimensionatasewe
seethat the underlyingspaceis partitionedinto 2d regions
(eachregionformedby 2(d 1) linearconstraintspndeach
coordinatedetermineghe dlstancein two regions. For ex-
ample,the reglonswherethel coordinatedetermineghe
dlstanc&lr{eRx‘1 = eij=ymdX Xj 0N Xx+x 0)
andRx, = jgi;j=1;:d(X Xj 07" X+ X 0). Wehave
now reducedbur minimumdistancecomputatiorproblemto
solving2d non-linearoptimizationprogramsEachprogram
hastheform

minimize th;

subjectto fix) 0;i=12:::;m 2
and ngx 0;j=1;2;::;2(d 1):
whereh' = 0;0;:::; 1;0;:::;0 (the non-zeroentry

andits signis determinedy the oneof the 2d regions)and
g; is determinedy theboundingconstraintf regionsRy, .

We usethe above formulationto develop ef cient algo-
rithmsfor the the caseof corvex primitives.For the caseof
generahon-cowex implicit functions we developastratey
basedon the graphicshardware to computea good initial
guessThisis presentedh sectiond.2.

3.1.1. DistanceComputation for Convex Primiti ves

In this subsectionwe presentan exact algorithmto com-
pute the distanceunderly norm from a point to a con-
vex primitive. The interior of a corvex primitive satis es
fi(x) 0;i = 1;2;:::;n, whereeach f; is a corvex func-
tion”. We solve the problemby dividing it into two cases

Z A function f(x) is corvexif f(I xy+ (1 1)xp)
N f(x);l 2[0:1]

Ff(x)+ (1
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@ (b)

Figure 1: Computingdistancefrom a point to a corvex primitive
underly metric.(a) pointinside primitive (b) point outsideprimi-
tive

dependingon whetherthe point p lies inside or outsidethe
primitive.

Point inside the primiti ve Considerthe corvex primitive
andthe point p in 2D asshavn in Fig. 1(a). All pointsthat
areequidistantrom p lie on the surfaceof an axis-aligned
squarecenteredat p. This relationis shavn by the square
in the Fig. 1(a).Considergrowing sucha squarefrom the
point p. The shortestdistancefrom p to the surfaceof the
objectis realizedby a point on the surfacethat rst touches
the growing square(point g in the gure). However, it is
easyto seethat for corvex primitives only the verticesof
the squarearepotentialcandidateso touchthe surface rst.
This propertyreduceghetaskof nding thedistanceto that
of nding theminimumfrom four directeddistancequeries.
The dlrectlorbsm 2D l§1re all possiblecombinationsof the
vectors 1= 2; 1=

This techniques easilyextensibleto thed dimensional
case We canwrite themax-normdistanceas

D1 (p:S) = P minD, (p:S);

. P, Py
wherev; is chosenfrom thesetf 1= d;1= dg" andD,
is the directeddistancealongvectorv. Algorithmsto com-
putethedirecteddistancebetweera pointanda surfaceare
ef cient andwell-known 24, This formulationis robusteven

in the presencef degeneracietik e parallelfacetcon gura-
tionsof the corvex objectandtheunit ball.

Point outsidethe primiti ve Considerthe casewhenp lies
outsidethe objectas shawvn in Fig. 1(b). In this case,we
usethe optimizationformulation presentedn section3.1.
However in this case the constraintdescribedn Eq. 2 are
all corvex. This reduceghe moregeneraloptimizationfor-
mulationto a specialcorvex programmingproblem.Many
corvex programmingproblemscanbesolvedaccuratelyand
efciently usinginterior point methods®. In section3.1.2,
we study the restrictedclassof convex primitivesthat are
composedf linearandquadricsurfacesthatareof interest
in applicationdike geometrianodeling.
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3.1.2. Distance Computation for Convex Polytopesand
Quadrics

For quadrics,we canwrite the interior of the primitive us-
ing quadricconstraintsx'Ax + b'x + ¢ 0, whereA
is a symmetricpositive de nite matrix, b is a x ed vector
andc is a constantscalar The correspondingconvex pro-
gramis convertedto aspecialcasecalledsecond-ader cone
programfor which a numberof ef cient andimplementable
interior-pointalgorithmsareknown 3. Thesealgorithmsare
iterative in nature andeachiterationtakestime thatis linear
in thenumberof constraintsUsingequation(2), thesecond-
orderconeprogramwe solve is

minimize  h'x;
subjectto k Ajx+ bj ko ciTx+ di;i= 1,200
and g'x 0j=12:52d 1)

The constraintdisted above alsoincludethe specialcase
of corvex polytopes(by makingA = 0), wherethe second-
orderconeprogramreducego the morefamiliar linear pro-
gram.Many simpleandpracticallineartime algorithmsfor
solving linear programmingproblemsin a x ed dimension
areknown 41, Givena quadricprimitive in 3D, we solve six
coneprogramgeachwith four linearandonequadraticcon-
straint)and choosethe minimum valueamongthemto nd
thetruedistance.

3.2. Equation Solving Approach for Algebraic Primi-
tives

In this subsectionwe presentan approachbasedon equa-
tion solvingto computel1  distancebetweena point p and
a primitive de ned by analgebraicequationf(x) = 0. This

approachs applicableto bothcorvex aswell asnon-cowex

algebraicprimitives.If D is the distancebetweenthe point
andtheprimitive, thenunderthel; metric,acubeof length
2D centereditp touchedheprimitive atapointx. Thepoint
x canlie onavertex, edge,or afaceof the cube(seeFig. 2).

This givesriseto threecases:

If x lies onthe vertex of the cube(Fig. 2(a)), the taskof

computingmax-normdistancebetweenp andthe primi-

tive reducestop nding ngdistaﬁc_ealongs directionsde-

nedby 1= 3; 1= 3; 1= 3 .Thiscanbereduced
to anequatiorsolvingpr%bl_em.FOL:) _ampI%,if_theverte(

isalongthedirection 1= 3; 1= 3; 1= 3 ,thenwe
have thefollowing equations:

f(x) = 0
x y=20 (3)
x z=20

If x lies on the edgeof the cube(Fig. 2(b)), sayan edge
alongz axis, it hasto be alocal minima/maximawith re-
spectto z-coordinate The partial derivative %; is zeroat

(a) Vertex (b) Edge (c) Face

Figure 2: Distancebetweena point p anda primitive (shavn as
shaded)Underthel; metric,a cubeof lengthequalto twice the
distanceandcenteredat p toucheshe primitive ata pointx (shavn
by black dot). The point x canlie on a vertex, edge,or faceof the
cube.

X. Moreover, x liesontheplanex y= 0 (orx+y= 0).
This givesriseto threeequations:

f(x) = 0

JLIP
M =0 @)
x y=20

If x lies on afaceof the cube(Fig. 2(c)), saya faceper

pendicularto x axis, it hasto be a local minima/maxima
with respecto y andz-coordinatesThe partialderivatives
% and% arezeroatx. Thisgivesriseto threeequations:

f(x) = 0
1f -
ﬂ—y(X) =0 )
1t _
E(X) =0

Dependingonwhethertheclosesipointx liesonavertex,
edge,or faceof the cube,it needso satisfythe abore equa-
tions. We solve the abore equationsfor eachvertex, edge
andfaceof the cube.In generalthe solution set of three
equationsn threeunknavnsis zero-dimensionakndhence

nite. We obtaina setX of feasiblevaluesfor x. We cal-
culateminy x kx pki to obtainthe max-normdistance

D1 (p;9.

For algebraicprimitives, we needto solve a systemof
multivariate(in our case threevariables)polynomialequa-
tions. For generalpolynomial systemsthereare no closed
form solutions Hence this problemhasbeenstudiedexten-
sively in thesymbolicandnumericalalgebracommunityand
anumberof solutionshave beenproposed: 19 33, A general
techniqueto solving suchsystemss to usesymbolictech-
niguesto eliminateall but oneof the variablesandreducing
the problemto solvingunivariatepolynomials.Consideyfor
example,the systemin equation(3). It is easyto seethat
the variablesy and z can be replacedby x using the sec-
ondandthird equationSubstitutinghesevaluesinto f gives

¢ TheEurographic#Association2003.
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usthe univariateequationf(x;x;x) = 0. In generalmore
systemati@lgorithmsto performtheeliminationareknown.
Oncewe reducethe systemto a univariatepolynomial,ef -
cient, practicalalgorithmsfor computingits rootsareavail-
able® 26, For the caseof quadricprimitives,all the system
of equations(equations(3), (4) and (5)) reduceto simple
quadraticequationsln caseof torus,we take advantageof
symmetryto reducethe problemto solving a polynomialof
degree8.

To handletransformedprimitives, we apply the inverse
transformationio thespacebeforeapplyingthefunction.Let
y = T(x) be arigid transformationappliedto a primitive
de ned by a function f. Thenthe transformedprimitive is
de ned as f(T %(y)) = 0in the world coordinatesystem.
We solve the equationsn this space.

Degeneratesystemsand extraneoussolutions

It was mentionedearlierthat, in general,a systemof three
equationsin three unknowvns resultsin a nite solution
set. However, there are somedegeneratecon gurationsin
which the solution setmay not be zero-dimensionalCon-
sider for example,a toruswhoseaxis is alongthe x-axis.
In this case ff =y and {f ={z vanishsimultaneouslyalong
two circles on the torus. Therefore,the solution to equa-
tion (5) arepreciselythesecircleswhichis one-dimensional.
While algorithmsexistto computeonepointfrom eachhigh-
dimensionatomponent, we resortto specialcasehandling
of suchcon gurationsfor the primitiveswe encounter

During the elimination processin root- nding methods,
thereducedunivariatepolynomialmay accumulatextrane-
ousfactors.Therefore solutionof the univariatepolynomial
may containrootsthat do not satisfythe original systemof
equationsWe eliminatesuchrootsby backsubstitution.

3.3. Triangulated Models

In caseof a non-cowex polyhedronor triangulatedmodels,
we computethe |1 distanceby nding distancefor each
polyhedraklemenin theprimitive (i.e.,polygonor triangle)
andminimizing it overall. We explain how we computel1
distancebetweena point anda triangle ef ciently andalso
proposea hierarchicalmethodto extendthis triangle-based
computatiorto a polyhedralprimitive.

3.3.1. DistanceComputation for a Triangle

In section3.1.2,we presenteda procedureto computel
distanceo acorvex polytopebasednalinearprogramming
technigue The distancecomputatiorfor a triangle4 Tisa
simplevariationof the sametechniqueln caseof atriangle,
we reducethe problemto computingintersectiondetween
thetamgettriangle4 T andl12 auxiliary partitioningtriangles
4 B Infact,thesel24 B's representhelinearconstraints;
highlightedin Section3.1.2;thesel2 constraintsareillus-
tratedin Fig. 3(a). Notice thateven thoughtheseg;'s form
unboundegartitionsof 3D spacejn practice we boundthe
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() 12 Partitioning
Triangles

(b)l1 Computation
for aTriangle

Figure 3: Computingdistancefrom a pointto atriangleunderl1
metric.

partitionsby usinganaxis-alignecoundingooxof 4 T such
thattheboundaryof eachpartitionbecomes triangle4 B,

Oncewe havethe4 B's, the next stepis to computeall pos-
sibleintersectindinesbetweert T and4 B's, andto extract
theirendpoints.Then,thel; distancdrom aquerypointto
4 T istheminimumof |y distancedrom thequerypointto
all theendpointsaswell asto the verticescomprising4 .
For example,asillustratedin theleft gure of Fig. 3(b), the
distancefrom o to atriangle4 ) n,p. is theminimumof the
distancedrom o to theverticespq; p,; p3 aswell asto tq;t,,
whicharetheendpointsof theintersectiondetweerl2 par
titioning trianglesand4 . andwe take theminimumof
thedistancevaluesfrom o to pq; p2; p3, t1 andts.

4. ComplexModels

In the previous section,we have presentecefcient algo-
rithms for max-normdistancecomputatiorto corvex poly-

topes,quadricsandtriangles.In this sectionwe presentwo

algorithmsto extendthemto large models.Thesearebased
on boundingvolume hierarchiesand useof graphicshard-
ware.

4.1. Bounding Volume Hierar chy

A simple way to computel; distancefor a non-comwex
polyhedronP is to computethe distancefor every triangle
4 ; 2 P andtakeits minimum.However, we canspeedipthis
naive methodby constructinga hierarchicalboundingvol-
ume(BVH) of P andculling away unnecessarfrianglesby
traversingthe hierarcly. For the hierarchicarepresentation,
we emplgy a surfacecorvex decompositiorschemesimilar
to Ehmannet al. 13. Here, a leaf nodein the BVH is cre-
atedby decomposing into a collection of corvex surface
patched andcomputingits corvex hull. Noticethat,dueto
thecorvex hull computationthe nodecreatesomeextrane-
oustrianglesthatdo not belongto P. Let uscall thesetypes
of trianglesvirtual, andotherwisecall themreal. Then,the
entireBVH is recursvely built by meiging childrennodesin
thehierarcty andcomputingtheir corvex hull.

Oncewe have precomputedhe BVH, at query-time,we
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traversethe BVH in atop-davn mannerstartingfrom aroot
node.During the traversal,we maintainthreetypesof dis-
tancevalues:

uB: Upperboundto thedistancevaluefrom agivenquery
pointo to the polyhedronP.

Uy, : Upperboundto thedistancevaluefrom o to the cur
rently visitednodeN in the BVH. Uy, is obtainedby com-
puting minimum distanceonly to the real trianglescon-
tainedin N.

Ly : Lower boundto thedistancevaluefromoto N. L is
obtainedby computingminimum distanceto all thereal
andvirtual trianglescontainedn N.

While we traversethe BVH, Uy, is comparedo U B, andif
Uy, is smallerthanU B, thenU B is updatedo Uy,. As aresult,
aswe godown to thedeepeltevel of theBVH, UB decreases
andit nally computesthe actualdistanceto P. UsingUB
andLy, of a currentlyvisited nodeN, we performculling as
follows: whenerer we encounteiN in the BVH whosely, is
greaterthanU B, we canimmediatelyrejectall thetriangles
containedn N.

Theproblemof computingD1 () getsmuchharderwhen
dealingwith non-cowex curved or implicit primitives. To
avoid solving a generalnon-linearoptimizationproblemas
describedn section3.1, we tessellatehe primitiveswithin
someHausdorf distanceerror bounde and obtain an esti-
matefor D1 () usingthegraphicshardware.Thisis followed
by a re nementstepusinglocal optimization.We describe
the hardwarealgorithmnext.

4.2. Distancecomputation using graphics hardware

Ourapproachs basednthealgorithmpresentedby Hoff et
al. 20 for constructinggeneralizedvoronoi diagramsusing
graphicshardware for 3D polygonalobjects.The distance
eld is computedby renderingthe 3D polygonalmeshap-
proximationgo the distancdunctionwherethe depthof the
renderedmeshat a particularpixel location corresponds$o
thedistancedo thenearespolygonfeature Theresultingdis-
tance eld canbeobtainedby readingbackthe depthbuffer.
The3D distanceeld is computecbnesliceatatime.

We computea distance eld underthe |1 metric. For
eachsite, we de ne a distancefunction, which gives, for
ary point, the distanceto that site with respectto 1 met-
ric. In contrastto |, thel1 distancefunctionsfor the case
of a point, line sggmentanda polygonarelinear They can
berepresenteéxactly by a collectionof polygons.

4.2.1. Distancefunctions

We presenthemax-normdistancedunctionsassociategvith
differentprimitives.

Points: The distancefunctionfor a point site p is shavn in
Fig. 4. Its graphis afrustumof asquargyyramid.Theregion
of in uence for apointis theentireslice. Thebottomsquare

baseof the pyramid correspondso a region of constantis-
tance.Thefour slantingfacesof the pyramid correspondo
the planesx = z, x= z y= z y= 2z The distanceat
a point on the region of in uence is half the length of the
smallestisotheticcubecenteredat the point andtouchingp
atoneof the cubefaces.

(@) (b)

Figure 4: Distancefunctionfor a point (shavn in black)is a frus-
tum of asquarepyramid.Figs(a) & (b) showv theregionof in uence
anddistancefunctionrespectrely. Theregion of in uence (shaded
regionontheslice)is theentireslice.

Line SegmentsThedistancdunctionfor aline sggment is

composedf threeparts:onefor the sggmentitself andone
for eachendpoint.The endpointsare treatedthe sameway
aspoints. The distancefunction andregion of in uence for

the line sggmentis shavn in Fig. 5. The distancefunction
is composedf four planarregions. The distanceat a point
on the region of in uence is half the lengthof the smallest
isotheticcubecenteredat the pointandtouchingl alongone
of thecubeedges.

(@) (b)

Figure 5: Distancefunction of a line segment(shavn in black):
Figs (a) & (b) shav the region of in uence and distancefunction
respectiely. The region of in uence is the shadedregion on the
slice. Thedistancefunctionis composeaf four planarregions.

Polygons: Thedistancefunctionfor a polygonis composed
of adistancdunctionfor thepolygonitself andonefor each
vertex and edge.The distancefunction for a triangle4 is
aplaneasshavn in Fig. 6. Theregion of in uence is a tri-
angle.The distanceat a point on the region of in uence is
half the lengthof the smallestisotheticcubecenteredat the
pointandtouching4 atoneof thecubevertices.Theregion

¢ TheEurographicsAssociation2003.
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of in uence is obtainedby projectingthe verticesof the tri-
angleonto the slice along one of four directions:(1;1;1),
( 1,1;2),(1; L)) and( 1; 1;1).If A= (ny;np;ng) de-
notesthenormalof triangle4 , we choosehedirectionvec-
tor (s1;;1) wheres (i = 1;2) is 1 or 1 dependingon
whethern; is greaterthanzeroor not. If the polygoninter-
sectgtheslice,theintersectioris computedandthe polygon
is decomposethto two sub-polygonsEachsub-polygornis
treatedasabove.

(a) (b)

Figure 6: Distancefunction of a triangle (shavn in black) is a
plane.Figs(a) & (b) shawv theregionof in uence anddistanceunc-
tion respectirely. Theregionof in uenceis atriangle(shadedegion
ontheslice).

4.2.2. Sourcesof Err or

Therearetwo sourcef errorin thedistancecomputation:

TessellationErr or: It arisesfrom approximatinga non-
cornvex implicit or curved primitive by a polygonalmesh.
Hardware PrecisionErr or: This erroris introducedby
thelimited precisionof the graphicshardware.

Thetotal erroris thesumof theabove two errors.We bound
the tessellatiorerror by performinga bounded-errotessel-
lation of thenon-cowex or curved primitive. In this manner
we obtainaboundon thetotal error. We obtainconserative

estimate®nthedistanceby offsettingthedistanceunctions
of the primitivesby anamountequalto theerrorbound.

4.3. Non-corvexImplicit Primiti ves

We re ne the estimateobtainedfrom the graphicshardware
by performingnon-linearoptimizationasa post-processing
step.Sincethe estimateobtainedfrom the hardware proce-
dureis usuallycloseto theright answerthis canbere ned
quiteef ciently usingalocal optimizationtool.

Let theimplicit functionsurfacebe givenby the equation
f(x) = 0. Withoutlossof generalitylet thepointfrom which
we arecomputingthis distancebetheorigin o andlet f (o) >
0. Undertheseassumptiongheconstrainsetthatwe will be
usingin the optimizationprocesss G(x) : f(x) 0.

We usethe hardware not only to computethe distances
but alsoto nd which triangle realizedthe minimum dis-
tanceat every point. We thenusethe point-triangledistance
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Figure 7: Voxel-IntersectiorTest: Figs (a) & (b) shav a surface
(shavn asshaded}hat passeshrougha voxel without intersecting
ary edgesThepresencef suchvoxelscanresultin missedcompo-
nentsandunwantedhandlesin the reconstructedgurfaceasshavn
in Fig. (c). Weusethel; distancegindicatedby thedottedcube)to
performavoxel-intersectiortest. The surfaceintersectghe voxel if
andonly if |1 distancebetweerthe centerof the voxel (black dot)
andthesurfaceis lessthanhalf the voxel size.

testdescribedn section3.3.1to determingheexactpointq
thatminimizesthedistanceNow if g satis esthe constraint
G(x), thenwe usethis asthe startingpointin the optimiza-
tion. If it doesnot, we perturbq sothatit does.We usethe
fact that the original tessellationis within a Hausdorf er-
ror of e. If A is the unit normalto the triangle containing
g, thenoneof the pointsq  2efi is expectedto satisfyour
constraintWe usethis pointasour initial estimateandthen
re ne it usinganon-linearoptimizationsolverlike LOQO 1.

5. Reliable Voxelization Algorithm

A numberof iso-surfice extraction algorithmshave been
proposedfor corversionfrom a volume representatiorof

an objectto a polygonal meshrepresentatiorof the sur

face.Many of theseare grid-basedand use the Marching
Cubesalgorithmor its variants?2 24 32, Thesealgorithmsde-

tectwhetherasurfaceintersectsavoxel by checkingfor sign

changen theimplicit functionacrosgheedgeof thevoxel.

The accurag of thesealgorithmsis mainly dependenbn

the resolutionof the underlyinggrid. Insufcient grid res-
olution can causecomponentg¢o be missedor createun-

wantedhandlesasshawn in Fig. 7. As aresult,thesealgo-

rithms cannotprovide Hausdorf distanceguaranteesn the
outputof the reconstructionin caseof adaptve grids, it is

possiblethat a surfacepasseghrougha coarsevoxel with-

outintersectingary edgeswhile it intersectghe edgesof a

neighboringvoxel thatis at a ner resolution(seeFig. 8).

This canresultin cracksin thereconstructedurface.These
problemsoccurbecauséhe surfaceintersectshe voxel al-

thoughthe voxel doesnt exhibit a sign change We present
avoxel-intersectiortestandusethis testto performreliable
voxelizationandadaptve grid generationn orderto provide

Hausdorf guarantees.

5.1. Voxel-IntersectionTest

The surfacecanpassthrougha cell without intersectingary
of the edgesWe usean exacttestbasedon computingthe
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@) (b)

Figure8: CracksFig. (a) shavsasurfacepassinghroughacoarse
voxel (left voxel) without intersectingary of the edgeswhile it in-
tersectshe edgesof a neighboringvoxel (right voxel) thatis at a
ner resolution.This canresultin cracksin the reconstructegur
faceasshawn in theright gure.

I1 () distancebetweerthe centerof a voxel andthe primi-
tive.Ourtestis basednthefactthatavoxel is intersectedby
thesurfaceif thel1 () distanceatthe centerof the voxel is
lessthanhalf thevoxel size(seeFig 7). Theabove statement
is valid even whenthe voxels are not regularsized cubes.
Given a voxel with dimensionsa, b, ¢ alongthe threeco-
ordinateaxes,a weightednorm de ned asmax wijX;  Vij,
wherew; = 1=a, 1=h, and 1=, for i = 1, 2, and 3 respec-
tively, preseresthe exactnesf the voxel-intersectiortest.
The framavork developedin section3.1 can be modi ed
easilyto accountor theweightednorm.

5.2. Adaptive Grid Generationfor Hausdorff Guarantee

GivenasurfaceS, thegoalof grid generations to computea
setof discretesamplego approximates. Supposéherecon-
structionalgorithmappliedto the setof samplesgenerates
S A Hausdorf guarante®n Srequiresthatgivenary e> 0,
it is possibleto boundthe two-sidedHausdorf distancebe-
tweenS and S to be lessthane. We notedearlier that we
cannotprovide suchaguarantedf thegrid hascomple vox-
els,i.e, thesurfaceintersectshevoxel boundaryeventhough
the voxel doesnot exhibit signchangeacrossany edge.Our
algorithm generatesn adaptve grid without any comple
voxels. Supposewe are given an error bounde. Note that
this boundcanbe underary distancemetric.

1. Check if the voxel is intersecting using the voxel-
intersectiortest.

2. if nointersectionSTOP.

3. if complex voxel or voxel sizeis greateithanthee,
SUBDIVIDE elseSTOP.

We apply the Marching Cubesalgorithmto eachvoxel of
the resultinggrid. The Hausdorf distancebetweenthe re-
constructedsurfaceandthe actualsurfaceis guaranteedo
be lessthane. Notethatthe voxel-intersectiortestprovides
uswith anearlyterminationcondition(Step2). This makes
theadaptve grid generatioralgorithmvery ef cient.

6. Implementation and Performance

In this section,we describethe implementationof our 11
distancecomputationalgorithms and highlight its perfor
mance.

6.1. Implementation

We implementedour algorithmsusing C++ programming
languageon a 1.6 GHz PentiumlV PC with a GeForce 3
graphicscardand500MB mainmemory

We appliedour equatiorsolvingapproactto compute 1
distanceto quadricsandtori. The querytook 45-50usecfor
guadricsln caseof torus,we hadto solve adegree8 polyno-
mial whichtook 300psecandthedistancequerytook1l 1:2
msec

Model Tri Convex Pcs  OutQuery In Query
Wrinkled Torus 2000 412 2.46 6.14
Cup 500 190 0.6 3
Spoon 1344 275 1.34 4.89

Table 1: BenchmarkResultsfor Non-Corvex Polyhedra.Each
column, respectrely from left to right, denotesa benchmarking
model,trianglecountsof the model,a numberof decomposedon-
vex piecesin the model, averagequery time in msecfor a point
outsidethe model,averagequerytime in msedor apointinsidethe
model.

Our algorithmfor non-cowex polyhedrarequirescorvex
surfacedecompositionln orderto meetthisrequirementye
modi ed apubliccollisiondetectioribrary, SWIFT++13, to
take adwantageof its decompositiorschemeWe alsoused
a public triangle-triangleintersectionroutine developedby
Mollwer etal. 34 for fastintersectiorcomputationdetween
targetandpartitioningtriangles.

In our experiment,an averagequery time for a triangle
takes 10 psec The benchmarkingesultsfor polyhedraare
also presentedn Table 1. Dependingon the locationof a
querypoint with respecto the polyhedron the querytime
takesfrom 0.6 msecto 6.14msec Whenthe querypointis
locatedinside the polyhedron,the query takes longer and
this query correspondso the notion of penetation depth”
for apoint.

The advantageof using graphicshardwareis its SIMD-
like capabilitythatenablesisto performqueriesatanumber
of pointsin parallel.It took 8 secs,2:7 secand5:6 secsto
computdy distanceonauniform128x128x128&rid for the
wrinkled torus,cupandspoonbenchmarksespectiely.

6.2. Voxelization

In mary applicationsijt sufces to have localizeddistance
i.e, accuratedistancevaluesonly within a small neighbor
hoodof a point. In caseof voxelization,we requiredistance

¢ TheEurographic#Association2003.
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Model Voxelization Close-up

Figure 9: This gure shaws our voxelizationalgorithmappliedto the Happ Buddhamodel. The modelconsistsof 1;087; 716 triangles.It
took 16:22 secsto computel; distanceona 128 128 128 uniform grid andperformvoxelizationusingour voxel-intersectiortest. The
middleandright gures shav anentireview andaclose-upview of thevoxelizationsuperimposednthemodel.We haverenderedn wireframe
thevoxelsoccupiedby themodel.(alsoseeFig. 11in color section)

@ (b) ()

Figure 10: Non-corvex andcurvedprimitives: This gure shavs thereconstructiorof CAD benchmarksonsistingof 1-5 solidseachde ned
using3-5 Booleanoperationn non-cowex andcurved primitivesincludingtori andellipsoids.On anaveragejt took 15 secsto generatean
adaptve grid for eachsolid basedon |1 distancecomputation We reconstructeé boundaryrepresentatiofrom the adaptve grid usingan

improved dual contouringalgorithm4.

valuesuptohalf thevoxel sizein orderto performthevoxel-
intersectiontest. Given sucha distancebound B, we can
further improve performanceby emplagying simple culling
techniguesWe areinterestecnly in distancevalueswithin
acubeof length2B centeredata point. We cull away aprim-
itive if its axis-alignedboundingbox doesnot intersectthe
cube.

We appliedour algorithmto voxelize polyhedralbench-
marksonauniformgrid. Figs.9, 11 (seecolorsection)shov
thevoxelizationof theDragonandHappyBuddhamodels It
took 16:2 and18:4 secsrespectiely to computd, distance
on a 256x256x256 uniform grid and perform voxelization
usingour voxel-intersectiortest. Table 2 shaws the perfor
manceof our algorithmappliedto differentbenchmarksat
varyinggrid resolution.The voxelizationtime is largely de-
pendentupon model complity. We notethat it increases
ratherslowly with anincreasein resolution.This is on ac-
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countof localizeddistancecomputatiorandculling. As grid
resolutionincreasesthe voxel sizedecreasethusproviding
asmallerdistanceboundandresultingin moreculling.

6.3. Adaptive Grid Generation

We appliedour grid generatioralgorithmto differentbench-
marks.Fig. 10shavsthereconstructiof CAD benchmarks
consistingof 1-5 solidseachde ned using3-5 Booleanop-
erationson non-comwvex andcurved primitivesincludingtori
and ellipsoids.On an average,it took 15 secsto generate
an adaptve grid per solid. In orderto reconstruct bound-
ary representationye computedsigneddirecteddistanceat
eachof thegrid pointsof theadaptve grid 24 andperformed
iso-surficeextractionusinga variantof the dual contouring
algorithm 45, It took 15-20 secsto computeddirecteddis-
tancesat eachgrid point. Note that the directeddistanceis
usedonly for reconstructiorandis differentfrom 1 dis-
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Model Tri VoxelizationTime (s)

N = 64 N= 128 N = 256
Bunry 69,451 1.65 2.01 3.51
Dragon 871,414 12.52 13.26 16.21
Buddha 1,087,716 15.21 16.22 18.49

Table 2: PerformanceThis table shaws the performanceof our
voxelizationalgorithmapplieddifferentbenchmarksEachcolumn,
respectiely from left to right, denotesabenchmarkingnodel,trian-
gle countsof the modelandvoxelizationtime in secataresolution
of N N NforN= 64,128 256.

tancethat we computeduring grid generationThe recon-
structionfrom the adaptve grid took lessthana second.

When performingiso-surfice extraction on an adaptve
grid, the reconstructionalgorithm often needsto perform
crack patching#2. Our grid generatioralgorithm generates
anadaptve grid thatdoesnot requireary crackpatching.

6.4. Comparisonwith Prior Voxel-IntersectionTests

Therehasbeenprior work on determiningwhetheran im-
plicit surfaceintersectsa voxel. Thesealgorithmsarebased
on Lipschitz conditionandinterval arithmetic23. However,
thesealgorithmsareratherslow andconserativein practice.
Friskenetal. 3% checkwhetherthe surfacepasseshrougha
voxel by comparingthe Euclideandistanceto the surface
with half diagonallength.This is equivalentto testingif the
surfacepasseshrougha boundingsphereof the voxel. This
is a conserative testand can causetoo much subdvision.
Voxels that lie completelyoutsidebut closeto the surface
mayintersectheboundingsphereandbeunnecessarilgub-
divided. In contrast,we usean exact testbasedon the |1
distancewhich canbe computedef ciently usingthe tech-
niquesdescribedabore.

7. Conclusionand Futur e Work

We have presentedalgorithmsto ef ciently perform max-
norm distancecomputationshetweena point and a wide
classof geometrigprimitives.We have demonstrateits ap-
plication to perform a reliable voxel-intersectiontest for
ADF generationof complex models. The efcient voxel-
intersectiorntesthaslow additionaloverheadguaranteeso
missedcomponentsanda boundedHausdorf-error on the
approximatedamplesaswell asthereconstructegurface.

In the future, we would like to apply our techniquego
computethel, distanceébetweerobjects Many of thealgo-
rithmspresentedhn this papercanbegeneralizedo distance
computatiorbetweernwo objects We would like to explore
otherapplicationsof max-normdistance We arealsowork-
ing on subdvision andsurfaceextractionalgorithmsfor im-
proved reconstructiorwhen performing geometricopera-
tionssuchasBooleancombinations®.
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Model Voxelization Close-up

Figure 11: This gure shows our voxelization algorithm appliedto the Dragonand Happ Buddhamodels.The two modelsconsistsof

871;,414and1; 087 716trianglesrespectiely. It took 13:26 and16:22 secgespectiely to computel; distanceonal28 128 128uniform

grid and performvoxelizationusing our voxel-intersectiortest. The middle andright columnof gures shavs an entireview anda close-up
view of thevoxelizationsuperimposedn the model.We have renderedn wireframethe voxelsoccupiedby themodel.
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Figure 12: Non-corvex andcurvedprimitives: This gure shavsthereconstructiorof CAD benchmarksonsistingof 1-5 solidseachde ned
using3-5 Booleanoperationn non-cowvex andcurved primitivesincludingtori andellipsoids.On anaveragejt took 15 secsto generatean

adaptve grid for eachsolid basedon |, distancecomputationWe reconstructe@ boundaryrepresentatiofrom the adaptve grid usingan
improved dual contouringalgorithm?43,
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