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ABSTRACT. A greedyrandomizedadaptve searchprocedur GRASP)is arandomized
heuristicthathasbeenshavn to quickly producegoodquality solutionsfor awide variety

of combinatorialoptimizationproblems.In this paper we describea GRASPfor the qua-
draticassignmenproblem. We review basicconceptof GRASP:constructionandlocal

searchalgorithms. The implementatiorof GRASPfor the quadraticassignmenproblem
is describedn detail. Computationakxperienceon a large setof standardestproblems
(QAPLIB) is presented.

1. Intr oduction

GivenasetN = f1;2;:::;ngandn nmatricesk = (fij) andD = (dx), thequadratic
assignmenproblem(QAP) canbe statedasfollows:

min én én fi;d
2Py S 2 PG p()):;

whereP is thesetof all permutation®f N . Oneof the major applicationsof the QAP
is in locationtheorywherethe matrix F = (fj;) is the ow matrix, i.e. fij is the ow of
materialdrom facility i to facility j, andD = (dy) is thedistancematrix,i.e. dy represents
thedistancefrom locationk to locationl [9, 10,21]. Thecostof simultaneoushassigning
facility i to locationk andfacility j to locationl is fijjdy. The objective is to nd an
assignmenof all facilitiesto all locations(i.e. a permutationp 2 P ), suchthatthetotal
costof the assignments minimized. Throughouthis paperwe oftenreferto the QAP in
the contet of thislocationproblem.

In additionto its applicationin facility locationproblems,the QAP hasbeenfound
usefulin suchapplicationsasschedulind 16], thebackboardviring problemin electronics
[40], andstatisticaldataanalysig 17]. Otherapplicationanaybefoundin [15,22, 28].

The QAP is, computationally one of the mostdif cult combinatorialoptimization
problems. This problem,of which the traveling salesmarproblem,graphisomorphism,
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graphpartitioning,andthe band-widthreductionproblemarespecialcaseg4, 24], is NP-
hard. Moreover, unlessP= NP, thereexists no polynomial-timealgorithmto nd ane
approximatesolution[34] to the QAP. Furthermorethe quadraticassignmenproblemis
PLS-Completavith respecto a Kernighan-Linlike neighborhood29]. Computationally
problemsof sizen > 20 arenot, to this date,practicallysolvableto optimality [26, 27,31,
33]. Becauseaf its compleity, mary heuristicmethodshave beendevelopedto solve the
QAP[3,38,39,41].

In this paperwe presentigreedyrandomizeddaptve searciprocedurd GRASP)for
the QAP. A GRASPIs aniterative processwith eachGRASPiterationconsistingof two
phasesa constructiorphaseanda local searctphase.The bestoverall solutionis keptas
theresult.

In the rst phase(constructionphase),a feasiblesolutionis iteratively constructed,
oneelementatatime. At eachconstructioriteration,the choiceof the next elemento be
addedis determinedby orderingall elementsn a candidatdist with respectio a greedy
function. This function measureghe (myopic) bene t of selectingeachelement. The
heuristicis adaptve becaus¢hebene tsassociatedvith every elementareupdatedateach
iterationof the constructiorphaseto re ect the changedroughton by the selectionof the
previouselement.The probabilisticcomponenbf a GRASPis characterizethy randomly
choosingone of the bestcandidatesn the list, but usually not the top candidate. This
choicetechniqueallows for differentsolutionsto be obtainedat eachGRASPiteration,
but doesnot necessaril)compromisehe power of the adaptve greedycomponenbf the
method.

As is the casefor mary deterministicmethodsthe solutionsgeneratedy a GRASP
constructionare not guaranteedo be locally optimal with respectto simple neighbor
hoodde nitions. Hence,it is almostalwaysbene cial to apply a local searchto attempt
to improve eachconstructedsolution. Normally, a local optimizationproceduresuchas
a two-exchangels employed. While suchproceduresanrequireexponentialtime from
anarbitrarystartingpoint, empirically their ef ciency signi cantly improvesastheinitial
solutionsimprove. Throughthe useof customizeddatastructuresandcarefulimplemen-
tation,anef cient constructiorphasecanbe createdvhich producegyoodinitial solutions
for ef cient local search.Theresultis thatoften mary GRASPsolutionsaregeneratedn
the sameamountof time requiredfor thelocal optimizationprocedurdo corvergefrom a
singlerandomstart. Furthermorethe bestof theseGRASPsolutionsis generallysigni -
cantly betterthanthe solutionobtainedirom a randomstartingpoint.

Figurel illustratesa genericGRASPimplementationn pseudo-codeThe GRASP
takesasinput parametersor settingthe candidatdist size,maximumnumberof GRASP
iterationsandthe seedfor the randomnumbergeneratarAfter inputtingtheinstancedata
(line 1) andinitializing datastructureqline 2) andthe value of the bestsolutionfound
(line 3), the GRASPIterationsarecarriedoutin lines4-8. EachGRASPiterationconsists
of the constructionphase(line 5), the local searchphase(line 6) and, if necessarythe
incumbentsolutionupdate(line 7).

An especiallyappealingcharacteristioof GRASPis the easewith which it canbe
implementedFirst,adaptve greedyfunctionsareknown for mary problems Furthermore,
neighborhoodlie nitions andlocal searchtechniquesareplentiful. Few parameterseed
to be setandtuned(candidatdist size and numberof GRASPIiterations)andtherefore
developmentcanfocuson implementingef cient datastructuredo assurequick GRASP
iterations. Finally, GRASP can be trivially implementedon a parallel processolin an
MIMD ervironment.Eachprocessocanbeinitialized with its own copy of theprocedure,
the instancedata,andan independentandomnumbersequence.The GRASPIterations
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procedure grasp (ListSize,Maxlter,RandomSeed )
1  Inputinstance() ;

2 InicializeDataStructures() ;

3  BestSolutonFound = ¥;

4 dok= 1;:::;Maxlter !

5 ConstructGreedyRandomizedSolu tio n(List Siz e,RandomSed) ;
6 LocalSearch(BestSolutionFound );

7 UpdateSolution(BestSolutionFo und);
8 od;

9  return(BestSolutionFound )

endgrasp ;

FIGURE 1. A genericGRASPpseudo-code

arethenperformedin parallelwith only a singleglobalvariablerequiredto storethe best
solutionfoundover all processors.

GRASPhasbeernappliedsuccessfullyo severalcombinatoriabptimizationproblems.
Thesdancludesetcoveringproblemsarisingfrom theincidencematrix of Steinertriple sys-
tems[13], maximumindependensetproblem[14], corporateacquisitionof e xible man-
ufacturingequipment2], computeraidedprocesslanning[1], airline ight scheduling
andmaintenancéaseplanning[12], schedulingpf parallelmachineg23], p-hublocation
problemq19], andcomponengrouping[20Q].

The paperis organizedasfollows. In Section2, we describe|n detail, the GRASP
for QAP including the constructionand local searchphases. Computationakesultson
the QAPLIB [5] and QAP testproblemswith known optimal solutions[26] aregivenin
Section3. Concludingremarksaremadein Sectiord4.

2. A GRASP for QAP

As outlinedin Sectionl, a GRASPpossesse®ur basiccomponentsa greedyfunc-
tion, an adaptve searchstratgy, a probabilisticselectionprocedureanda local search
technique.Thesecomponentarelinked togetherinto aniteratve methodthat constructs
a feasiblesolution one elementat a time and thenfeedsthe solutionto the local search
procedure Whenappliedto the QAP, the permutationsareformedin two phases{i) the

rst 2 assignmentsand(ii) the remainingn 2 assignmentsThe rst two assignments
are rst madesimultaneouslyn the rst constructioriteration,while theremainingn 2
are madeone assignmenper constructioniteration. The greedyfunction chosenin this
implementationordersadmissibleassignmentsvith respectto cost. For the initial two
assignmentsthe greedychoiceis the pair of assignmentsvith the minimum costof in-
teraction. The greedyfunction implementedn this GRASPassigngacilities with high
inter ow to nearbylocations.The nal n 2 assignmentsseasthe greedychoicetheas-
signmenthathasminimumcostinteractionwith respecto thealready-madassignments.
Thetermadmissiblanitially refersto all couplesof facility-locationpairsandfor there-
mainingn 2 assignmentso facility-locationpairsthat have not yet beenassigned.The
local searchimplementedn this GRASPIs a two-exchangeheuristic. We next describe
the GRASPcomponentén detail.

2.1. Stagel of Construction Phase. In Stagel of the constructiorphasewe select
the pair of facilitiesandtheir matchinglocations,correspondingo the rst 2 assignments
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of the constructedolution. OneapproacHor makinga greedychoicewould beto sortall
onY f jdu entriesandselectthe coupleof assignmentbaving the smallesicost. Instead,
we compromisén orderto speedup theinitialization process.

Let0< b< 1beagivencandidateestrictionparameteandbxc bethelargestinteger
smalleror equalto x. We sortthen? n distanceentriesin D, keepingthe bb(n> n)c
smallestj.e.

dijj;  dizjy dibb(nz nclbor? nye

andsortthen? n ow entriesin F, keepingthebb(n®> n)c largest,i.e.

fklll fk2|2 fkbb(nz n)c:lli)(n2 n)c:

Then,the costsof interaction

diljlfklll;diZjZ fk2|2;::: ;dibb(nz n)cjbb(n2 n)c fkbb(nZ n)c'bb(n2 n)c
aresortedin increasingorder keepingthe smallestbab(n? n)c elementswherea (0 <
a < 1) istheseconccandidateestrictionparameter

Note thatthe above orderingof the costelementseedso be doneonly once,in the
initialization phaseof the GRASP Sincethedatais staticthroughouthe GRASPIterations,
theorderof the costelementsemainsunchangedThis canbedoneef ciently with aheap
sort.

In the GRASPiterations thegreedyfunctionselectghe coupleof assignmentbaving
the smallestd;; fiy from the bab(n?> n)c possiblepairs. The candidaterestrictionlimits
our choiceto thosecouplesof assignmenpairs having the bab(n? n)c smallestd;j fiq
terms.Therandomcomponenselectsacoupleof assignmenpairsfrom thecandidatdist,
atrandom.

Sincethebab(n? n)c costelementsarepresortedStagel of the constructiorphase
canbecomputedn constantime. All thatis neededs to generaterandomintegerin the
interval [1;bab(n® n)c] andaccessheindicesof thefacilitiesandlocationscorrespond-
ing to the costwith therankinggivenby therandomnumber

2.2. Stage 2 of Construction Phase. In Stage2 of the constructionphaseof this

GRASR facilitiesareassignedo locations onefacility to onelocationatatime. Let
G=f(jusl);(iz12);:15 (s )9
bethe setof already-madassignmentsStage2 startswith jG = 2, sincein Stagel two
pairsof assignmentaremade.Let
Ge= & fijdu
(jiN2G

bethecostof assignindacility i to locationk with respecto thealready-madassignments.

The greedyfunctionimplementedn this GRASPis onethat assignsa facility to a
locationthat minimizesthe total costwith respecto assignmentslreadymade,i.e. we
selectfrom the facility-locationpairsnot alreadyassignedthe onethat hasthe minimum
Gk cost.

Lettherebe,atagivenGRASPiteration,munassigneflacility-locationpairsandlet a
bethesamecandidateestrictionparametede ned earlier The candidaterestrictionused
herelimits our choiceto the bamc facility-location pairs having the smallestGy values.
Therandomcomponenof this GRASPselectsaatrandomfrom the candidatdist afacility-
locationpair. Theadaptivecomponenis capturedy updatingthesetGof alreadyassigned
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procedurestage? (a,(j1;11);(j2;12)
1 G=1f(jul):(j2212)g;

2 doassignments = 3;:::;n!

3 m= 0;

4 doi=1;:::;n!

5 dok=1;:::;n!

6 if (i;k) 625!

7 Gk = &(ji2afijda;
8 inheap (C);
9 m=m+ 1;
10 ;

11 od;

12 od;

13 s= random [1; bamc];

14 dov=1;:::;s!

15 Gk = outheap() ;
16 od;

17 G= G[ fi;K)g;

18 od;

19 return

endstage? ;

FIGURE 2. Pseudo-codef Stage2 of GRASPconstructiorphase

pairs,i.e.
G=G[ f(i;kg:

In this fashionthe greedyfunctionchangesteachGRASPiteration.

Figure 2 describesStage2 of the GRASP constructionphasein pseudo-code.The
procedurgakesasinputtheinitial two assignmentsnadein Stagel andthe candidatdist
restrictionparametern. This proceduremakesuseof two heapoperatorsinheap inserts
anelemenintotheheapupdatingheheapandoutheap deleteghetop(smallestelement
from the heap,andupdategheheap.Thesetof assignment&initially consistof thetwo
Stagel assignment§line 1). In lines 2—18theremainingassignmentaremade.For each
assignmentthe candidatecountermis setin line 3 andin lines4—-12theassignmentosts
of the unassignegairs are computedandinsertedin the heapstructurefor sorting. In
line 13 arandomnumbers is generatedn the internval [1; bamc] andin lines 14-16,the
assignmenpair having the s-th smallestcostis retrieved from the heap.Line 17 updates
thesolutionset. We have omittedsometrivial implementatiordetailsthatmake the abore
pseudo-codenoreef cient in orderto make a cleareddescriptionof Stage2.

2.3. Local Search. For a given problem, a local searchalgorithmworks in an it-
eratve fashionby successiely replacingthe currentsolution by a bettersolutionin the
neighborhooaf the currentsolution. It terminatesvhenthereis no bettersolutionfound
in theneighborhoodvith respecto somecostfunction.

In this subsectionye discusswith respecto the QAP, issueselatedto local search
algorithms neighborhoodtructurestechniquegor searchinghe neighborhooaf a solu-
tion, andrelatedcompleity issues.
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procedurelocal (P,N(P),s)

1 dosisnotlocally optimal!

2 Find a bettersolutiont 2 N(s);
3 Lets=t;

4  od

5 return(saslocal optimalfor P)
endlocal ;

FIGURE 3. Layoutof Local Search

The neighborhoodstructue N for a problemP relatesa solutions of the problem
to a subsetof solutionsN(s). A solutions is saidto be locally optimal if thereis no
bettersolutionin N(s). GivenaneighborhoodtructureN, alocal searchalgorithmhasthe
generaform asstatedn Figure3.

The key to succesdor a local searchalgorithm consistsof the suitablechoiceof a
neighborhoodstructure,ef cient neighborhoodsearchtechniquesand the startingsolu-
tion. The GRASPconstructiorphaseplaysanimportantrole with respecto thislastpoint,
sinceit producegioodstartingsolutionsfor local searchNext, thecommonneighborhood
structuresusedin local searchalgorithmsarediscusse@nda new neighborhoodtructure
for the QAP is presented.Neighborhooddesignprinciplesand neighborhoodsearching
techniquesrediscussed.

Given two permutationsp and g, the differencebetweenp and g is de ned to be
d(p;q) = fij p(i) 6 q(i)g, andthe distancebetweenp andq is de ned to bed(p;q) =
jd(p;q)j. To designa goodneighborhoodstructure,one shouldbe guidedthe following
threeprinciples: (a) reasonablaeighborhoodsize; (b) large variancein neighborhood;
and(c) high connectity in neighborhood.

Principle(a) impliesthatoneshouldlimit thesizeof aneighborhoodothatsearching
the neighborhoodcanbe doneef ciently. De ne a diameterof a setof permutationsSto
be

D(S = g;}qgéd(p; a):

Principle(b) requiresthatthe diameterof a neighborhoode large. Principle(c) implies
thatgiventwo permutationsn aneighborhoodthereshouldbeasequencef permutations
in theneighborhooduchthatthedifferencebetweereachpair of consecutie permutations
is small. For a given problemP with the solutionspacerepresentetdy SP), the degreeof
connectivityof a neighborhoodtructureN is de nedto be

Cn = 1=K;

where
K= min min max min  d(pi; pi+1):

The constanK canbeinterpretedasfollows. First, for eachpair of permutationd p;qg
in theneighborhoodN(r) of thesamepermutatiorr, therecorresponda smallestistance
betweenconsecutie permutationsn a pathin the neighborhood\(r) betweenp anda.
Taking the maximumamongall suchpathsandthentakingthe minimumamongall pos-
sible permutationsn the setof solutionspaceS(P), oneobtainsK. Principle(c) requires
thata goodneighborhoodave a high degreeof connectvity. This principlerulesout the
useof randomneighborhoodgor which the degreeof connectity is low.
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procedure kexhange (k,Nk(p),p)

1 dopisnotlocally optimalin Nx(p) !

2 Find a bettersolutiong 2 Nk(p);
3 Letp=q;

4  od

5 return(p aslocal optimalpermutation)
end kexchange ;

FIGURE 4. k-ExchangeNeighborhood.ocal Searchfor the QAP

2.3.1. Local Seach Algorithmsfor the QAP. In this subsectionalgorithmsfor the
QAP correspondingo the 3 typesof neighborhoodtructuresarepresentedin a GRASR
a local searchalgorithm startswith aninitial permutationproducedby the construction
phaseandworksin a iterative fashion. At eachiterationof the local searcha betterso-
lution in the neighborhoodf the currentsolutionis pursuedandthe currentsolutionis
replacedby animprovedsolution,if oneis found. Themostcommonlyusedneighborhood
structurefor the QAP is the so-calledk-exchangeneighborhoodstructure . Thek-exchange
neighborhoodor apermutationp 2 Py is de nedto be

Nk(p) = fgjd(p;a) kg; where2 k n:

The k-exchangeneighborhoods also usedfor mary other combinationaloptimization
problems,such as the traveling salesmarproblem (TSP), the graph partitioning prob-
lem (GP)andthe maximumclique problem(MCP). Pseudo-codéor the k-exchangdocal
searchs shovnin Figure4.

Let p bethe startingpermutationof a local searchalgorithmandp the optimal per
mutationof the QAP andlet k be the distancebetweenp andp . If kis small,thenalocal
searchalgorithmenumeratingall permutationsn N(p; k) will yield the optimal solution.
Among all possiblevaluesof k, the mostpopularis k= 2. This local searchis usedin
the computationakxperimentsof Section3. Whenthe valueof k is large, searchinghe
neighborhooctan be too expensve. Sincethe TSP GP, and MCP are specialcasesof
the QAP, it is not surprisingthat the 2-exchangeneighborhoodstructurefor the QAP is a
generalizatiorof the 2-exchangeneighborhoodtructuredor the TSR GR, andMCP.

The relationshipbetweenthe GP and the QAP also givesrise to the adaptationof
the | -exchangeneighborhoodstructurefor the GP to the QAP. First, de ne the setof all
possiblepairwiseexchangessfollows

For a given permutationp, denoteby N,(p; E9 the setof permutationsn N,(p) obtained
by performingpairwiseexchangesn a subsebf pairwiseexchange€®

The | -exchangeneighborhoodstructure,denotedby N, , is de ned asa union of a
collectionof subsetof 2-exchangeneighborhoodsAt eachlocal searchstep,the current
permutatioris denotedas pp andthe setEy = E. At stepk of a searchstep,permutations

N2(pk; Ex) bedenotedpy+ 1. Now, constructhe setEy. 1 from Ex asfollows:
[k
Ewe1= B f(i;))jiorj2  d(pip+a)iisj = 1:ng: 1)
1=0
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procedure LambdaExchange (n,p)

1 Loop = true;

2 doloop == true!

3 po= p; Eg = E; Done = falsg

4 doDone == falseandEx6 0!

5 Find bestsolutionpy+ 1 2 No(pk; Ex);
6 Ee1= B f(ii))jiorj2 " (Cod(pipe)iisj= Liing;
7 if f(pk+1) f(po)! Done = true ;
8 k= k+ 1;

9 od;

10 p=amgminf f(p);:::; f(P)G;

11 if f(p)== f(po)! Loop = false ;

12 od;

13 return(thelocal optimal p)

end LambdaExchange ;

FIGURE 5. | -ExchangeNeighborhood.ocal Search

The processs continueduntil either f (px) > f(po) or Ex = 0. Then

K
N (po) = [ Na2(pis Ei):
i=0
Thealgorithmis statedn Figure5.

Following the designprinciplesof neighborhoodtructuresyve proposea new neigh-
borhoodstructurewith the objective of providing bettersolutionsthanthoseobtainedby
thel -exchangeneighborhood.The new neighborhoodstructure denotedby N , canalso
bede nedasaunionof acollectionof subset®f 2-exchangeneighborhoodsAt eachlocal
searchstep,the permutatioris denotedas pg andthe setEy = E. At stepk, permutations

N2 (pk; Ex) bedenotedoy: 1. As before,constructhesetEy. 1 from Ey, thistime according
to
[k
Evr1=Ex f(i;))jiandj2  d(p;p+1);i;j= 1500 (2)
I=0
Theprocesss continueduntil either f(px) > f(pg) or Ex = 0. Then

k
N (po) = [ Na(pi; Bi):
i=0
The new local searchalgorithmcorrespondindo the N neighborhoodstructureis given
in Figure6.

Table 1 canbe usedto evaluatethe neighborhoodstructuresdiscusseckarlier The
sizesof N andN areapproximate.Only the leadingtermsof the sizearegiven. The
exactformulaefor the sizeof the neighborhoodstructuresaregivenin Subsectior?.3.2.

An examinationof Table1 shavs thatN is slightly greaterthanN, . Thisis a dis-
adwantagewhenoneis more concernecaboutcomputationatime. However, in general,
N admitsbettersolutions,asindicatedby the computationatesultsin [25]. For Ny with
ksmall(k 4), theneighborhoodizeis comparablavith thoseof N; andN ; however,
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procedure NStarNeighborhood  (n,p)

1 Loop = true;

2 doloop == true!

3 po= p; Eg = E; Done = falsg

4 doDone == falseandEx6 0!

5 Find bestsolutionpy. 1 2 NZ(%(; Ex);
6 Ew1= Ec f(i;j)iiandj2 ~{<od(pi;pen)sizj = 1iiiing;
7 if f(pk+1) f(po)! Done = true ;
8 k= k+ 1;

9 od;

10 p=amgminf f(p);:::; f(P)G;

11 if f(p)== f(po)! Loop = false ;

12 od;

13 return(thelocal optimal p)

end NStarNeighborhood

FIGURE 6. N Neighborhood.ocal Search

TABLE 1. TheoreticaEvaluationof Neighborhoodstructures

N N, N

Diameter | minf 2k;ng n n
Size cp n®=24 n*=8
Connectvity 1/2 1/2 1/2

thediameteris smaller For Ng with k large (k> 4), the neighborhoodizeis considerably
largerthanthoseof N, andN , while thediameteris comparablén size. Consequentlyin
generalNi is notasgoodasN, andN .

2.3.2. Seaching the Neighborhoods.The searchfor a bettersolutionin a neighbor
hood N(p) for a given solutions canbe donein two ways: (i) completeenumeation,
where one searcheall the solutionsin the neighborhoodo nd the bestsolution; (i)

r stdeciementwhereoneenumerateshe solutionsin the neighborhoodindstoponcea
bettersolutionis found. In both casesthe worst casetime complity of searchinghe
neighborhoods equalto the size of the neighborhood.The size of the Nk neighborhood
isCl = ﬁ'k), Thesize§ of theN, neighborhoodassuminghatn = 2k for somek) is
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givenby:

S = CJ+C)2+:+Ch
&2 1
2 ( )

1 2

i=
IS
= (21 )
i=1
145 5, 7
= N+ -n“+ —
22" T T "

= ond):
ThesizeS of thenew neighborhoodN is givenby:
S 1+ 2+ ::+C)
== C I
_ 1n(n 1)(n(n 1)
2 2 2

= %(n4 2n® 2+ 2n)

= O(n%:
Hence searchingheneighborhood\y canbequiteexpensvewhenk is largewhile search-
ing neighborhood$), andN is moreaffordable.

2.3.3. Compleity Issues.Althoughlocal searchalgorithmswork quite well in prac-
tice for mary combinationaloptimization problems,they may require exponentialtime
in worst caseinstances.In orderto characterizéhe compleity of suchlocal searchal-
gorithms,a nev complity class,the Polynomial-timeLocal Search(PLS) class,was
introducedandstudiedin [18§].

Let |1 (P) denotethe setof instance®f the problemP with anassociatedostfunction
C. Foraninstancex 2 | (P), thereexistsa setof feasiblesolutionsF (x). For eachfeasible
solutions2 F(x), thereexistsa setof neighboringsolutionsN(s; x).

ProblemP is saidto bein PLSif, givenaninputx anda setof feasiblesolutionsF(x),
thefollowing threepolynomial-timealgorithmsexist:

1. Oninputx 2 I, computeaninitial feasiblesolutionsy 2 F(X).

2. Oninputx2 | ands2 F(x) computethe correspondingostC(s; x).

3. Oninputx 2 | ands2 F(X), eitherdeterminethats is locally optimalor nd a
bettersolutionin N(s; x), with respecto the costfunction.

A problemP 2 PLSis PLS-reducibléo anothemproblemQ 2 PLS,if therearepolynomial-
time computableunctions f; and f,, suchthat f; mapsaninstancex of P to aninstance
f1(X) of Q andfor ary locally optimalsolutionsfor f1(X), f2(s;X) producesalocally opti-
mal solutionfor x. A problemP 2 PLSis PLS-completeif every otherproblemin PLSis
PLS-reducibldo P.

The GP with 2-exchangeneighborhoods PLS-completd29, 35). Sincethe GPis a
specialcaseof the QAP, thefollowing theoremholds:

1)

THEOREM 1. Thelocal seach problemsfor the QAP with the k-exchange neighbor
hood structure, | -exchange neighborhoodstructure, andthe N neighborhoodstructuie
are PLS-complete
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TABLE 2. GRASPrunson problemclassBUR

Problem| Bestvalue| GRASP | GRASPCPUtime
Name found iterations| local total

bur26a | 5426670 388 | 28.44 44.07
bur26b 3817852 81 5.67 8.90
bur26¢c 5426795 357 | 26.50 40.88
bur26d 3821225 158 | 11.20 17.79
bur26e | 5386879 2179| 164.80| 755.98
bur26f 3782044 87 6.25 9.83
bur26g | 10117172 1894 | 142.39| 218.28
bur26h 7098658 283 | 21.03 32.44

TABLE 3. Permutationgsoundby GRASPon problemclassBUR

bur26b
bur26c
bur26d
bur26e
bur26f
bur26g

bur26h

Problem
Name Permutatiorof bestassignment
bur26a | 13,8,17,5,12,9,4,15,11,20,1,7,6,16,2,23,21,10,19,18, 24,25

24,22,3
12,25,17,5,13,7,4,15,11,20,1,16,26,6,3,24,22,10,19,18314
23,21,2
17,2,1,15,19,21,24,12,10,8,6,3,4,18,9,5,25,13,11,14,23,2Q
22,7,26
18,4,2,23,19,21,24,7,10,25,22,11,1,17,9,5,26,13,12,1418,2
3,16,6
9,23,15,1,19,20,4,16,18,21,25,13,2,3,10,5,8,12,14,11, 26,2
22,7,6
9,21,22,24,19,2,3,25,18,8,26,14,1,15,10,5,4,11,13,12,67,2
20,16,7
9,1,24,12,19,20,11,8,17,25,2,15,5,23,16,21,26,14,18,13}1
6,7,22
9,2,22,11,19,5,13,8,17,6,1,4,3,15,16,20,26,14,18,12, 23,21

11

25,7,24

3. Experimental Results

In this section,we reportexperimentalresultsdescribingthe testingof a FORTRAN
implementatiorof the GRASPdescribedn this paperon a wide rangeof testproblems,
includingmostinstancegrom the suiteof QAP testproblemQAPLIB [5] andanew class
of testproblemswith known optimal solutions[26]. The objective of this experimentis
to shaw the effectivenessof a simple GRASP codein obtaininggood-qualitysolutions

quickly.

The FORTRAN codeimplementatiorhas537 lines of code,including input/output
and delugging statementsand was written and deluggedin a few hours. We usedthe
portablerandomnumbergeneratorand of Schragg36] with the initial seed270001to
generatehe randomintegerto selecta candidatdrom therestrictedcandidatdist.

The experimentwasconductedn a singleprocessoof a Silicon GraphicsChallenge
computer(100MHz MIPS R4400processor)ysingthe SGIFORTRAN compilerf77 with
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TABLE 4. GRASPrunson problemclassCHR

Problem| Bestvalue| GRASP | GRASPCPUtime
Name found iterations| local total
chri2a 9552 39 0.15 0.26
chri2b 9742 12 0.06 0.09
chri2c 11156 321 1.56 2.16
chrl5a 9896 13475| 128.11| 197.76
chri5b 7990 1118 10.54| 16.32
chri5c 9504 6484| 60.76| 93.79
chri8a 11098 2479| 42.09| 67.86
chri8b 1534 58 0.93 1.56
chr20a 2192 94307 2328.91| 3785.86
chr20b 2370 61232| 1442.65| 2388.01
chr20c 14142 1461| 30.55| 53.18
chr22a 6190 37724| 1336.41| 2175.09
chr22b 6282 238 8.46 13.81
chr25a 3972 15565| 845.62| 1412.09

TABLE 5. Permutationsoundby GRASPon problemclassCHR

Problem

Name Permutatiorof bestassignment

chri2a | 5,4,6,12,2,10,1,11,7,9,8,3

chri2b | 3,8,6,7,1,10,2,12,9,4,5,11

chri2c | 3,11,4,6,2,8,1,7,9,5,10,12

chri5a | 14,8,13,9,1,10,11,3,15,2,6,5,4,7,12

chri5b | 4,6,12,1,7,9,11,15,5,13,14,8,2,10,3

chrise | 6,2,10,9,3,8,4,5,12,15,14,13,1,7,11

chri8a | 9,18,1,4,8,3,12,11,15,7,10,6,2,14,17,16,13,5

chrigb | 3,5,7,1,18,9,2,16,11,4,14,13,6,12,15,8,10,17

chr20a | 11,15,1,8,16,12,3,14,5,9,10,6,19,17,13,18,20,4,7,

chr20b | 8,14,4,18,13,3,2,9,10,11,12,1,16,5,20,7,15,17,19,

chr20c | 18,4,7,8,14,2,11,19,3,5,6,1,12,15,9,13,16,10,17,2

chr22a | 6,2,15,16,11,13,7,4,19,21,14,22,10,20,1,5,9,8,18,

3,12
chr22b | 4,6,11,10,17,2,9,1,18,8,13,19,14,16,3,21,7,22,20,

chr25a

12,5
6,11,4,18,3,12,14,20,13,10,8,22,17,23,24,7,21,5,1
19,2,25,15,1

TABLE 6. GRASPrunonproblemclasseLS

Problem | Bestvalue| GRASP | GRASPCPUtime
Name found iterations| local total
els19.out| 17212548 105| 2.63 3.99
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TABLE 7. Permutatiorfoundby GRASPon problemclassELS

Problem
Name Permutatiorof bestassignment
els19 |17,18,19,11,12,9,3,14,1,2,10,13,7,5,15,16,8,4,6

TABLE 8. GRASPrunson problemclasseSC

Problem| Bestvalue| GRASP | GRASPCPUtime
Name found iterations| local total

esc08a 2 1 0.00 0.00
esc08b 8 1 0.00 0.00
esc08c 32 2 0.00 0.00
esc08d 6 1 0.00 0.00
esc08e 0 0 0.00 0.00
esc08f 18 2 0.00 0.00
escl6a 68 1 0.01 0.02
escl6éb 292 1 0.01 0.02
escl6e 160 2 0.01 0.03
escléed 16 1 0.01 0.02
esclée 28 12 0.10 0.17
esclo6f 0 0 0.00 0.00
esclég 26 1 0.01 0.02
escl6h 996 1 0.01 0.02
esclo6i 14 1 0.01 0.02
escl6j 8 1 0.01 0.02
esc32a 130 22339| 2256.88| 4780.14
esc32b 168 94 10.08 18.91
esc32c 642 2 0.18 0.37
esc32d 200 22 1.84 3.92
esc32e 2 1 0.06 0.16
esc32f 2 1 0.06 0.16
esc32g 6 1 0.06 0.16
esc32h 438 28 2.66 5.26
escb4a 116 1 0.96 2.44
escl28 64 21| 139.79| 580.21

the compiler ags -02 -Olimit  800. CPUtimesin secondsverecomputedby calling
thesystenroutineetime() . ReportedCPUtimesexcludeprobleminputtime.
GRASPrequiresfew parametersgo be set. The performanceof mostheuristicsde-

pendson parametersetting. Sincewe would like to make our resultsas reproducible
as possible,we limit our runsin this experimentto a single set of parametersettings.
Throughouthe experimentwe usedthefollowing parameters:

a= 05

b=0:1

maxiter = 100, 000.
By usingthe sameparametesettingwe alsoillustratethe robustnes®f this approach.
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TABLE 9. Permutationsoundby GRASPon problemclasseSC

Problem
Name

Permutatiorof bestassignment

esc08a
esc08b
esc08c
esc08d
esc08e
esc08f

escl6a
escl6b
esclée
escléd
esclée
escl6f

escleég
escl6h
escl6i

escl6j

esc32a

esc32b
esc32c
esc32d
esc32e
esc32f
esc32g
esc32h

escb4a

escl28

1,2,8,5,7,6,3,4

4,3,8,2,6,1,7,5

2,6,8,54,7,13

3,7,5,6,1,4,2,8

7,8,4,1,2,6,3,5

8,5,7,6,1,2,3,4

9,3,12,11,10,2,5,16,8,14,6,13,1,4,7,15
5,8,13,12,11,3,14,1,4,7,10,15,6,2,9,16
12,14,13,16,2,3,4,5,11,1,9,15,10,7,6,8
14,12,6,15,8,13,5,3,11,9,7,2,10,16,4,1
3,16,1,4,15,13,6,9,14,11,7,2,10,12,8,5
14,16,15,12,13,3,2,4,11,8,10,6,1,9,7,5
6,1,5,9,4,11,2,16,7,15,13,12,8,10,3,14
7,6,14,13,9,10,15,12,4,8,16,3,11,5,1,2
6,7,1,14,5,13,16,10,3,8,2,9,4,11,12,15
13,11,1,14,6,4,10,16,7,15,8,9,5,2,12,3
5,2,4,3,9,14,18,15,6,1,32,26,11,13,19,17,29,31,23,16,28,
30,21,8,7,22,10,12,20,25,24,27
24,22,23,21,18,12,17,11,25,26,20,19,29,28,6,5,15,9,13,7,
16,10,14,8,31,30,3,1,27,32,4,2
14,6,23,22,16,13,28,21,17,18,27,24,10,19,2,31,5,8,32,30,
11,12,25,4,9,20,26,3,15,7,29,1
18,17,7,8,1,10,5,14,19,28,22,27,4,13,3,12,16,6,9,15,11,24
2,21,23,20,29,30,32,25,31,26
7,13,8,12,9,32,17,20,19,30,21,3,16,10,6,18,5,14,2,1,31,24
23,27,11,29,4,28,15,22,25,26
7,13,8,12,9,32,17,20,19,30,21,3,16,10,6,18,5,14,2,1,31,24
23,27,11,29,4,28,15,22,25,26
4,18,19,32,3,30,28,14,26,11,31,29,16,10,12,1,5,7,21,17,2,
25,27,22,13,8,9,15,23,6,20
13,14,7,3,22,18,5,31,30,25,24,8,28,27,20,12,17,16,4,15,6,
23,2,26,1,19,9,29,32,21,11
4,9,20,33,62,24,27,35,10,15,44,14,46,11,31,22,50,7,47,21
5,49,16,8,37,6,19,17,57,41,58,40,42,25,30,51,43,39,3,59,5
26,55,12,45,52,38,32,23,28,29,64,48,34,18,13,61,60,63,56
80,75,66,79,71,73,77,69,20,6,49,25,115,81,122,119,85,
91,32,28,48,87,9,5,123,126,16,26,47,94,120,92,43,2,11,
72,12,27,128,46,62,57,21,86,30,58,98,10,125,78,116,45,
84,70,41,54,106,99,38,18,52,34,7,105,36,110,35,63,31,
90,33,111,55,60,96,23,83,117,8,82,67,29,114,97,51,108,
76,113,101,124,14,65,53,88,107,59,40,44,127,37,42,24,
112,104,64,74,15,17,95,19,50,13,4,102,103,39,56,68,109,

04,
10,
36,

412!
53,1

118,100,121,1,93,3,61,89,22
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TABLE 10. GRASPrunson problemclassKkRA

Problem| Bestvalue| GRASP | GRASPCPUtime
Name found iterations| local total

kra30a 88900 16786| 1738.07| 2919.50
kra30b 91420 51537| 5364.87| 8988.54

TABLE 11. Permutationdoundby GRASPon problemclassKRA

Problem
Name Permutatiorof bestassignment

kra30a | 26,24,19,16,20,23,6,10,11,2,22,18,7,14,15,21,25,29,1P7915,
8,13,28,30,3,4,27

kra30b | 23,22,25,19,20,26,5,8,9,2,21,18,6,12,16,24,27,30,18771411,
14,29,15,3,10,28

TABLE 12. GRASPrunson problemclassNUG

Problem| Bestvalue| GRASP | GRASPCPUtime
Name found iterations| local total

nug05 52 1 0.00 0.00
nug06 86 1 0.00 0.00
nug07 148 1 0.00 0.00
nug08 214 4 0.00 0.01
nugl2 578 100 0.47 0.64
nugl5 1150 20 0.17 0.27
nug20 2570 736 19.39 30.12
nug30 6124 79861 | 8889.22| 14406.48

TABLE 13. Permutation$oundby GRASPon problemclassNUG

Problem
Name Permutatiorof bestassignment
nug05 | 4,3,5,2,1
nug06 | 3,2,1,6,5,4
nug07 | 1,2,5,3,4,7,6
nug08 | 6,5,1,7,8,4,3,2
nugl?2 | 5,1,9,8,4,3,11,7,10,2,6,12
nugl5 | 11,12,7,6,4,3,9,14,15,1,10,5,13,8,2
nug20 | 19,7,4,6,17,20,18,14,5,3,9,8,15,2,12,10,16,1,11,13
nug30 | 14,29,4,12,25,27,16,15,22,21,9,26,28,5,1,10,13,2,17,

6,30,8,7,20,18,19,3,24,23,11

We testedthe GRASPimplementatioron mostof the problemclassesn QAPLIB:
BUR[6], CHRI[8], ELS[10], ESC[11], KRA [22], NUG [30], ROU [32], SCR[37], SKO
[39], andSTE[40]. Theonly classleft outwasCAR [7] which hasQAP instanceswith
anonzerdinear partand cannotbe handledby our currentGRASPimplementation.We
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TABLE 14. GRASPrunson problemclassROU

Problem| Bestvalue| GRASP | GRASPCPUtime
Name found iterations| local total
roulO 174220 34 0.06 0.12
roul2 235528 307 1.48 2.02
rouls 354210 4 0.05 0.06
rou20 725522 31246| 853.36| 1308.09

TABLE 15. Permutationdoundby GRASPon problemclassROU

Problem

Name Permutatiorof bestassignment

roul0 | 9,4,1,10,8,5,6,3,7,2

roul2 |8,5,7,11,2,1,10,6,4,12,3,9

roul5 | 10,8,6,13,5,2,9,3,11,12,15,1,4,14,7

rou20 | 1,3,16,12,10,20,11,13,9,5,7,17,19,4,15,6,18,14,2,8

TABLE 16. GRASPrunson problemclassSCR

Problem| Bestvalue| GRASP | GRASPCPUtime
Name found iterations| local total
scrl0 26992 6| 0.00 0.02
scrl2 31410 28| 0.15 0.20
scrlbs 51140 30| 0.34 0.48
scr20 110030 325| 9.64 14.47

TABLE 17. Permutationdoundby GRASPon problemclassSCR

Problem

Name Permutatiorof bestassignment

scrl0 | 6,4,3,9,7,2,10,1,8,5

scrl2 | 11,12,5,8,1,10,2,7,9,3,4,6

scrl5 | 5,8,7,6,12,10,2,4,15,14,3,9,11,13,1

scr20 | 20,8,7,5,18,4,2,6,12,19,10,3,17,9,14,15,16,11,13,1

alsotestedthe GRASP on two new classesof QAP testproblems,with known optimal
solutionsgeneratedvith thegeneratodescribedn [26]: LIPAA andLIPAB.

For eachproblemclasswe reportthe value of the bestassignmenfound, GRASP
iterationsandtotal andlocal searchCPUtimeto nd the rst occurrenceof the bestas-
signmentandthe permutatiorof the rst bestsolutionfound.

Tables2—3 summarizeresultsfor problemclassBUR. In all caseshe GRASPfound
solutionshaving betterobjective value thanthosereportedin the literature. Tables4-5
shav computationatesultsfor classCHR. In all, but four instancesthe GRASPproduced
optimal permutations. Tables6—7 shav resultsfor the single ELS instance wherethe
GRASPproducedan optimal permutationin lessthanfour seconds.Testingof problem
classeSCis summarizedn Tables8-9. Most of thoseinstancesveresolvedin fractions
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TABLE 18. GRASPrunsonproblemclassSTE

Problem| Bestvalue| GRASP | GRASPCPUtime
Name found iterations| local total

ste36a 9588 29836| 6351.89| 10590.64
ste36b 15852 9640 | 2228.62| 3600.14
ste36¢c | 8254628 408 92.57 150.65

17

TABLE 19. Permutationsoundby GRASPon problemclassSTE

Problem
Name Permutatiorof bestassignment
ste36a | 16,18,35,25,34,33,15,26,27,17,32,23,24,5,6,7,9,8,4,B0.2P,

28,29,20,31,13,12,11,10,3,1,2,19,36

ste36b | 31,10,2,12,3,4,22,11,29,21,5,14,13,15,30,28,19,20,2482867,
9,17,18,6,32,33,34,35,25,27,26,36,1
ste36¢ | 31,10,2,12,3,4,22,11,30,21,5,14,13,15,32,29,19,20,25,28,1%,
9,8,7,6,24,33,34,35,26,27,36,1,28
TABLE 20. GRASPrunsonproblemclassLIPAA
Problem| Optimal | Bestvalue| GRASP GRASPCPUtime
Name | value found | iterations local total
lipalOa 473 473 4 0.01 0.01
lipa20a 3683 3683 35 0.86 2.18
lipa30a | 13178 13178 703 71.11 119.58
lipad0a | 31538 31538 97667| 27062.88| 47390.47
lipa50a | 62093 62655 67360| 41600.45 80382.47
lipa60a | 107218 108118 84179| 93574.86| 189669.64
lipa70a | 169755 171021 67093| 128319.19| 266824.13
lipa80a | 253195| 254907 77868| 236454.84| 505766.13
lipa90a | 360630 362847 31640| 152307.84| 328593.53

of asecondn oneGRASPIteration. Oneinstancegsc32aappearso bemuchharderthan
theothers.In all casesGRASPproducedhebestknown solutionandfor problemesc128,
asolutionof cost64 wasfound(in [5] abestknown valueof 84 is reported).Tables10-11
giveresultsfor problemclassKRA. For thosetwo instancesGRASPproducedestknown

solutions, requiring over two hoursof CPU time for kra30b Resultsfor the classical
problemsetNUG aregivenin Tables12-13. The GRASPfound bestknown solutions
for all of theinstances.In mostcasesve found optimal permutationghat weredifferent
from thosereportedin [5]. Tables14—-15shaw resultsfor problemclassROU, wherethe

GRASPproducedbestknown solutionsfor all four instances.Testingon problemclass
SCRis summarizedn Tables16-17.GRASPproducedoptimal permutationgor all four

instances.Tables18-19summarizeestresultsfor the threeSTE instances.In only one

of thethreeinstancesdid the GRASPproducethe bestknowvn solution (ste36b).For the

ste36cnstance GRASPfound a solutionwithin 0.2% of the bestknown solutionin less
than151CPUseconds.
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TABLE 21. Permutationsoundby GRASPon problemclassLIPAA

Problem
Name
lipal0a
lipa20a
lipa30a

Permutatiorof bestassignment
4,3,10,1,6,9,8,5,2,7
4,19,13,9,5,12,3,18,6,7,15,8,17,14,16,10,2,20,1,11
28,30,26,16,11,10,22,18,1,29,9,8,2,25,23,27,4,17,19,
13,21,3,6,24,5,15,14,12,7,20
10,8,24,25,15,2,1,18,31,28,26,40,29,3,36,9,32,34,5,19,
7,17,14,12,37,22,4,16,23,13,33,21,35,38,20,27,6,30,39,11
32,34,11,33,7,2,25,31,29,49,50,40,26,30,47,28,17,5,10,
16,38,21,6,39,20,18,46,1,27,12,36,45,14,23,24,44,8,9,4,
41,22,43,37,3,13,42,48,19,15,35
21,1,8,6,49,44,13,43,32,53,58,54,45,60,16,4,14,5,37,51,
50,35,56,30,18,59,15,25,48,33,2,34,12,36,24,41,19,52,3,38,
40,22,46,7,23,17,39,31,57,9,10,20,28,11,42,27,47,29,26,55
65,21,68,12,7,44,17,61,27,70,14,55,67,31,43,25,32,48,22,58,
52,57,29,63,11,28,66,6,24,35,45,62,50,30,34,2,40,42,13,9,19
49,47,56,53,10,1,59,64,46,69,26,36,16,39,18,41,5,38,23,20,8
15,3,51,4,54,60,37,33
66,14,50,27,43,42,36,78,18,68,26,69,56,16,65,64,79,53,72,35,
5,11,13,54,51,32,31,22,47,76,67,38,44,1,10,45,63,6,30,4,8,41,
7,59,80,20,37,62,29,15,34,3,23,28,74,17,40,61,33,52,48,25,57,
70,73,55,21,39,12,75,58,77,24,49,9,46,19,60,2,71
53,27,35,26,2,86,82,67,88,89,69,12,24,40,5,75,8,3,19,29,47
15,70,11,84,16,20,31,28,58,66,71,32,25,56,61,1,14,33,65,83,59,
6,43,76,30,55,37,48,9,4,23,13,74,7,68,63,62,45,85,18,77,46,54,
60,39,72,50,21,38,41,22,17,44,34,64,78,73,52,79,51,87,36,90,49,
10,57,81,42

lipad0a

lipa50a

lipa60a

lipa70a

lipa80a

lipa90a 80,

TABLE 22. GRASPrunson problemclassLIPAB

Problem| Optimal | Bestvalue| GRASP | GRASPCPUtime
Name value found iterations| local total

lipalOb 2008 2008 1 0.00 0.00
lipa20b 27076 27076 16 0.47 0.71
lipa30b 151426 151426 27 3.19 5.03
lipa40b 476581 476581 43 14.12 23.09
lipa50b | 1210244 1210244 212 154.64 258.62
lipa60b | 2520135| 2520135 384 505.04| 886.46
lipa70b | 4603200/ 4603200 81 191.66| 338.82
lipa80b | 7763962| 7763962 592 | 2179.96| 4003.01
lipa90b | 12490441 12490441 4462 | 25023.39| 47141.35

Tables20-21show resultsfor the rst new problemclassLIPAA, andtables22—

23 show resultsfor the othernew problemclassLIPAB. In additionto the information
providedin thetablesfor theotherproblemclassestables?0and22 alsodisplaytheknown
optimal valuefor eachinstance.On problemclassLIPAA, the GRASPfound anoptimal
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TABLE 23. Permutation$oundby GRASPon problemclassLIPAB

Problem
Name Permutatiorof bestassignment

lipalOb | 1,2,3,4,5,6,7,8,9,10

lipa20b | 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20
lipa30b | 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,
21,22,23,24,25,26,27,28,29,30

lipad40b | 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,
22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,4
lipa50b | 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,22R21,
23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,
42,43,44,45,46,47,48,49,50

lipa60Ob | 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,22021,
23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,
42,43,44,45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,6
lipa70b | 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,22R21,
23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,
42,43,44,45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,60,
61,62,63,64,65,66,67,68,69,70

lipa80b | 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,22R21,
23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,
42,43,44,45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,60,
61,62,63,64,65,66,67,68,69,70,71,72,73,74,75,76,77,78,79,80
lipa90b | 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,2R243,
24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,42,43,
44,45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,60,61,62,63,
64,65,66,67,68,69,70,71,72,73,74,75,76,77,78,79,80,81,82,83,
84,85,86,87,88,89,90

o

o

solutionfor all instanceaup to dimensionn = 40. For the instanceshaving dimension
n 50,theGRASPfound,in atmost100,000terations solutionswithin 1% of theknown
optimal value. On all instancesup to dimensionn = 90, in problemclassLIPAB, the
GRASPfoundoptimalsolutions takingalittle over 13 CPUhoursonthelargestinstance.
For all problemclassesthe local searchtime accountedor lessthanhalf of thetotal
CPUtime, suggestinghata moreellaboratdocal searchsuchasthe 3-exchangedescribed
in Subsectior?.3, canbe usedin the GRASP In addition, GRASPmay obtainbetterso-
lutionsif givenmore GRASPIterations.In this study we limited the numberof iterations
to 100,000.For thefew instancesvhereGRASPdid not producea bestknowvn solution,a
solutionwithin a smallpercentagef the bestknown solutionwasfound quickly.

4. Concluding remarks

In this paperwe discussedspectof a GRASPimplementatiorfor solvingthe QAP.
The algorithmwastestedon a broadrangeof test problemsand producedgood-quality
solutionsin a reasonableamountof CPU time. Bestknown solutionswere producedor
almostall of theinstancegested.In afew casesthe permutationgoundwerebetterthan
thosepreviously reportedn theliterature.
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ThealgorithmcanbeeasilyimplementednaparallelcomputeisincedifferentGRASP
iterationscanbe assignedo eachprocessarA singleglobal variable(valueof bestsolu-
tion found)is sharedy the processorsdlt is expectedhataparallelimplementatiorshould
improve the computationaftesultsgivenin this paperaswasobseredin [14].

GRASPcanbealsoadaptedo solve specialcasef QAR like thetraveling salesman
problem,graphisomorphismgraphpartitioning,andthe band-widthreductionproblem.
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