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ABSTRACT. A greedyrandomizedadaptive searchprocedure(GRASP)is a randomized
heuristicthathasbeenshown to quickly producegoodquality solutionsfor a widevariety
of combinatorialoptimizationproblems.In this paper, we describea GRASPfor thequa-
draticassignmentproblem. We review basicconceptsof GRASP:constructionandlocal
searchalgorithms.The implementationof GRASPfor thequadraticassignmentproblem
is describedin detail. Computationalexperienceon a largesetof standardtestproblems
(QAPLIB) is presented.

1. Intr oduction

GivenasetN = f 1;2; : : : ;ng andn� n matricesF = ( fi j ) andD = (dkl ), thequadratic
assignmentproblem(QAP)canbestatedasfollows:

min
p2PN

n

å
i= 1

n

å
j= 1

fi jdp(i)p( j);

wherePN is thesetof all permutationsof N . Oneof themajorapplicationsof theQAP
is in locationtheorywherethematrix F = ( fi j ) is the �o w matrix, i.e. fi j is the �o w of
materialsfrom facility i to facility j, andD = (dkl ) is thedistancematrix,i.e. dkl represents
thedistancefrom locationk to locationl [9, 10,21]. Thecostof simultaneouslyassigning
facility i to location k and facility j to location l is fi jdkl . The objective is to �nd an
assignmentof all facilitiesto all locations(i.e. a permutationp 2 P N ), suchthatthetotal
costof theassignmentis minimized. Throughoutthis paperwe oftenrefer to theQAP in
thecontext of this locationproblem.

In additionto its applicationin facility locationproblems,the QAP hasbeenfound
usefulin suchapplicationsasscheduling[16], thebackboardwiring problemin electronics
[40], andstatisticaldataanalysis[17]. Otherapplicationsmaybefoundin [15,22,28].

The QAP is, computationally, one of the most dif�cult combinatorialoptimization
problems. This problem,of which the traveling salesmanproblem,graphisomorphism,
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graphpartitioning,andtheband-widthreductionproblemarespecialcases[4, 24], is NP-
hard. Moreover, unlessP= NP, thereexists no polynomial-timealgorithmto �nd an e-
approximatesolution[34] to theQAP. Furthermore,thequadraticassignmentproblemis
PLS-Completewith respectto a Kernighan-Linlike neighborhood[29]. Computationally,
problemsof sizen > 20arenot, to this date,practicallysolvableto optimality [26, 27,31,
33]. Becauseof its complexity, many heuristicmethodshave beendevelopedto solve the
QAP[3, 38,39,41].

In thispaper, wepresentagreedyrandomizedadaptivesearchprocedure(GRASP)for
theQAP. A GRASPis an iterative process,with eachGRASPiterationconsistingof two
phases,a constructionphaseanda local searchphase.Thebestoverall solutionis keptas
theresult.

In the �rst phase(constructionphase),a feasiblesolution is iteratively constructed,
oneelementat a time. At eachconstructioniteration,thechoiceof thenext elementto be
addedis determinedby orderingall elementsin a candidatelist with respectto a greedy
function. This function measuresthe (myopic) bene�t of selectingeachelement. The
heuristicis adaptivebecausethebene�tsassociatedwith everyelementareupdatedateach
iterationof theconstructionphaseto re�ect thechangesbroughtonby theselectionof the
previouselement.Theprobabilisticcomponentof a GRASPis characterizedby randomly
choosingone of the bestcandidatesin the list, but usually not the top candidate.This
choicetechniqueallows for differentsolutionsto be obtainedat eachGRASPiteration,
but doesnot necessarilycompromisethepower of theadaptive greedycomponentof the
method.

As is thecasefor many deterministicmethods,thesolutionsgeneratedby a GRASP
constructionare not guaranteedto be locally optimal with respectto simple neighbor-
hoodde�nitions. Hence,it is almostalwaysbene�cial to applya local searchto attempt
to improve eachconstructedsolution. Normally, a local optimizationproceduresuchas
a two-exchangeis employed. While suchprocedurescanrequireexponentialtime from
anarbitrarystartingpoint, empiricallytheir ef�ciency signi�cantly improvesastheinitial
solutionsimprove. Throughtheuseof customizeddatastructuresandcarefulimplemen-
tation,anef�cient constructionphasecanbecreatedwhichproducesgoodinitial solutions
for ef�cient local search.Theresultis thatoftenmany GRASPsolutionsaregeneratedin
thesameamountof time requiredfor thelocal optimizationprocedureto convergefrom a
singlerandomstart. Furthermore,thebestof theseGRASPsolutionsis generallysigni�-
cantlybetterthanthesolutionobtainedfrom a randomstartingpoint.

Figure1 illustratesa genericGRASPimplementationin pseudo-code.The GRASP
takesasinput parametersfor settingthecandidatelist size,maximumnumberof GRASP
iterationsandtheseedfor therandomnumbergenerator. After inputtingtheinstancedata
(line 1) and initializing datastructures(line 2) and the valueof the bestsolution found
(line 3), theGRASPiterationsarecarriedout in lines4–8.EachGRASPiterationconsists
of the constructionphase(line 5), the local searchphase(line 6) and, if necessary, the
incumbentsolutionupdate(line 7).

An especiallyappealingcharacteristicof GRASPis the easewith which it can be
implemented.First,adaptivegreedyfunctionsareknown for many problems.Furthermore,
neighborhoodde�nitions andlocal searchtechniquesareplentiful. Few parametersneed
to be setand tuned(candidatelist sizeandnumberof GRASPiterations)and therefore
developmentcanfocuson implementingef�cient datastructuresto assurequick GRASP
iterations. Finally, GRASPcan be trivially implementedon a parallel processorin an
MIMD environment.Eachprocessorcanbeinitializedwith its own copy of theprocedure,
the instancedata,andan independentrandomnumbersequence.The GRASPiterations
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procedure grasp (ListSize,MaxIter,RandomSeed )
1 InputInstance() ;
2 InicializeDataStructures() ;
3 BestSolutionFound = ¥ ;
4 do k = 1; : : : ; MaxIter !
5 ConstructGreedyRandomizedSolu tio n(L ist Siz e,Ra ndomSeed) ;
6 LocalSearch(BestSolutionFound ) ;
7 UpdateSolution(BestSolutionFo und) ;
8 od;
9 return(BestSolutionFound )
end grasp ;

FIGURE 1. A genericGRASPpseudo-code

arethenperformedin parallelwith only a singleglobalvariablerequiredto storethebest
solutionfoundoverall processors.

GRASPhasbeenappliedsuccessfullyto severalcombinatorialoptimizationproblems.
Theseincludesetcoveringproblemsarisingfrom theincidencematrixof Steinertriple sys-
tems[13], maximumindependentsetproblem[14], corporateacquisitionof �e xible man-
ufacturingequipment[2], computeraidedprocessplanning[1], airline �ight scheduling
andmaintenancebaseplanning[12], schedulingof parallelmachines[23], p-hublocation
problems[19], andcomponentgrouping[20].

The paperis organizedasfollows. In Section2, we describe,in detail, the GRASP
for QAP, including the constructionand local searchphases.Computationalresultson
the QAPLIB [5] andQAP testproblemswith known optimal solutions[26] aregiven in
Section3. Concludingremarksaremadein Section4.

2. A GRASP for QAP

As outlinedin Section1, a GRASPpossessesfour basiccomponents:a greedyfunc-
tion, an adaptive searchstrategy, a probabilisticselectionprocedure,anda local search
technique.Thesecomponentsarelinked togetherinto an iterative methodthatconstructs
a feasiblesolutiononeelementat a time andthenfeedsthe solutionto the local search
procedure.Whenappliedto theQAP, thepermutationsareformedin two phases:(i) the
�rst 2 assignments,and(ii ) the remainingn� 2 assignments.The �rst two assignments
are�rst madesimultaneouslyin the�rst constructioniteration,while theremainingn� 2
aremadeoneassignmentper constructioniteration. The greedyfunction chosenin this
implementationordersadmissibleassignmentswith respectto cost. For the initial two
assignments,the greedychoiceis the pair of assignmentswith the minimum costof in-
teraction. The greedyfunction implementedin this GRASPassignsfacilities with high
inter�ow to nearbylocations.The�nal n� 2 assignmentsuseasthegreedychoicetheas-
signmentthathasminimumcostinteractionwith respectto thealready-madeassignments.
Thetermadmissibleinitially refersto all couplesof facility-locationpairsandfor there-
mainingn� 2 assignmentsto facility-locationpairsthathave not yet beenassigned.The
local searchimplementedin this GRASPis a two-exchangeheuristic. We next describe
theGRASPcomponentsin detail.

2.1. Stage1 of Construction Phase. In Stage1 of theconstructionphase,we select
thepair of facilitiesandtheir matchinglocations,correspondingto the�rst 2 assignments
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of theconstructedsolution.Oneapproachfor makinga greedychoicewouldbeto sortall
O(n4) fi jdkl entriesandselectthecoupleof assignmentshaving thesmallestcost.Instead,
wecompromisein orderto speedup theinitializationprocess.

Let 0 < b < 1 beagivencandidaterestrictionparameterandbxc bethelargestinteger
smalleror equalto x. We sort the n2 � n distanceentriesin D, keepingthe bb(n2 � n)c
smallest,i.e.

di1 j1 � di2 j2 � � � � � dibb(n2� n)c jbb(n2� n)c

andsortthen2 � n �o w entriesin F, keepingthebb(n2 � n)c largest,i.e.

fk1l1 � fk2l2 � � � � � fkbb(n2� n)clbb(n2� n)c
:

Then,thecostsof interaction

di1 j1 fk1l1;di2 j2 fk2l2; : : : ;dibb(n2� n)c jbb(n2� n)c
fkbb(n2� n)clbb(n2� n)c

aresortedin increasingorder, keepingthesmallestbab(n2 � n)c elements,wherea (0 <
a < 1) is thesecondcandidaterestrictionparameter.

Note that theabove orderingof thecostelementsneedsto bedoneonly once,in the
initializationphaseof theGRASP. SincethedataisstaticthroughouttheGRASPiterations,
theorderof thecostelementsremainsunchanged.Thiscanbedoneef�ciently with aheap
sort.

In theGRASPiterations,thegreedyfunctionselectsthecoupleof assignmentshaving
thesmallestdi j fkl from thebab(n2 � n)c possiblepairs. Thecandidaterestrictionlimits
our choiceto thosecouplesof assignmentpairshaving the bab(n2 � n)c smallestdi j fkl
terms.Therandomcomponentselectsacoupleof assignmentpairsfrom thecandidatelist,
at random.

Sincethebab(n2 � n)c costelementsarepresorted,Stage1 of theconstructionphase
canbecomputedin constanttime. All thatis neededis to generatea randomintegerin the
interval [1;bab(n2 � n)c] andaccesstheindicesof thefacilitiesandlocationscorrespond-
ing to thecostwith therankinggivenby therandomnumber.

2.2. Stage2 of Construction Phase. In Stage2 of the constructionphaseof this
GRASP, facilitiesareassignedto locations,onefacility to onelocationata time. Let

G= f ( j1; l1); ( j2; l2); : : : ; ( jr ; lr )g

be thesetof already-madeassignments.Stage2 startswith jGj = 2, sincein Stage1 two
pairsof assignmentsaremade.Let

Cik = å
( j;l )2G

fi jdkl

bethecostof assigningfacility i to locationk with respectto thealready-madeassignments.
The greedyfunction implementedin this GRASPis one that assignsa facility to a

locationthat minimizesthe total costwith respectto assignmentsalreadymade,i.e. we
selectfrom thefacility-locationpairsnot alreadyassigned,theonethathastheminimum
Cik cost.

Let therebe,atagivenGRASPiteration,munassignedfacility-locationpairsandlet a
bethesamecandidaterestrictionparameterde�ned earlier. Thecandidaterestrictionused
herelimits our choiceto the bamc facility-locationpairshaving the smallestCik values.
Therandomcomponentof thisGRASPselectsat randomfrom thecandidatelist a facility-
locationpair. Theadaptivecomponentis capturedby updatingthesetGof alreadyassigned
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procedure stage2 (a,( j1; l1); ( j2; l2))
1 G= f ( j1; l1); ( j2; l2)g;
2 do assignments = 3; : : : ;n !
3 m= 0;
4 do i = 1; : : : ;n !
5 do k = 1; : : : ;n !
6 if (i;k) 62G!
7 Cik = å ( j;l )2G fi jdkl ;
8 inheap (Cik);
9 m= m+ 1;
10 � ;
11 od;
12 od;
13 s= random [1;bamc];
14 do v = 1; : : : ;s !
15 Cik = outheap() ;
16 od;
17 G= G[ f i;k)g;
18 od;
19 return
end stage2 ;

FIGURE 2. Pseudo-codeof Stage2 of GRASPconstructionphase

pairs,i.e.

G= G[ f (i;k)g:

In this fashionthegreedyfunctionchangesat eachGRASPiteration.
Figure2 describesStage2 of the GRASPconstructionphasein pseudo-code.The

proceduretakesasinput theinitial two assignments,madein Stage1 andthecandidatelist
restrictionparametera. This proceduremakesuseof two heapoperators:inheap inserts
anelementinto theheap,updatingtheheap,andoutheap deletesthetop(smallest)element
from theheap,andupdatestheheap.Thesetof assignmentsGinitially consistsof thetwo
Stage1 assignments(line 1). In lines2–18theremainingassignmentsaremade.For each
assignment,thecandidatecounterm is setin line 3 andin lines4–12theassignmentcosts
of the unassignedpairsarecomputedand insertedin the heapstructurefor sorting. In
line 13 a randomnumbers is generatedin the interval [1;bamc] andin lines 14–16,the
assignmentpair having thes-th smallestcostis retrievedfrom theheap.Line 17 updates
thesolutionset.We haveomittedsometrivial implementationdetailsthatmake theabove
pseudo-codemoreef�cient in orderto make acleareddescriptionof Stage2.

2.3. Local Search. For a given problem,a local searchalgorithm works in an it-
erative fashionby successively replacingthe currentsolutionby a bettersolution in the
neighborhoodof thecurrentsolution. It terminateswhenthereis no bettersolutionfound
in theneighborhoodwith respectto somecostfunction.

In this subsection,we discuss,with respectto theQAP, issuesrelatedto local search
algorithms,neighborhoodstructures,techniquesfor searchingtheneighborhoodof asolu-
tion, andrelatedcomplexity issues.
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procedure local (P,N(P),s)
1 do s is not locally optimal!
2 Findabettersolutiont 2 N(s);
3 Let s= t;
4 od;
5 return(saslocal optimalfor P)
end local ;

FIGURE 3. Layoutof LocalSearch

The neighborhoodstructure N for a problemP relatesa solution s of the problem
to a subsetof solutionsN(s). A solution s is said to be locally optimal if thereis no
bettersolutionin N(s). GivenaneighborhoodstructureN, a localsearchalgorithmhasthe
generalform asstatedin Figure3.

The key to successfor a local searchalgorithmconsistsof the suitablechoiceof a
neighborhoodstructure,ef�cient neighborhoodsearchtechniques,andthe startingsolu-
tion. TheGRASPconstructionphaseplaysanimportantrolewith respectto this lastpoint,
sinceit producesgoodstartingsolutionsfor localsearch.Next, thecommonneighborhood
structuresusedin local searchalgorithmsarediscussedanda new neighborhoodstructure
for the QAP is presented.Neighborhooddesignprinciplesandneighborhoodsearching
techniquesarediscussed.

Given two permutationsp and q, the differencebetweenp and q is de�ned to be
d(p;q) = f i j p(i) 6= q(i)g, andthe distancebetweenp andq is de�ned to be d(p;q) =
jd(p;q)j. To designa goodneighborhoodstructure,oneshouldbe guidedthe following
threeprinciples: (a) reasonableneighborhoodsize; (b) large variancein neighborhood;
and(c) highconnectivity in neighborhood.

Principle(a) impliesthatoneshouldlimit thesizeof aneighborhoodsothatsearching
theneighborhoodcanbedoneef�ciently . De�ne a diameterof a setof permutationsSto
be

D(S) = max
p;q2S

d(p;q):

Principle(b) requiresthat thediameterof a neighborhoodbe large. Principle(c) implies
thatgiventwo permutationsin aneighborhood,thereshouldbeasequenceof permutations
in theneighborhoodsuchthatthedifferencebetweeneachpairof consecutivepermutations
is small.For a givenproblemP with thesolutionspacerepresentedby S(P), thedegreeof
connectivityof aneighborhoodstructureN is de�ned to be

CN = 1=K;

where
K = min

r2S(P)
min

p;q2N(r)
max

p0= p;pk= q
min

i= 1;:::;k� 1
d(pi ; pi+ 1):

The constantK canbe interpretedasfollows. First, for eachpair of permutationsf p;qg
in theneighborhoodN(r) of thesamepermutationr, therecorrespondsasmallestdistance
betweenconsecutive permutationsin a pathin the neighborhoodN(r) betweenp andq.
Taking themaximumamongall suchpathsandthentakingtheminimumamongall pos-
siblepermutationsin thesetof solutionspaceS(P), oneobtainsK. Principle(c) requires
thata goodneighborhoodhave a high degreeof connectivity. This principlerulesout the
useof randomneighborhoods,for which thedegreeof connectivity is low.
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procedure kexhange (k,Nk(p),p)
1 do p is not locally optimalin Nk(p) !
2 Findabettersolutionq 2 Nk(p);
3 Let p = q;
4 od;
5 return(p aslocal optimalpermutation)
end kexchange ;

FIGURE 4. k-ExchangeNeighborhoodLocalSearchfor theQAP

2.3.1. Local Search Algorithmsfor the QAP. In this subsection,algorithmsfor the
QAP correspondingto the3 typesof neighborhoodstructuresarepresented.In a GRASP,
a local searchalgorithmstartswith an initial permutationproducedby the construction
phaseandworks in a iterative fashion. At eachiterationof the local search,a betterso-
lution in the neighborhoodof the currentsolution is pursuedandthe currentsolution is
replacedby animprovedsolution,if oneis found.Themostcommonlyusedneighborhood
structurefor theQAPis theso-calledk-exchangeneighborhoodstructure.Thek-exchange
neighborhoodfor apermutationp 2 PN is de�ned to be

Nk(p) = f q j d(p;q) � kg; where2 � k � n:

The k-exchangeneighborhoodis also usedfor many other combinationaloptimization
problems,suchas the traveling salesmanproblem(TSP), the graphpartitioning prob-
lem (GP)andthemaximumcliqueproblem(MCP).Pseudo-codefor thek-exchangelocal
searchis shown in Figure4.

Let p bethestartingpermutationof a local searchalgorithmandp� theoptimalper-
mutationof theQAPandlet k bethedistancebetweenp andp� . If k is small,thena local
searchalgorithmenumeratingall permutationsin N(p;k) will yield theoptimalsolution.
Among all possiblevaluesof k, the mostpopularis k = 2. This local searchis usedin
the computationalexperimentsof Section3. Whenthe valueof k is large,searchingthe
neighborhoodcan be too expensive. Sincethe TSP, GP, andMCP arespecialcasesof
theQAP, it is not surprisingthat the2-exchangeneighborhoodstructurefor theQAP is a
generalizationof the2-exchangeneighborhoodstructuresfor theTSP, GP, andMCP.

The relationshipbetweenthe GP and the QAP also gives rise to the adaptationof
the l -exchangeneighborhoodstructurefor theGPto theQAP. First, de�ne thesetof all
possiblepairwiseexchangesasfollows

E = f (i; j) j i 6= j; i; j = 1; :::;ng:

For a givenpermutationp, denoteby N2(p;E0) thesetof permutationsin N2(p) obtained
by performingpairwiseexchangesin asubsetof pairwiseexchangesE0.

The l -exchangeneighborhoodstructure,denotedby Nl , is de�ned asa union of a
collectionof subsetsof 2-exchangeneighborhoods.At eachlocal searchstep,thecurrent
permutationis denotedasp0 andthesetE0 = E. At stepk of a searchstep,permutations
p1; :::; pk have alreadybeenconstructed.Let thebestsolution(tie is brokenarbitrarily) in
N2(pk;Ek) bedenotedpk+ 1. Now, constructthesetEk+ 1 from Ek asfollows:

Ek+ 1 = Ek � f (i; j) j i or j 2
k[

l= 0

d(pl ; pl+ 1); i; j = 1; :::;ng: (1)
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procedure LambdaExchange (n,p)
1 Loop = true;
2 do Loop == true !
3 p0 = p; E0 = E; Done = false;
4 do Done == falseand Ek 6= /0 !
5 Findbestsolutionpk+ 1 2 N2(pk;Ek);
6 Ek+ 1 = Ek � f (i; j) j i or j 2

S k
l= 0d(pl ; pl+ 1); i; j = 1; :::;ng;

7 if f (pk+ 1) � f ( p0) ! Done = true � ;
8 k = k+ 1;
9 od;
10 p = argminf f (p1); : : : ; f ( pk)g;
11 if f (p) == f (p0) ! Loop = false� ;
12 od;
13 return(thelocal optimal p)
end LambdaExchange ;

FIGURE 5. l -ExchangeNeighborhoodLocalSearch

Theprocessis continueduntil either f (pk) > f (p0) or Ek = /0. Then

Nl (p0) =
k[

i= 0

N2(pi ;Ei ):

Thealgorithmis statedin Figure5.
Following thedesignprinciplesof neighborhoodstructures,we proposea new neigh-

borhoodstructurewith theobjective of providing bettersolutionsthanthoseobtainedby
the l -exchangeneighborhood.Thenew neighborhoodstructure,denotedby N� , canalso
bede�nedasaunionof acollectionof subsetsof 2-exchangeneighborhoods.At eachlocal
searchstep,thepermutationis denotedasp0 andthesetE0 = E. At stepk, permutations
p1; :::; pk have alreadybeenconstructed.Let thebestsolution(tie is brokenarbitrarily) in
N2(pk;Ek) bedenotedpk+ 1. As before,constructthesetEk+ 1 from Ek, this timeaccording
to

Ek+ 1 = Ek � f (i; j) j i and j 2
k[

l= 0

d(pl ; pl+ 1); i; j = 1; :::;ng: (2)

Theprocessis continueduntil either f (pk) > f (p0) or Ek = /0. Then

N� (p0) =
k[

i= 0

N2(pi ;Ei ):

Thenew local searchalgorithmcorrespondingto theN� neighborhoodstructureis given
in Figure6.

Table1 canbe usedto evaluatethe neighborhoodstructuresdiscussedearlier. The
sizesof Nl andN� areapproximate.Only the leadingtermsof the sizearegiven. The
exactformulaefor thesizeof theneighborhoodstructuresaregivenin Subsection2.3.2.

An examinationof Table1 shows that N� is slightly greaterthanNl . This is a dis-
advantagewhenoneis moreconcernedaboutcomputationaltime. However, in general,
N� admitsbettersolutions,asindicatedby thecomputationalresultsin [25]. For Nk with
k small (k � 4), theneighborhoodsizeis comparablewith thoseof Nl andN� ; however,
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procedure NStarNeighborhood (n,p)
1 Loop = true;
2 do Loop == true !
3 p0 = p; E0 = E; Done = false;
4 do Done == falseand Ek 6= /0 !
5 Findbestsolutionpk+ 1 2 N2(pk;Ek);
6 Ek+ 1 = Ek � f (i; j) j i and j 2

S k
l= 0d(pl ; pl+ 1); i; j = 1; :::;ng;

7 if f (pk+ 1) � f ( p0) ! Done = true � ;
8 k = k+ 1;
9 od;
10 p = argminf f (p1); : : : ; f ( pk)g;
11 if f (p) == f (p0) ! Loop = false� ;
12 od;
13 return(thelocal optimal p)
end NStarNeighborhood ;

FIGURE 6. N� NeighborhoodLocalSearch

TABLE 1. TheoreticalEvaluationof NeighborhoodStructures

Nk Nl N�

Diameter minf 2k;ng n n

Size Cn
k n3=24 n4=8

Connectivity 1/2 1/2 1/2

thediameteris smaller. For Nk with k large(k > 4), theneighborhoodsizeis considerably
largerthanthoseof Nl andN� , while thediameteris comparablein size.Consequently, in
general,Nk is notasgoodasNl andN� .

2.3.2. Searching theNeighborhoods.Thesearchfor a bettersolutionin a neighbor-
hood N(p) for a given solution s can be donein two ways: (i) completeenumeration,
whereone searchesall the solutionsin the neighborhoodto �nd the bestsolution; (ii )
�r st decrement, whereoneenumeratesthesolutionsin theneighborhoodandstoponcea
bettersolution is found. In both cases,the worst casetime complexity of searchingthe
neighborhoodis equalto thesizeof theneighborhood.Thesizeof theNk neighborhood
is Cn

k = n!
k!(n� k)! . ThesizeSl of theNl neighborhood(assumingthatn = 2k for somek) is
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givenby:

Sl = Cn
2 + Cn� 2

2 + ::: + C2
2

=
k

å
i= 1

2i(2i � 1)
2

=
k

å
i= 1

(2i2 � i)

=
1
24

n3 +
5
8

n2 +
7
12

n

= O(n3):

ThesizeS� of thenew neighborhoodN� is givenby:

S� = 1+ 2+ ::: + Cn
2

=
1
2

Cn
2(Cn

2 � 1)

=
1
2

n(n� 1)
2

(
n(n� 1)

2
� 1)

=
1
8

(n4 � 2n3 � n2 + 2n)

= O(n4):

Hence,searchingtheneighborhoodNk canbequiteexpensivewhenk is largewhile search-
ing neighborhoodsNl andN� is moreaffordable.

2.3.3. Complexity Issues.Althoughlocal searchalgorithmswork quitewell in prac-
tice for many combinationaloptimizationproblems,they may requireexponentialtime
in worst caseinstances.In orderto characterizethe complexity of suchlocal searchal-
gorithms,a new complexity class,the Polynomial-timeLocal Search(PLS) class,was
introducedandstudiedin [18].

Let I (P) denotethesetof instancesof theproblemP with anassociatedcostfunction
C. For aninstancex 2 I(P), thereexistsa setof feasiblesolutionsF(x). For eachfeasible
solutions2 F(x), thereexistsasetof neighboringsolutionsN(s;x).

ProblemP is saidto bein PLSif, givenaninputx andasetof feasiblesolutionsF(x),
thefollowing threepolynomial-timealgorithmsexist:

1. On inputx 2 I , computeaninitial feasiblesolutions0 2 F(x).
2. On inputx 2 I ands2 F(x) computethecorrespondingcostC(s;x).
3. On input x 2 I ands 2 F(x), eitherdeterminethat s is locally optimal or �nd a

bettersolutionin N(s;x), with respectto thecostfunction.

A problemP2 PLSisPLS-reducibletoanotherproblemQ2 PLS,if therearepolynomial-
time computablefunctions f1 and f2, suchthat f1 mapsan instancex of P to an instance
f1(x) of Q andfor any locally optimalsolutions for f1(x), f2(s;x) producesa locally opti-
mal solutionfor x. A problemP 2 PLSis PLS-complete,if everyotherproblemin PLSis
PLS-reducibleto P.

TheGPwith 2-exchangeneighborhoodis PLS-complete[29, 35]. SincetheGP is a
specialcaseof theQAP, thefollowing theoremholds:

THEOREM 1. Thelocal search problemsfor theQAPwith thek-exchange neighbor-
hoodstructure, l -exchange neighborhoodstructure, and the N� neighborhoodstructure
arePLS-complete.
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TABLE 2. GRASPrunsonproblemclassBUR

Problem Bestvalue GRASP GRASPCPUtime
Name found iterations local total
bur26a 5426670 388 28.44 44.07
bur26b 3817852 81 5.67 8.90
bur26c 5426795 357 26.50 40.88
bur26d 3821225 158 11.20 17.79
bur26e 5386879 2179 164.80 755.98
bur26f 3782044 87 6.25 9.83
bur26g 10117172 1894 142.39 218.28
bur26h 7098658 283 21.03 32.44

TABLE 3. Permutationsfoundby GRASPonproblemclassBUR

Problem
Name Permutationof bestassignment
bur26a 13,8,17,5,12,9,4,15,11,20,1,7,6,16,2,23,21,10,19,18,14,25,26,

24,22,3
bur26b 12,25,17,5,13,7,4,15,11,20,1,16,26,6,3,24,22,10,19,18,14,9,8,

23,21,2
bur26c 17,2,1,15,19,21,24,12,10,8,6,3,4,18,9,5,25,13,11,14,16,20,23,

22,7,26
bur26d 18,4,2,23,19,21,24,7,10,25,22,11,1,17,9,5,26,13,12,14,8,20,15,

3,16,6
bur26e 9,23,15,1,19,20,4,16,18,21,25,13,2,3,10,5,8,12,14,11,17,24,26,

22,7,6
bur26f 9,21,22,24,19,2,3,25,18,8,26,14,1,15,10,5,4,11,13,12,17,23,6,

20,16,7
bur26g 9,1,24,12,19,20,11,8,17,25,2,15,5,23,16,21,26,14,18,13,10,3,4,

6,7,22
bur26h 9,2,22,11,19,5,13,8,17,6,1,4,3,15,16,20,26,14,18,12,10,21,23,

25,7,24

3. Experimental Results

In this section,we reportexperimentalresultsdescribingthe testingof a FORTRAN
implementationof the GRASPdescribedin this paperon a wide rangeof testproblems,
includingmostinstancesfrom thesuiteof QAPtestproblemQAPLIB [5] andanew class
of testproblemswith known optimal solutions[26]. The objective of this experimentis
to show the effectivenessof a simple GRASPcodein obtaininggood-qualitysolutions
quickly.

The FORTRAN codeimplementationhas537 lines of code,including input/output
and debuggingstatementsand was written and debuggedin a few hours. We usedthe
portablerandomnumbergeneratorrand of Schrage[36] with the initial seed270001to
generatetherandomintegerto selectacandidatefrom therestrictedcandidatelist.

Theexperimentwasconductedon a singleprocessorof a Silicon GraphicsChallenge
computer(100MHz MIPSR4400processor),usingtheSGIFORTRAN compilerf77 with
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TABLE 4. GRASPrunsonproblemclassCHR

Problem Bestvalue GRASP GRASPCPUtime
Name found iterations local total
chr12a 9552 39 0.15 0.26
chr12b 9742 12 0.06 0.09
chr12c 11156 321 1.56 2.16
chr15a 9896 13475 128.11 197.76
chr15b 7990 1118 10.54 16.32
chr15c 9504 6484 60.76 93.79
chr18a 11098 2479 42.09 67.86
chr18b 1534 58 0.93 1.56
chr20a 2192 94307 2328.91 3785.86
chr20b 2370 61232 1442.65 2388.01
chr20c 14142 1461 30.55 53.18
chr22a 6190 37724 1336.41 2175.09
chr22b 6282 238 8.46 13.81
chr25a 3972 15565 845.62 1412.09

TABLE 5. Permutationsfoundby GRASPonproblemclassCHR

Problem
Name Permutationof bestassignment
chr12a 5,4,6,12,2,10,1,11,7,9,8,3
chr12b 3,8,6,7,1,10,2,12,9,4,5,11
chr12c 3,11,4,6,2,8,1,7,9,5,10,12
chr15a 14,8,13,9,1,10,11,3,15,2,6,5,4,7,12
chr15b 4,6,12,1,7,9,11,15,5,13,14,8,2,10,3
chr15c 6,2,10,9,3,8,4,5,12,15,14,13,1,7,11
chr18a 9,18,1,4,8,3,12,11,15,7,10,6,2,14,17,16,13,5
chr18b 3,5,7,1,18,9,2,16,11,4,14,13,6,12,15,8,10,17
chr20a 11,15,1,8,16,12,3,14,5,9,10,6,19,17,13,18,20,4,7,2
chr20b 8,14,4,18,13,3,2,9,10,11,12,1,16,5,20,7,15,17,19,6
chr20c 18,4,7,8,14,2,11,19,3,5,6,1,12,15,9,13,16,10,17,20
chr22a 6,2,15,16,11,13,7,4,19,21,14,22,10,20,1,5,9,8,18,17,

3,12
chr22b 4,6,11,10,17,2,9,1,18,8,13,19,14,16,3,21,7,22,20,15,

12,5
chr25a 6,11,4,18,3,12,14,20,13,10,8,22,17,23,24,7,21,5,16,9,

19,2,25,15,1

TABLE 6. GRASPrunonproblemclassELS

Problem Bestvalue GRASP GRASPCPUtime
Name found iterations local total

els19.out 17212548 105 2.63 3.99
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TABLE 7. Permutationfoundby GRASPonproblemclassELS

Problem
Name Permutationof bestassignment
els19 17,18,19,11,12,9,3,14,1,2,10,13,7,5,15,16,8,4,6

TABLE 8. GRASPrunsonproblemclassESC

Problem Bestvalue GRASP GRASPCPUtime
Name found iterations local total
esc08a 2 1 0.00 0.00
esc08b 8 1 0.00 0.00
esc08c 32 2 0.00 0.00
esc08d 6 1 0.00 0.00
esc08e 0 0 0.00 0.00
esc08f 18 2 0.00 0.00
esc16a 68 1 0.01 0.02
esc16b 292 1 0.01 0.02
esc16c 160 2 0.01 0.03
esc16d 16 1 0.01 0.02
esc16e 28 12 0.10 0.17
esc16f 0 0 0.00 0.00
esc16g 26 1 0.01 0.02
esc16h 996 1 0.01 0.02
esc16i 14 1 0.01 0.02
esc16j 8 1 0.01 0.02
esc32a 130 22339 2256.88 4780.14
esc32b 168 94 10.08 18.91
esc32c 642 2 0.18 0.37
esc32d 200 22 1.84 3.92
esc32e 2 1 0.06 0.16
esc32f 2 1 0.06 0.16
esc32g 6 1 0.06 0.16
esc32h 438 28 2.66 5.26
esc64a 116 1 0.96 2.44
esc128 64 21 139.79 580.21

the compiler �ags -O2 -Olimit 800 . CPU timesin secondswerecomputedby calling
thesystemroutineetime() . ReportedCPUtimesexcludeprobleminput time.

GRASPrequiresfew parametersto be set. The performanceof mostheuristicsde-
pendson parametersetting. Sincewe would like to make our resultsas reproducible
as possible,we limit our runs in this experimentto a single set of parametersettings.
Throughouttheexperimentweusedthefollowing parameters:

� a = 0:5
� b = 0:1
� maxiter = 100;000.

By usingthesameparametersettingwealsoillustratetherobustnessof thisapproach.
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TABLE 9. Permutationsfoundby GRASPonproblemclassESC

Problem
Name Permutationof bestassignment
esc08a 1,2,8,5,7,6,3,4
esc08b 4,3,8,2,6,1,7,5
esc08c 2,6,8,5,4,7,1,3
esc08d 3,7,5,6,1,4,2,8
esc08e 7,8,4,1,2,6,3,5
esc08f 8,5,7,6,1,2,3,4
esc16a 9,3,12,11,10,2,5,16,8,14,6,13,1,4,7,15
esc16b 5,8,13,12,11,3,14,1,4,7,10,15,6,2,9,16
esc16c 12,14,13,16,2,3,4,5,11,1,9,15,10,7,6,8
esc16d 14,12,6,15,8,13,5,3,11,9,7,2,10,16,4,1
esc16e 3,16,1,4,15,13,6,9,14,11,7,2,10,12,8,5
esc16f 14,16,15,12,13,3,2,4,11,8,10,6,1,9,7,5
esc16g 6,1,5,9,4,11,2,16,7,15,13,12,8,10,3,14
esc16h 7,6,14,13,9,10,15,12,4,8,16,3,11,5,1,2
esc16i 6,7,1,14,5,13,16,10,3,8,2,9,4,11,12,15
esc16j 13,11,1,14,6,4,10,16,7,15,8,9,5,2,12,3
esc32a 5,2,4,3,9,14,18,15,6,1,32,26,11,13,19,17,29,31,23,16,28,

30,21,8,7,22,10,12,20,25,24,27
esc32b 24,22,23,21,18,12,17,11,25,26,20,19,29,28,6,5,15,9,13,7,

16,10,14,8,31,30,3,1,27,32,4,2
esc32c 14,6,23,22,16,13,28,21,17,18,27,24,10,19,2,31,5,8,32,30,

11,12,25,4,9,20,26,3,15,7,29,1
esc32d 18,17,7,8,1,10,5,14,19,28,22,27,4,13,3,12,16,6,9,15,11,24,

2,21,23,20,29,30,32,25,31,26
esc32e 7,13,8,12,9,32,17,20,19,30,21,3,16,10,6,18,5,14,2,1,31,24,

23,27,11,29,4,28,15,22,25,26
esc32f 7,13,8,12,9,32,17,20,19,30,21,3,16,10,6,18,5,14,2,1,31,24,

23,27,11,29,4,28,15,22,25,26
esc32g 4,18,19,32,3,30,28,14,26,11,31,29,16,10,12,1,5,7,21,17,2,24,

25,27,22,13,8,9,15,23,6,20
esc32h 13,14,7,3,22,18,5,31,30,25,24,8,28,27,20,12,17,16,4,15,6,10,

23,2,26,1,19,9,29,32,21,11
esc64a 4,9,20,33,62,24,27,35,10,15,44,14,46,11,31,22,50,7,47,21,36,

5,49,16,8,37,6,19,17,57,41,58,40,42,25,30,51,43,39,3,59,54,2,
26,55,12,45,52,38,32,23,28,29,64,48,34,18,13,61,60,63,56,53,1

esc128 80,75,66,79,71,73,77,69,20,6,49,25,115,81,122,119,85,
91,32,28,48,87,9,5,123,126,16,26,47,94,120,92,43,2,11,
72,12,27,128,46,62,57,21,86,30,58,98,10,125,78,116,45,
84,70,41,54,106,99,38,18,52,34,7,105,36,110,35,63,31,
90,33,111,55,60,96,23,83,117,8,82,67,29,114,97,51,108,
76,113,101,124,14,65,53,88,107,59,40,44,127,37,42,24,
112,104,64,74,15,17,95,19,50,13,4,102,103,39,56,68,109,
118,100,121,1,93,3,61,89,22
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TABLE 10. GRASPrunsonproblemclassKRA

Problem Bestvalue GRASP GRASPCPUtime
Name found iterations local total
kra30a 88900 16786 1738.07 2919.50
kra30b 91420 51537 5364.87 8988.54

TABLE 11. Permutationsfoundby GRASPonproblemclassKRA

Problem
Name Permutationof bestassignment
kra30a 26,24,19,16,20,23,6,10,11,2,22,18,7,14,15,21,25,29,12,9,5,17,1,

8,13,28,30,3,4,27
kra30b 23,22,25,19,20,26,5,8,9,2,21,18,6,12,16,24,27,30,13,7,4,17,1,11,

14,29,15,3,10,28

TABLE 12. GRASPrunsonproblemclassNUG

Problem Bestvalue GRASP GRASPCPUtime
Name found iterations local total
nug05 52 1 0.00 0.00
nug06 86 1 0.00 0.00
nug07 148 1 0.00 0.00
nug08 214 4 0.00 0.01
nug12 578 100 0.47 0.64
nug15 1150 20 0.17 0.27
nug20 2570 736 19.39 30.12
nug30 6124 79861 8889.22 14406.48

TABLE 13. Permutationsfoundby GRASPonproblemclassNUG

Problem
Name Permutationof bestassignment
nug05 4,3,5,2,1
nug06 3,2,1,6,5,4
nug07 1,2,5,3,4,7,6
nug08 6,5,1,7,8,4,3,2
nug12 5,1,9,8,4,3,11,7,10,2,6,12
nug15 11,12,7,6,4,3,9,14,15,1,10,5,13,8,2
nug20 19,7,4,6,17,20,18,14,5,3,9,8,15,2,12,10,16,1,11,13
nug30 14,29,4,12,25,27,16,15,22,21,9,26,28,5,1,10,13,2,17,

6,30,8,7,20,18,19,3,24,23,11

We testedthe GRASPimplementationon mostof the problemclassesin QAPLIB:
BUR [6], CHR[8], ELS[10], ESC[11], KRA [22], NUG [30], ROU [32], SCR[37], SKO
[39], andSTE [40]. Theonly classleft out wasCAR [7] which hasQAP instanceswith
a nonzerolinearpartandcannotbehandledby our currentGRASPimplementation.We
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TABLE 14. GRASPrunsonproblemclassROU

Problem Bestvalue GRASP GRASPCPUtime
Name found iterations local total
rou10 174220 34 0.06 0.12
rou12 235528 307 1.48 2.02
rou15 354210 4 0.05 0.06
rou20 725522 31246 853.36 1308.09

TABLE 15. Permutationsfoundby GRASPonproblemclassROU

Problem
Name Permutationof bestassignment
rou10 9,4,1,10,8,5,6,3,7,2
rou12 8,5,7,11,2,1,10,6,4,12,3,9
rou15 10,8,6,13,5,2,9,3,11,12,15,1,4,14,7
rou20 1,3,16,12,10,20,11,13,9,5,7,17,19,4,15,6,18,14,2,8

TABLE 16. GRASPrunsonproblemclassSCR

Problem Bestvalue GRASP GRASPCPUtime
Name found iterations local total
scr10 26992 6 0.00 0.02
scr12 31410 28 0.15 0.20
scr15 51140 30 0.34 0.48
scr20 110030 325 9.64 14.47

TABLE 17. Permutationsfoundby GRASPonproblemclassSCR

Problem
Name Permutationof bestassignment
scr10 6,4,3,9,7,2,10,1,8,5
scr12 11,12,5,8,1,10,2,7,9,3,4,6
scr15 5,8,7,6,12,10,2,4,15,14,3,9,11,13,1
scr20 20,8,7,5,18,4,2,6,12,19,10,3,17,9,14,15,16,11,13,1

also testedthe GRASPon two new classesof QAP testproblems,with known optimal
solutions,generatedwith thegeneratordescribedin [26]: LIPAA andLIPAB.

For eachproblemclasswe report the valueof the bestassignmentfound, GRASP
iterationsandtotal andlocal searchCPU time to �nd the �rst occurrenceof the bestas-
signment,andthepermutationof the�rst bestsolutionfound.

Tables2–3summarizeresultsfor problemclassBUR. In all casestheGRASPfound
solutionshaving betterobjective value than thosereportedin the literature. Tables4–5
show computationalresultsfor classCHR.In all, but four instances,theGRASPproduced
optimal permutations.Tables6–7 show resultsfor the single ELS instance,wherethe
GRASPproducedan optimal permutationin lessthanfour seconds.Testingof problem
classESCis summarizedin Tables8-9. Most of thoseinstancesweresolved in fractions
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TABLE 18. GRASPrunsonproblemclassSTE

Problem Bestvalue GRASP GRASPCPUtime
Name found iterations local total
ste36a 9588 29836 6351.89 10590.64
ste36b 15852 9640 2228.62 3600.14
ste36c 8254628 408 92.57 150.65

TABLE 19. Permutationsfoundby GRASPonproblemclassSTE

Problem
Name Permutationof bestassignment
ste36a 16,18,35,25,34,33,15,26,27,17,32,23,24,5,6,7,9,8,4,14,21,30,22,

28,29,20,31,13,12,11,10,3,1,2,19,36
ste36b 31,10,2,12,3,4,22,11,29,21,5,14,13,15,30,28,19,20,24,23,7,8,16,

9,17,18,6,32,33,34,35,25,27,26,36,1
ste36c 31,10,2,12,3,4,22,11,30,21,5,14,13,15,32,29,19,20,25,23,17,18,16,

9,8,7,6,24,33,34,35,26,27,36,1,28

TABLE 20. GRASPrunsonproblemclassLIPAA

Problem Optimal Bestvalue GRASP GRASPCPUtime
Name value found iterations local total
lipa10a 473 473 4 0.01 0.01
lipa20a 3683 3683 35 0.86 2.18
lipa30a 13178 13178 703 71.11 119.58
lipa40a 31538 31538 97667 27062.88 47390.47
lipa50a 62093 62655 67360 41600.45 80382.47
lipa60a 107218 108118 84179 93574.86 189669.64
lipa70a 169755 171021 67093 128319.19 266824.13
lipa80a 253195 254907 77868 236454.84 505766.13
lipa90a 360630 362847 31640 152307.84 328593.53

of asecondin oneGRASPiteration.Oneinstance,esc32a,appearsto bemuchharderthan
theothers.In all cases,GRASPproducedthebestknown solutionandfor problemesc128,
asolutionof cost64wasfound(in [5] abestknown valueof 84 is reported).Tables10–11
giveresultsfor problemclassKRA. For thosetwo instances,GRASPproducedbestknown
solutions,requiring over two hoursof CPU time for kra30b. Resultsfor the classical
problemsetNUG aregiven in Tables12–13. The GRASPfound bestknown solutions
for all of the instances.In mostcaseswe foundoptimalpermutationsthatweredifferent
from thosereportedin [5]. Tables14–15show resultsfor problemclassROU, wherethe
GRASPproducedbestknown solutionsfor all four instances.Testingon problemclass
SCRis summarizedin Tables16–17.GRASPproducedoptimalpermutationsfor all four
instances.Tables18–19summarizetestresultsfor the threeSTE instances.In only one
of the threeinstances,did theGRASPproducethebestknown solution(ste36b).For the
ste36cinstance,GRASPfounda solutionwithin 0.2%of thebestknown solutionin less
than151CPUseconds.
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TABLE 21. Permutationsfoundby GRASPonproblemclassLIPAA

Problem
Name Permutationof bestassignment
lipa10a 4,3,10,1,6,9,8,5,2,7
lipa20a 4,19,13,9,5,12,3,18,6,7,15,8,17,14,16,10,2,20,1,11
lipa30a 28,30,26,16,11,10,22,18,1,29,9,8,2,25,23,27,4,17,19,

13,21,3,6,24,5,15,14,12,7,20
lipa40a 10,8,24,25,15,2,1,18,31,28,26,40,29,3,36,9,32,34,5,19,

7,17,14,12,37,22,4,16,23,13,33,21,35,38,20,27,6,30,39,11
lipa50a 32,34,11,33,7,2,25,31,29,49,50,40,26,30,47,28,17,5,10,

16,38,21,6,39,20,18,46,1,27,12,36,45,14,23,24,44,8,9,4,
41,22,43,37,3,13,42,48,19,15,35

lipa60a 21,1,8,6,49,44,13,43,32,53,58,54,45,60,16,4,14,5,37,51,
50,35,56,30,18,59,15,25,48,33,2,34,12,36,24,41,19,52,3,38,
40,22,46,7,23,17,39,31,57,9,10,20,28,11,42,27,47,29,26,55

lipa70a 65,21,68,12,7,44,17,61,27,70,14,55,67,31,43,25,32,48,22,58,
52,57,29,63,11,28,66,6,24,35,45,62,50,30,34,2,40,42,13,9,19,
49,47,56,53,10,1,59,64,46,69,26,36,16,39,18,41,5,38,23,20,8,
15,3,51,4,54,60,37,33

lipa80a 66,14,50,27,43,42,36,78,18,68,26,69,56,16,65,64,79,53,72,35,
5,11,13,54,51,32,31,22,47,76,67,38,44,1,10,45,63,6,30,4,8,41,
7,59,80,20,37,62,29,15,34,3,23,28,74,17,40,61,33,52,48,25,57,
70,73,55,21,39,12,75,58,77,24,49,9,46,19,60,2,71

lipa90a 53,27,35,26,2,86,82,67,88,89,69,12,24,40,5,75,8,3,19,29,47,80,
15,70,11,84,16,20,31,28,58,66,71,32,25,56,61,1,14,33,65,83,59,
6,43,76,30,55,37,48,9,4,23,13,74,7,68,63,62,45,85,18,77,46,54,
60,39,72,50,21,38,41,22,17,44,34,64,78,73,52,79,51,87,36,90,49,
10,57,81,42

TABLE 22. GRASPrunsonproblemclassLIPAB

Problem Optimal Bestvalue GRASP GRASPCPUtime
Name value found iterations local total

lipa10b 2008 2008 1 0.00 0.00
lipa20b 27076 27076 16 0.47 0.71
lipa30b 151426 151426 27 3.19 5.03
lipa40b 476581 476581 43 14.12 23.09
lipa50b 1210244 1210244 212 154.64 258.62
lipa60b 2520135 2520135 384 505.04 886.46
lipa70b 4603200 4603200 81 191.66 338.82
lipa80b 7763962 7763962 592 2179.96 4003.01
lipa90b 12490441 12490441 4462 25023.39 47141.35

Tables20–21show resultsfor the �rst new problemclassLIPAA, and tables22–
23 show resultsfor the othernew problemclassLIPAB. In addition to the information
providedin thetablesfor theotherproblemclasses,tables20and22alsodisplaytheknown
optimalvaluefor eachinstance.On problemclassLIPAA, theGRASPfoundanoptimal
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TABLE 23. Permutationsfoundby GRASPonproblemclassLIPAB

Problem
Name Permutationof bestassignment

lipa10b 1,2,3,4,5,6,7,8,9,10
lipa20b 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20
lipa30b 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,

21,22,23,24,25,26,27,28,29,30
lipa40b 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,

22,23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40
lipa50b 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,

23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,
42,43,44,45,46,47,48,49,50

lipa60b 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,
23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,
42,43,44,45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,60

lipa70b 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,
23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,
42,43,44,45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,60,
61,62,63,64,65,66,67,68,69,70

lipa80b 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,
23,24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,
42,43,44,45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,60,
61,62,63,64,65,66,67,68,69,70,71,72,73,74,75,76,77,78,79,80

lipa90b 1,2,3,4,5,6,7,8,9,10,11,12,13,14,15,16,17,18,19,20,21,22,23,
24,25,26,27,28,29,30,31,32,33,34,35,36,37,38,39,40,41,42,43,
44,45,46,47,48,49,50,51,52,53,54,55,56,57,58,59,60,61,62,63,
64,65,66,67,68,69,70,71,72,73,74,75,76,77,78,79,80,81,82,83,
84,85,86,87,88,89,90

solution for all instancesup to dimensionn = 40. For the instanceshaving dimension
n � 50,theGRASPfound,in atmost100,000iterations,solutionswithin 1%of theknown
optimal value. On all instances,up to dimensionn = 90, in problemclassLIPAB, the
GRASPfoundoptimalsolutions,takinga little over13CPUhourson thelargestinstance.

For all problemclasses,thelocal searchtime accountedfor lessthanhalf of thetotal
CPUtime,suggestingthatamoreellaboratelocalsearch,suchasthe3-exchangedescribed
in Subsection2.3, canbeusedin theGRASP. In addition,GRASPmayobtainbetterso-
lutionsif givenmoreGRASPiterations.In this study, we limited thenumberof iterations
to 100,000.For thefew instanceswhereGRASPdid not producea bestknown solution,a
solutionwithin asmallpercentageof thebestknown solutionwasfoundquickly.

4. Concluding remarks

In this paper, we discussedaspectsof a GRASPimplementationfor solvingtheQAP.
The algorithmwastestedon a broadrangeof testproblemsandproducedgood-quality
solutionsin a reasonableamountof CPU time. Bestknown solutionswereproducedfor
almostall of theinstancestested.In a few cases,thepermutationsfoundwerebetterthan
thosepreviously reportedin theliterature.
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ThealgorithmcanbeeasilyimplementedonaparallelcomputersincedifferentGRASP
iterationscanbeassignedto eachprocessor. A singleglobalvariable(valueof bestsolu-
tion found)is sharedby theprocessors.It is expectedthataparallelimplementationshould
improve thecomputationalresultsgivenin thispaperaswasobservedin [14].

GRASPcanbealsoadaptedto solvespecialcasesof QAP, like thetravelingsalesman
problem,graphisomorphism,graphpartitioning,andtheband-widthreductionproblem.
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