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HYBRID HEURISTICS FOR THE PERMUTATION
FLOW SHOP PROBLEM

M.G. RAVETTI, F.G. NAKAMURA, C.N. MENESES,M.G.C.RESENDE,G.R.MATEUS,
AND P.M. PARDALOS

ABSTRACT. The Flow ShopProblem(FSP) is known to be NP-hardwhen more than
threemachinesare considered.Thus, for non-trivial size probleminstances,heuristics
are neededto �nd good orderings. We considerthe permutationcaseof this problem.
For this case,denotedby FjprmujCmax, the sequenceof jobs hasto remainthe sameat
eachmachine.We proposeandtesttwo hybrid heuristics,combiningelementsfrom the
standardGreedyRandomizedAdaptiveSearchProcedure(GRASP),IteratedLocalSearch
(ILS), PathRelinking(PR)andMemeticAlgorithm (MA). Theresultsobtainedareshown
to becompetitive with existingalgorithms.

1. INTRODUCTION

TheFlow ShopProblem(FSP)is a schedulingproblemin whichn jobshave to bepro-
cessedby m machines.The problemis to �nd the sequenceof jobs for eachmachineto
minimize completiontime, alsoknown asmakespan(6). This problemis NP-Hardfor
m > 3 (8; 13). Several papersin the literatureaddressthis problem,proposingmodels,
heuristics,andbounds.Dannenbring(9) testedseveral heuristics.Nawaz, Enscore,and
Ham(16) presenteda polynomialtime algorithm(NEH), �nding interestingresults.Until
now, NEH is oneof the bestpolynomial time heuristicsfor this problem. Taillard (26)
presentedan improvementin thecomplexity of theNEH algorithm,a heuristicbasedon
tabu search,andausefulcharacterizationof thedistributionof theobjectivefunction.Tail-
lard (27) proposeda seriesof testproblemswith strongupperbounds.Therunningtime
requiredby Taillard's tabu searchheuristicwasnotgivenandhefocusedonsolutionqual-
ity. Ben-DayaandAl-Fawzan(7) implementedandtestedanimprovedvariantof Taillard's
tabu search,reportingtimesandcomparingtheirperformancewith Ogbu andSmith'ssim-
ulatedannealingalgorithm(17). However, they did not matchall of Taillard's resultsfor
large instances.Stützlepresentedandtestedan IteratedLocal Search(ILS) heuristicob-
taininggoodresults.Ruiz andMaroto(21) compared25 methods,from very basicones,
suchasJohnson'salgorithm(12), to moresophisticatedones,suchastabu searchandsim-
ulatedannealing.Theresultsof their studyconcludedthatNEH wasthebestpolynomial-
time heuristic,while Stützle's ILS (25) andReeves's geneticalgorithm(18) werethebest
metaheuristic-basedheuristics.Ruizetal. (22) proposedanew memeticalgorithmfor this
problem,obtainingimproved resultswhencomparedwith the ILS andtabu search.The
sameauthorsfollowedupwith anotherpaperin thesamedirection(23), proposingandtest-
ing two geneticalgorithmsandobtainingstrongresults.Agarwal, Collak,andEryarsoy (1)
implementedaheuristicimprovementprocedurebasedonadaptive learningandappliedit
to theNEH algorithm,leadingto additionalimprovements.However, for largerinstances,
their resultswereof poorqualityandtheiralgorithmwascomputationallyintensive. These

Date: November5, 2006.
Key wordsandphrases.Heuristics,GRASP, IteratedLocalSearch,MemeticAlgorithm,Flow ShopProblem.
AT&T LabsResearchTechnicalReportTD-6V9MEV..

1



2 M.G. RAVETTI, F.G.NAKAMURA, C.N.MENESES,M.G.C.RESENDE,G.R.MATEUS,AND P.M. PARDALOS

resultsseemedto presenta few issues,thatwe discussin Section5. Rú�z andStützle(24)
describedasimplealgorithmwith which they obtainedgoodresultsandpresentedsix new
upperbounds.

In (1; 7; 27) andalmostall otherpapersdealingwith theFSP, theproblemof interest
wasaspecialcasecalledPermutationalFlow ShopProblem(PFSP)in whichthejobshave
identicalorderingsequencesonall machines.Thiswidespreadapproachis usefulbecause
it allowsasimplerimplementation,speciallyfor geneticalgorithms,andit is known thata
PFSPsolutionis agoodapproximationof theFSPsolution.

In thispaper, weconsiderthePFSPandproposetwo hybrid approachesusingGRASP-
ILS-PRanda memeticalgorithm.Thepaperis organizedasfollows. In Sections2 and3,
we describethebasicandthememeticalgorithm.In Section3 we introducetheproposed
hybrid algorithms.In Section5, we presentthecomputationalexperimentsandtheir ana-
lyzes.Finally, in Section6 wemake someconcludingremarks.

2. BASIC ALGORITHMS

As it is well known, a traditionalGRASPandILS havetwo mainphases,aconstruction
phaseanda localsearch.Readersunfamiliarwith GRASPandILS arereferredto (10; 11;
19)and(14; 25), respectively. In our implementation,wealsousepath-relinking(20).

2.1. Construction phase. Usually, the constructionphaseis a greedyalgorithm, with
somerandomness,in whichanew solutionis obtainedateachiteration.In ourcase,weuse
theNEH heuristicto constructthe�rst solution.Thepseudo-codeof theNEH algorithmis
presentedin Algorithm 1.

Algorithm 1 NEH Algorithm

1: Sortthejobsby decreasingsumsof processingtimes.
2: Schedulethe�rst two jobsminimizing thepartialschedule.
3: for i = 3 to n do
4: Insertthei-th job in oneof thei possibleplacesof thepartialsolution,minimizing

thepartialschedule.
5: end for

2.2. GRASP. In a standardGRASP, at eachiterationa new solutionis constructed,usu-
ally blendinga randomprocedurewith agreedyheuristic.In theheuristicproposedin this
paper, wemaintainapoolof good-qualitysolutionsonwhichto applyapath-relinkingpro-
cedure.After 20 iterationswithout improvement,we reconstructthepool usinga partial
NEH algorithmwhile preservingmostof thestructureof thecurrentbestsolution.

2.3. ILS. As in theimplementationsof ILS, theGRASP-ILS-PRheuristichasaperturba-
tion phasewhichchangesthecurrentsolutionby makingtwo-swapmovementsat random
positions.If animprovedsolutionis found,thecurrentsolutionis updated;if no improve-
mentis found,thecurrentsolutionis updatedwith probabilitypT > 0. This is asimulated-
annealing-like acceptancecriterion (24; 25). If n is thenumberof jobs,m is thenumber
of machines,andpi j is theprocessingtime for job i at machinej, thenthetemperatureT
usedin theacceptanceprocessis

T = 0:5�
å n

i= 1å m
j= 1 pi j

n� m� 10
:
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2.4. Local Search. Weuseawell-known local searchthathasbeenpreviouslyappliedto
this andothercombinatorialoptimizationproblems.Tabu search,ILS, andgeneticalgo-
rithmshave usedthesametypeof local searchscheme,e.g. (24). This scheme,which we
call LSInsertion is basedon the insertionprocedureof the NEH algorithm. For every
job, we remove the job from its original positionandattemptto insert it in oneof the n
possiblepositions.If an improvementis obtained,thentheprocessis repeated.This pro-
cedureworksby choosingthepositionsat randomandterminatesaftera completesearch
without improvement.

2.5. Path-relinking. Path-relinking(PR)is usedasa form of intensi�cationof thesearch
procedure.PRis appliedfrom theincumbentsolutionto asolutionrandomlyselectedfrom
thepool (20). Beginningat a randompositionandconsideringonly swaps,threepossible
movesareanalyzedand the bestmove is selected.At eachstep,the new solutionsare
analyzedandthebestoneis saved. In Figure1 anexampleof theprocedureis shown. A
similarapproachandsomevariationscanbefoundin (20).
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FIGURE 1. Exampleof the path-relinkingprocedure.At eachstep,a
randomposition is chosenandfrom this point, in a cyclic order, three
possiblechangesareanalyzed.The letter `S' indicateswhich solution
is selectedfor thenext step.This solutioncorrespondsto thebestmove
analyzed.Only � ve stepsareperformedif the guiding solution is not
reached�rst.

ThePRprocedureterminateswhenthewholepathbetweenthesolutionsis analyzedor
after testinga small numberof solutionsin thepath,returningthebestsolutionfound in
theprocess.In our implementation,we only allow � ve steps,andat eachsteponly three
possiblesolutionsareanalyzed.
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Themaincharacteristicof thePRis thatat eachnew stepthesolutionsmaintainmost
of theoriginal structure.Whentheprocedurebeginsfrom thebestsolution,thegoal is to
preservemostof thissuccessfulstructurewith somein�uenceof theselectedpoolsolution.

2.6. GRASP-ILS-PR. Combiningtheseideasresultsin thehybridGRASP-ILS-PRheuris-
tic whosepseudo-codeis shown in Algorithm 2. In line 1 of thepseudo-code,thejobsare
sortedin decreasingorderof thesumsof their processingtimesandtheorderis saved in
thearrayJobSorted . In line 2, theNEH heuristicis calledto producetheinitial solution
that is insertedin the pool in line 3. In line 4, the local searchis appliedon the initial
solutionandthelocaloptimumcanitself beinsertedinto thepool in line 5. NonImproves,
thecounterof iterationswithout incumbentsolutionimprovement,is initialized in line 7.

The loop in lines 8 to 38 constitutesthe main iterationsof the heuristic. From line 9
to line 11 thecurrentsolutionCurrSol is perturbedandthe local searchis appliedto the
perturbedsolution. Lines 13 to 21 areonly executedevery PRFiterations,wherePRFis
thepath-relinkingfrequency parameter. In line 13 thepath-relinkingprocedureis applied
from the incumbentsolution(BestSolution ) to a solutionselectedat randomfrom the
pool (PoolSolution ). If certaincriteria aremet, the path-relinkingsolution(SolPR) is
insertedinto thepool in line 14. In lines15 to 21 and23 to 29 thecurrentsolutioncanbe
updatedwhenthecurrentsolutionis improvedor with apositiveprobabilityotherwise.The
poolof solutionsis replacedafteracertainnumberof non-improving iterations(NImp).

Thispoolof solutionscontainsasetof good,or elite,solutionsfoundduringtheprocess.
As we can seein Algorithm 2, after eachlocal searchand after the path-relinking,the
algorithmtriesto introducethenew solutioninto thepool. For this insertion,not only the
quality of thesolutionis consideredbut alsothesimilarity with theothersolutionsin the
pool. This ideais not new andthereadercanrefer to (3) for example. In our casewe do
not allow the insertionof solutionsthataretoo similar to theonesalreadyin thepool. A
solutionis insertedif its objective valueis thebestsofar or if its objective valueis better
than the worst objective value in the pool and the solution is differentenoughfrom the
solutionsin thepool.

Thesimilarity betweentwo solutionsis computedby countingthenumberof different
jobs for a certainposition. The importanceof a diversi�ed pool is discussedin the next
section.

3. MEMETIC ALGORITHM

Whenworkingwith thePFSPweonlydealwith apermutationvector, whichhasaneasy
representation.This is oneof themainadvantagesof working with thePFSP. Theideaof
thepost-optimizationis to usethe informationgatheredby theGRASP-ILS-PRheuristic
to searchfor new solutionsnearsolutionsin thepool. For this reason,we usea memetic
algorithm(MA) basedon theexperienceof Ruiz andMaroto(21) andRuiz, Maroto,and
Alcaraz(23). TheMA worksusingthepoolof solutionsproducedby theGRASP-ILS-PR
asthe initial populationin additionto a numberof randomsolutionsto allow it to search
otherregionsof thefeasiblesolutionspace.

As the MA is usedalongwith GRASP-ILS-PR,we needa simplestructureandonly
threeoperators.A mutationprocedureandapathcrossover, andacold restartaretheonly
operatorsused.Theseoperatorsaredescribednext.

3.1. Mutation Operator (M). Thisoperatorworksasaperturbationapproachof GRASP-
ILS-PR.Its maingoalis to allow thealgorithmto searchbeyondtheneighborhoodde�ned
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Algorithm 2 GRASP-ILS-PR Algorithm . Solution , CurrSol and BestSolution ,
representdifferent solutionsand their correspondingmakespanvalues. PoolSolution
is a randomsolutionchosenfrom thepool.

1: JobSorted  Sortthejobsby decreasingsumsof processingtimes;
2: Solution  NEH(JobsSorted );
3: PoolInsertion (Solution );
4: Solution  LSInsertion (Solution );
5: PoolInsertion (Solution ;Proximity );
6: CurrSol  BestSolution ;
7: NonImproves 0;
8: for i  1; : : : ;MaxIterations do
9: Solution  Perturbation (CurrSol );

10: Solution  LSInsertion (Solution );
11: PoolInsertion (Solution ;Proximity );
12: if i modPRF= 0 then
13: SolPR PathRelinking (BestSolution ;PoolSolution );
14: PoolInsertion (SolPR;Proximity );
15: if CurrSol > SolPRthen
16: CurrSol  SolPR;
17: else
18: if RND(0;1) < exp(� SolPR� CurrSol )=T then
19: CurrSol  SolPR;
20: end if
21: end if
22: end if
23: if CurrSol > Solution then
24: CurrSol  Solution ;
25: else
26: if RND(0;1) < exp(� Solution � CurrSol )=T then
27: CurrSol  Solution ;
28: end if
29: end if
30: if BestSolution is improvedthen
31: NonImproves 0;
32: else
33: NonImproves NonImproves+ 1;
34: end if
35: if NonImproves= NImpthen
36: RestartPOOL() ;
37: end if
38: end for

by thelocalsearch.Thisoperatormakestwo swapmovesatrandompositions.It is applied
only to thebestor secondbestsolution,randomlychosenin thepopulation.

3.2. Path Crossover (PX). This procedureis similar to path-relinkingandit is usedasa
crossoverby Ahujaetal. (2) for solvingquadraticassignmentproblems.After theselection
of two parents,thecrossover consistsof theconstructionof a pathbetweenthoseparents.
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FIGURE 2. PX – Sindicatestheoffspringwith betterobjective function
andX the discardedoffspring. The �rst positionto checkis randomly
chosen.

This operatorbegins theprocedurefrom a randompositionandcontinuesuntil it reaches
thispositionagain. Theparent'salleles(jobs)arecompared.If they arethesame,thenthe
offspringinheritsthatallele. If theallelesdiffer, two distinctswapmovescanbedone,one
on eachparent.Thealgorithmalwaysselectsthemove which resultsin a betterobjective
functionvalue. Theoffspring resultingfrom this crossover is thebestsolutiongenerated
duringtheconstructionof thepath.Figure2 showsanexampleof thePX operator.

We alsotesteda few othercrossover operators,suchasmulti-parentandsimilar block
order crossovers, but thesedid not produceresultsas good as PX or were excessively
expensive to compute.

3.3. Cold Restart. Cold restartis usedin many geneticalgorithmswith the ideaof cre-
ating a morediversi�ed population.This is usefulwhenthealgorithmreachesa stateof
stagnation,that is, whenno improvementoccursafter a certainnumberof generations.
Cold restartchangesthepopulationby modifying, replacing,andmaintainingpartof the
solutions.Thethreebestsolutionsareleft unchanged.Approximatelyhalf of thepopula-
tion resultsfrom applyingthemutationoperatoron oneof thethreebestsolutions.About
onefourthof thepopulationis generatedby applyingtheiteratedgreedyalgorithmof Ruiz
andStützle(24) to theincumbentsolution.Theremainingelementsof thepopulationare
replacedby randomlygeneratedsolutions.

4. HYBRID ALGORITHMS

Thehybrid algorithmscombinetheGRASP-ILS-PRandMA heuristics.Thiscombina-
tion canbedonein severalways,but in thispaperweusetwo approachescalledHybrid A
andB.
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Initially, the solutionof the polynomial-timeheuristicNEH is usedasthe initial pool
solution. If this solutioncanbe locally improved, thenthe improved solutionis alsoin-
sertedinto thepool. In bothcasesthepool of elite solutionsis usedby thepath-relinking
componentof thehybrid heuristics.

Thedifferencebetweenbothhybrid approacheslaysin whentheMA heuristicis called.
In the �rst algorithm,we usethe MA asa post-optimizationprocedureto intensify the
searcharoundthebestsolutionsfoundduringGRASP-ILS-PRphase.After runningGRASP-
ILS-PRfor a �x ednumberof iterations,theMA usesthepool of elite solutionsproduced
in the GRASP-ILS-PRphaseasits initial population.Path-relinkingalsoplaysa role in
this hybrid heuristicin that it contributesto thepool aswell asmakesuseof elementsof
thepool for intensi�cation.

In thesecondapproach,theGRASP-ILS-PRalgorithmcallstheMA algorithmafterthe
algorithmreachesa stateof stagnationfor a �x ed numberof iterations. In this case,the
MA algorithmusesthepoolof elitesolutionsastheinitial populationfor acertainnumber
of generations.After that,theGRASP-ILS-PRcontinuesto run with thepoolprovidedby
theMA output.

Thealgorithmstructuresareshown in Figure3, for now on we will referto thesecases
asHybrid A andHybrid B, respectively. The diversity of solutionsin the pool is critical
in both theGRASP-ILS-PRandMA phases.It allows differentpromisingregionsof the
solutionspaceto beexplored.

FIGURE 3. Hybrid algorithmstructures.

5. COMPUTATIONAL RESULTS

To analyzetheperformanceof thehybrid heuristics,we designedseveralexperiments
usingbenchmarkinstancesproposedby Taillard(26)asourtestbed.Theseexperimentsare
composedof two parts.In theformer, wede�ne teststo calibratecertainparametersof our
algorithmandin thelatter, we analyzethebehavior of thealgorithmandits performance.

All thealgorithmstestedin this paperwereimplementedby theauthorsin theC pro-
gramminglanguageandcompiledwith GNU GCCversion3.2.3,usingcompileroptions
-O6 -funroll-all-loops -fomit-frame-pointer -march=pentium4 . CPUtimeswere
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computedusingthe functiongetrusage() . Theexperimentsfor theperformanceanaly-
siswererun on a Dell PowerEdge2600computerwith dual3.2 GHz 1 Mb cacheXEON
III processorsand 6 Gb of memoryRAM undera Red Hat Linux 3.2.3-53. The algo-
rithm usedfor random-numbergenerationis an implementationof theMersenneTwister
algorithmdescribedin (15).

5.1. Calibration. We �rst conducta set of experimentsto engineerthe algorithm, i.e.
set parametersand load balancethe variouscomponentsof the algorithm. Thoughwe
conductedextensivecomputationaltestingwith numerouscrossoveroperators,initial pool
solutionheuristics,local searchalgorithms,path-relinkingschemes,populationandpool
sizes,and other parameters,we limit this discussionto the calibrationof the memetic
algorithmwhenusingPX asa crossover operator, the resultsof addingpath-relinkingto
theGRASP-ILS-PRheuristic,andtherelationshipbetweenbothcomponentsof thehybrid
heuristic.

We determinetheparameterPRF(frequency of path-relinking),thecrossover operator
to beusedin theMA, andtheloadbalancebetweentheGRASP-ILS-PRandMA compo-
nents.

5.1.1. Frequencyof path-relinking (PRF). The GRASP-ILS-PRheuristicworks with a
poolof 15solutions.Sincepath-relinkingisnotactivatedateachGRASP-ILS-PRiteration,
themainparameterto beanalyzedis thefrequency in which it is called.This is parameter
PRFin Algorithm 2.

To testthe effect of usingpath-relinking,we compared� ve versionsof the hybrid al-
gorithm which differedonly with respectto the PRFparameter. This includeda variant
in which PRF= 0, i.e. thepureILS proposedby Stützle (25). To performthesetests,we
allowedthealgorithmto runfor 200CPUseconds,regardlessof instancesize.The30cho-
seninstanceshave 50, 100,and200 jobs,with 20 stages,andthey provedto bethemost
dif�cult of thisbenchmark.Theuseof timeasastoppingcriterionwasconsideredbecause
thepath-relinkingstrategy directly affectsCPUtime andit is this tradeoff of quality and
time thatwewantto understand.

For eachinstancetested,eachvariantwasrun� vetimesusingdifferentrandomnumber
generatorseedsandthe averagepercentageincreaseover the bestknown solution(API)
wascalculated.Theseresultsaresummarizedin Table1. API is computedconsideringthe
bestupperboundknown to thedate.Theformulafor API is givenby

API =
1
R

R

å
i= 1

�
X � UB

UB
� 100

�
;

whereRis thenumberof repetitions,X thesolutionof theheuristic,andUB thebestknown
upperbound.

Theresultsin Table1 indicatethatGRASP-ILS-PRwith path-relinkingoutperformsthe
pureILS. Furthermore,onaveragetheuseof path-relinkingfrequency parameterPRF= 2
resultsin abetterperformancethanany otherfrequency tested.

5.1.2. Crossover comparison.Thememeticalgorithmcomponentof thehybrid heuristic
hasseveral parametersthat needto be set. We conductedextensive experimentationto
settheseparameters.Theseexperimentsresultedin thefollowing parameterchoices.The
size of the populationwas set to 20 solutionsof which � ve are randomlygeneratedat
eachnew generation.Theprobabilityof applyingthecrossover is 40%,themutation1%,
andafterapplyingtheoperators,local searchis carriedout with a probabilityof 5%. To
avoid super�uouscomputations,all thesolutionshave a �ag that indicatesif local search
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TABLE 1. Averagepercentageincreaseoverthebestknown solutionfor
GRASP-ILS-PRvaryingthepath-relinkingfrequency parameterPRF.

Jobs� Machines PRF= 2 PRF= 5 PRF= 10 PRF= 20 PureILS
1.36104 1.78701 1.70909 1.49610 1.76623
2.11123 2.00864 1.77106 1.76026 2.12203
2.52129 2.39495 2.01044 2.48283 2.42790
1.57358 1.57358 1.68099 1.83673 1.53598

50� 20 1.54528 1.53974 1.47328 1.71144 1.62836
1.74763 1.81275 1.97558 1.94844 1.78019
1.57085 1.29015 1.67881 2.04049 1.73819
2.53048 2.96938 2.86643 2.62260 2.92062
1.84344 1.68314 1.58696 1.83810 1.46407
1.29546 1.09371 1.12025 1.22113 1.39634

Average 1.810 1.815 1.787 1.896 1.878

2.51532 2.56369 2.52499 2.42180 2.73460
2.17911 2.30197 2.17911 2.17265 2.16618
2.09217 2.01882 2.03795 2.21336 2.17509
1.80252 1.82166 1.80252 1.88228 1.80252

100� 20 2.30915 2.35350 2.05892 2.22363 1.95439
2.22816 2.31301 2.20930 2.16216 2.22187
2.11232 2.23676 2.08679 2.27186 2.34844
2.78706 2.75269 2.83706 2.56522 2.59334
2.82709 2.78247 2.76335 2.75697 2.80478
1.82157 1.82468 1.75008 1.94591 2.04228

Average 2.267 2.297 2.225 2.2616 2.284

1.74185 1.82939 1.76686 1.82582 1.81510
2.36722 2.39579 2.37079 2.40650 2.35116
2.37578 2.54346 2.53993 2.45521 2.45698
1.98512 2.09846 2.21179 2.23481 2.25961

200� 20 1.39977 1.64491 1.72129 1.72484 1.68043
2.25042 2.22540 2.05917 2.17535 2.17535
1.92118 1.95109 2.05489 1.88600 1.90887
2.23222 2.25163 2.28163 2.34869 2.33104
2.10686 2.20515 2.32666 2.46247 2.34989
2.56741 2.52851 2.61339 2.77783 2.70179

Average 2.095 2.167 2.195 2.230 2.203

Overall Average 2.057 2.093 2.069 2.129 2.122
Overall StandardDeviation 0.417 0.444 0.419 0.372 0.411

wasappliedto thesolution. After completinga generation,local searchis appliedto the
bestsolutionwith a probabilityof 10%if its �ag indicatesthat local searchhasnot been
previously applied. We next comparethe performanceof the memeticalgorithmwhen
usingtwo crossovers.

After comparingseveral crossovers,Ruiz, Maroto,andAlcaraz(23) choosethe Simi-
lar Block Order Crossover (SBOX), which presenteda betterperformancethantheother
operators.TheSBOX transfersto theoffspringsimilar blocksof allelesfrom its parents.
Two sequencesof allelesareconsideredasimilarblockif thereareat leasttwo consecutive
identicalallelesin thesamepositionin bothparents.After the recognitionof thesimilar
blocks,a crossover point is randomlychosenandthe remainingallelesarecopiedfrom
their parents.By usingthe crossover point it is possibleto generatetwo offspringsafter
eachcrossover. We comparetheperformanceof SBOX with thePX operatordescribedin
Section3.2.

As seenin Table2, we wereunableto reproducetheresultsobtainedby Ruiz,Maroto,
andAlcaraz (23). The differencebetweenthe performancescould be attributed factors
suchasthestochasticnatureof theheuristics,differencesin coding,datastructuredesign,
compilers,hardwarediscrepancies,or even computercon�guration. Furthermore,Ruiz,
Maroto,andAlcarazreportelapsedtime insteadof CPUtime.
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To evaluatetheseoperators,onceagain we usethe30 instancesfrom Taillard's bench-
markwith 50,100,and200jobsand20stages.Theexperimentconsistedof allowing each
algorithmto perform� verunswith differentseedswherebothalgorithmsareidenticalwith
theexceptionof thecrossoverused.Table2 shows theresults,wherefor eachoperatorwe
presentthe API andthe numberof timesin which the bestsolutionwasfoundusingthe
crossover.

TABLE 2. Comparisonbetweencrossover operatorslisting API, the average
percentageincreaseover the bestknown solution,andthe numberof times in
whicheachvariantobtainedthebestsolutionin thecomparison.

SBOX crossover PX crossover
Jobs� Machines API timesbestfound API timesbestfound

50� 20 2.28890 4 2.25186 6

100� 20 2.60578 6 2.57615 6

200� 20 2.38082 3 2.41622 7

We usethe `timesbestfound' metric becausesometimesthe averagevaluedoesnot
show all theinformationneededto make thecorrectchoice.In thisparticularcase,wecan
seethat for the 200-jobinstancesthe variantwith the SBOX crossover presentsa lower
averagevaluebut thealgorithmusingPX crossover obtainsbetterresultsmoretimes. In
thesetests,theuseof PX ascrossoverhasabetteraverageperformancethanSBOX, �nding
bestsolutionsin mostcases.All otherparametersusedin thealgorithmwere�x edin the
comparison.

5.1.3. Load balancingGRASP-ILS-PRand MA for Hybrid A. Whencombiningcompo-
nentsGRASP-ILS-PRandMA into a hybrid heuristicwe needto determinewhatportion
of the total runningtime will be allocatedto eachcomponent.We call this choiceload
balancing. We conductedexperimentsto determinea goodload balancing.Onceagain,
we considerthe sameinstancesasbeforeandusethe 200 CPU secondsasthe stopping
criterion.Theexperimentconsistedof allowing eachvariant(with distinctloadbalance)to
perform� ve runswith differentseeds.Thepossibilitiesof usingthepureGRASP-ILS-PR
or thepureMA arealsoconsideredin theexperiment.

Table3 andFigure4 presenttheresults.The�gure shows thecon�denceintervals for
thedifferentcon�gurationsof thehybrid algorithm. Thevariantsarerepresentedby their
respective load balances.For example,variant95/5 hasa load balancewith 95% of the
CPUtimeusedby theGRASP-ILS-PRand5%by theMA. As canbeseenin thetableand
�gure, the95%-5%loadbalancevarianthasthebestaverageperformance.

5.2. PerformanceAnalysis. We next investigatethealgorithm's dependenceon the ini-
tial randomnumbergeneratorseedand in its runningtime. The tablesbelow show the
performanceof the algorithmafter ten runsfor eachinstance.In theseexperiments,we
usenumberof iterationsas the stoppingcriterion, so that the experimentscanbe more
accuratelyreproduced.

Hybrid B doesnot needa load balancingcalibration,but after performingsimilar ex-
perimentationtwo importantparameterswereset, the algorithmcalls the GA only after



HYBRID HEURISTICSFOR FLOW SHOPSCHEDULING 11

TABLE 3. Averagerelative percentagedeviation for differentGRASP-ILS-PR
andMA loadbalances.G/M indicatesG%of runningtimeallocatedto GRASP-
ILS-PRandM% of runningtimeallocatedto MA.

Jobs� Machines GRASP-ILS-PR 95/5 80/20 50/50 20/80 5/95 Memetic
1.39221 1.36104 1.53247 1.48052 1.75065 1.71429 1.91169
2.20302 2.11123 2.23542 1.87905 2.32721 2.23002 2.12203
2.58720 2.52129 2.52678 2.48833 2.55974 2.60368 2.50481
1.76155 1.57358 1.79914 1.69710 1.79914 2.05693 2.10526

50� 20 1.78898 1.54528 1.78898 1.78344 1.91083 2.07699 2.06037
2.05156 1.74763 2.05156 2.05156 2.05156 2.10583 2.09498
1.76518 1.57085 1.79757 1.74359 1.84615 1.81916 2.35358
2.56841 2.53048 2.56299 2.56299 2.91520 3.00732 3.07234
1.85413 1.84344 1.85413 1.85413 1.91825 1.82207 2.23350
1.46005 1.29546 1.39634 1.41757 1.40165 1.08840 2.05999

Average 1.94323 1.81003 1.95454 1.89583 2.04804 2.05247 2.25186

2.47662 2.51532 2.75395 2.72170 2.73460 2.88617 3.02806
2.16618 2.17911 2.26964 2.54122 2.64791 2.75461 3.01326
2.09217 2.09217 2.14958 2.21017 2.16233 2.58970 2.49721
1.81528 1.80252 1.80890 1.83442 1.73233 2.04498 1.88547

100� 20 2.27431 2.30915 2.36300 2.50871 2.41368 2.22997 2.44219
2.23130 2.22816 2.22816 2.32558 2.70585 2.69956 2.66813
2.11232 2.11232 2.09317 2.17294 2.29419 2.53350 2.59413
2.85268 2.78706 2.85893 2.99328 3.06827 3.16825 2.74957
2.82709 2.82709 2.83665 2.89721 2.87809 3.04064 3.05976
1.82157 1.82157 1.89307 2.02362 2.15107 1.83712 2.11999

Average 2.26695 2.26745 2.32551 2.42289 2.47883 2.57845 2.60578

1.81331 1.74185 1.81331 1.82760 1.91157 1.83117 1.95266
2.50647 2.36722 2.49755 2.55467 2.46006 2.41899 2.53861
2.52405 2.37578 2.53993 2.54699 2.52758 2.46404 2.60524
2.27554 1.98512 2.35346 2.52701 2.44200 2.43492 2.62617

200� 20 1.57030 1.39977 1.66800 1.65024 1.78169 1.64491 1.89182
2.37912 2.25042 2.38806 2.39878 2.29154 2.32192 2.47386
2.06193 1.92118 2.08128 2.03730 2.00739 1.79803 2.17628
2.25693 2.23222 2.24634 2.38574 2.45280 2.54632 2.54632
2.18728 2.10686 2.28020 2.20872 2.34811 2.44282 2.41780
2.68411 2.56741 2.73362 2.78490 2.86270 2.70179 2.93343

Average 2.22590 2.09479 2.26018 2.29220 2.30854 2.26049 2.41622

Overall Average 2.14536 2.05742 2.18007 2.20364 2.27847 2.29714 2.42462

a stagnationof 20 iterations,and it is allowed to run 20 generationsafter returningthe
improvedpoolof elitesolutions.

5.2.1. Timeto target. Many local searchbasedcombinatorialoptimizationheuristics,in-
cludingGRASP, GRASPwith path-relinking,andmemeticalgorithmshave runningtime
to theoptimal solutionthataredistributedaccordingto a shiftedexponentialdistribution
(4). To studytherandomvariabletimeto target solutionvaluewe ranHybrid A andHy-
brid B usingonehundreddifferentseedsfor oneinstancewith 100 jobs and20 stages1.
Theseedswererandomlygeneratedandaredistinct from theonesusedin thecalibration
process.

Hybrid A uses95%of theprocessingtime allowedwith GRASP-ILS-PRandthe last
5% with theMA. In this testthemaximumCPUtime allowed to eachrun is 10,000sec-
onds.For theHybrid B algorithm,theMA is calledaftera periodof 20 iterationswithout
improving theincumbentsolution,andafter20 generationstheMA algorithmreturnsthe
pool to theGRASP-ILS-PRalgorithm.

A targetvalueof 2.5%above thebestknown solutionwaschosenfor this experiment.
For this particularcase,the bestknown solutionhasa valueof 6314,thereforthe target

1Theinstanceusedis thisexperimentis onefrom Taillard's benchmark,calledta085 .
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FIGURE 4. 95%con�denceintervalsfor hybrid algorithms.

wassetto 6471. The algorithmsstopafter obtaininga solutionlessor equalto 6471or
after 10,000seconds.Time-to-target plots (ttt-plots) areproducedfor thesevaluesusing
(5). Figure5 shows thettt-plotsobtained.

Of interestis that within 80 seconds,almost80% of the casesfor both algorithms
reachedthe target andwithin 1000secondsmorethan90%. Theseresultsshow that the
choiceof theseedis not a critical aspectfor obtaininga reasonableperformance.By this
comparisonit is possibleto concludeHybrid A presentsaperformanceslightly betterthan
Hybrid B.

5.2.2. Performance.In thissection,wepresenttheresultsobtainedby usingouralgorithm
in the120 instancesfrom Taillard's Benchmark.Thealgorithmperformsa �x ednumber
of iterationsfor boththeGRASP-ILS-PRandthememeticalgorithmcomponents.

Someauthorsusearelationbetweenthenumberof jobsandthenumberof machinesto
seta time for testingtheperformanceof thealgorithms.Theproblemwith this approach
is that for this particularbenchmark,the dif�culty of the instancesdoesnot seemto in-
creasewith an increasein thenumberof jobs. We resumethis discussionin next section.
In Tables4 and5, the averagevaluesof our experimentsarepresented,for both hybrid
algorithms.Not only aretheseresultscompetitive, but it is possibleto seethat the stan-
darddeviation (StdDev) is low, indicatinga robust method.Whencomparingthehybrid
approaches,it is possibleto observe, theperformanceof Hybrid A is slightly betterthan
Hybrid B, which is consistentwith thetime to targetexperiment.

5.2.3. Remarksregarding the instances.It is interestingto analyzethe dif�culty of our
algorithmsfor someinstances.It is quite obvious andexpectedthat the increasein the
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FIGURE 5. CPU time (seconds)neededto reacha solutionno further
than2.5%of thebestknown upperbound.Thetime is on a logarithmic
scale.
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TABLE 4. Averagerelative percentageincreasefor Taillard instances.
Column CPU 1 indicatesthe averagetime (in CPU seconds)spentto
�nd the bestsolution. Column CPU 2 indicatesthe averagetime (in
CPUseconds)takenby Hybrid A.

Hybrid A
Jobs� Machines API Best Worst StdDev CPU1 CPU2
20 � 5 0.079 0.000 1.138 0.234 0.28 5.06
20 � 10 0.328 0.000 1.194 0.327 5.44 18.74
20 � 20 0.224 0.000 0.826 0.233 8.00 28.64

50 � 5 0.003 0.000 0.071 0.014 15.18 125.24
50 � 10 0.713 0.000 2.407 0.602 206.10 1186.92
50 � 20 1.222 0.324 3.791 0.783 1743.90 4647.40

100� 5 0.012 0.000 0.285 0.044 129.16 680.38
100� 10 0.256 0.000 1.263 0.270 322.32 1422.72
100� 20 1.430 0.702 2.183 0.388 1905.28 4350.28

200� 10 0.270 0.009 0.754 0.164 498.12 1433.04
200� 20 1.672 0.782 2.615 0.342 2523.44 4218.04

500� 20 0.981 0.570 1.459 0.213 2493.02 3894.82
Average 0.604

numberof machinesincreasestheeffort neededby ouralgorithmsto �nd a goodsolution.
In part,this couldbeexplainedby consideringthatthemakespanfor anspeci�c permuta-
tion canbecalculatedby usinga functiondependingon thenumberof jobsandmachines,
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TABLE 5. Averagerelative percentageincreasefor Taillard instances.
Column CPU 1 indicatesthe averagetime (in CPU seconds)spentto
�nd the bestsolution. Column CPU 2 indicatesthe averagetime (in
CPUseconds)takenby Hybrid B.

Hybrid B
Jobs� Machines API Best Worst StdDev CPU1 CPU2
20 � 5 0.058 0.000 0.810 0.167 0.439 4.584
20 � 10 0.275 0.000 2.011 0.382 3.472 14.813
20 � 20 0.231 0.000 0.653 0.186 4.404 28.169

50 � 5 0.019 0.000 0.353 0.071 8.026 93.952
50 � 10 0.700 0.000 1.605 0.485 260.749 1179.363
50 � 20 1.390 0.297 3.787 0.603 1479.574 4108.018

100� 5 0.006 0.000 0.095 0.020 153.866 687.559
100� 10 0.258 0.017 0.858 0.256 263.291 1175.743
100� 20 1.857 0.798 3.624 0.550 1096.554 3575.116

200� 10 0.257 0.009 0.754 0.184 287.079 1044.240
200� 20 1.863 0.835 2.766 0.431 1105.303 2129.254

500� 20 0.902 0.471 1.388 0.203 3149.858 4816.021
Average 0.651

andthetime takenon theseevaluationsexplainstheneedof extra time to reachthesame
resultquality.

Nevertheless,it is quite remarkableto noticethat the worst performanceof our algo-
rithmshappensfor thegroupof instanceswith 100jobsand20 stages(100� 20) andfor
200� 20. And theseresultsareconsistentwith previousresultsnomatterthemethodused.
Themainquestionto answeris why for 500� 20 thealgorithmhasa betterperformance.
In Taillard's webpagewe can�nd that for 500� 20 thereareseven out of ten instances
with resultsprovedto beoptimalsolutions,for 200� 20 therefour outof tenoptimalsolu-
tionsandfor thecase100� 20 only oneoptimalresulthasbeenfoundsofar andnonefor
50� 20.

Next we discusssomenew factsthatneedreview. In 2006,Agarwal et al., (1) discuss
anapproachto solvethePFSP. In thatpaper, theauthorsclaimto havefoundabetterupper
boundfor one instanceof Taillard's benchmarkby usingan adaptive-learningapproach
(over well known polynomialheuristics).The instanceis ta040 (50 jobs and5 stages).
In the paper, they found a permutationwith 2774asa makespanvalue,but they did not
presentthe actualpermutation. The problemis that in Taillard's website2 the optimal
valuefor this instanceis 2782. Somethingsimilar occurswith instanceta068 (100 jobs
and5 stages)for which we point out two problems.First, theauthorsincorrectlyusean
upperboundof 5034,while the correctupperbound,andsupposedlyalsooptimal value
is 5094. While this couldbe only a typo, we point out a secondproblem. Thesolutions
found for two methodspresentedin that paperhave 5082asa makespanvalue,which is
lessthantheoptimalsolutionvalue.Furthermore,theupperboundsfor mostof thelarger
instancesareexchangedwith thecorrespondinglower bounds.For thosecases,theresults
presentedby theauthorstendto bebetterthanthey actuallyare. It is importantto review
thesequestionsto avoid futuredif�culties for otherresearchers,especiallybecausethese
instancesarereferencedin almosteverypaperdealingwith FSP. For futurepublications,it
seemsto bemoreappropriateto presenttheactualpermutationwhena new upperbound
or asigni�cant resultis reached.

2http://ina2.eivd.ch/Collaborateurs/et d/pr oble mes. dir/ prob leme s.ht ml
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6. CONCLUDING REMARKS

In this paper, we discussedthe PermutationalFlow ShopProblem. This problemhas
beenextensively studiedandthereareseveralalgorithmspublishedwith excellentperfor-
mance.We presentedtwo implementationsof hybrid algorithmsbasedon GRASP, ILS,
PR,andamemeticalgorithm.In oneapproach,weusetheGRASP-ILS-PRalgorithm�rst
maintaininga pool of goodanddiversi�ed solutionsin orderto applypath-relinkingand
to constructa populationfor thememeticalgorithm. In thesecondapproach,we usethe
memeticalgorithmto improve thepool of elite solutionsevery time theGRASP-ILS-PR
algorithmreachesastateof stagnationfor aspeci�c numberof iterations.Thememetical-
gorithmusesacrossoverbasedonpath-relinking(PX) thatwasshown to beveryeffective.
Thebestperformanceis obtainedusingHybrid A, whenwe allow theGRASP-ILS-PRto
performalargesearchalmost95%of thetimeandthenthememeticalgorithmtry to obtain
abettersolutionusingtheoutputof thepreviousone.

Theresultsarecompetitive, showing that for thehardestinstancesof Taillard's bench-
mark,i.e. theoneswith 100jobsand20stages,theheuristicscan�nd asolutionnoworse
than2.5%of thebestknown upperboundin lessthan80secondswith 80%probability.

We alsodiscussedsomecharacteristicsaboutthedif�culty of thebenchmarkandsome
new resultspresentedin a recentpaperthatneedto bereviewed.

This paperis an importantstepin the directionof a moreambitiousproject in which
we considera real-world schedulingproblem. The next stepin our researchis the con-
siderationof sequencedependentsetupsandduedatesin someor all stages.We arealso
consideringamulti-objectiveapproach,trying to obtaina�e xible algorithmthatcouldface
differentpracticalcircumstances.We believe thatin thesemorecomplicatedcasestheuse
of thesekindsof hybrid approacheswill bemostadvantageous.
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