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The NP-Completeness Column: An Ongoing Guide
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AT&T Bell Laboratories, Murray Hill, New Jersey 07974

This is the 23rd edition of an irregularly appearing column that covers new develop-
ments in the theory of NP-completeness. The presentation is modeled on that used by M.
R. Garey and myself in our book ‘‘Computers and Intractability: A Guide to the Theory
of NP-Completeness,”” W. H. Freeman & Co., New York, 1979 (hereinafter referred to as
“[G&J]’’; previous columns will be referred to by their dates). A background equivalent
to that provided by [G&J] is assumed, and, when appropriate, cross-references will be
given to that book and the list of problems (NP-complete and harder) presented there.
Readers who have results they would like mentioned (NP-hardness, PSPACE-hardness,
polynomial-time-solvability, etc.) or open problems they would like publicized, should
send them to David S. Johnson, Room 2D-150, AT&T Bell Laboratories, Murray Hill, NJ
07974 (or to dsj@research.att.com). Please include details, or at least sketches, of any
new proofs; full papers are preferred. If the results are unpublished, please state explicitly
that you are willing for them to be mentioned. Comments and corrections are also wel-
come. For more details, see the December 1981 issue of this Journal.

THE TALE OF THE SECOND PROVER

This will be the first column to appear in four years, not counting a brief ap-
pearance in March 1990 that simply provided a table of contents to the 22
columns that had appeared by that time. I now hope to resume my regular ap-
pearances in these pages, starting out at a rate of two columns per year. There
will be much to catch up on. In this issue I’d like to concentrate on a remark-
able sequence of results that has grown out of the subject I covered in the last
“‘real’”” column [September, 1988], a sequence that has so far resulted in at least
two articles in The New York Times [45,46]. That four-year-old column was
about complexity results related to the then-new concept of an ‘‘interactive
proof.”” Since then, surprise has followed surprise in this area, leading to unex-
pected consequences for many aspects of the theory of NP-completeness, from
the complexity of approximation algorithms to the definition of NP itself. A
major step in the story was what at first seemed a sheer flight of intellectual fan-
cy: the introduction of a second prover into the model of interaction. It is this
new character who gives this column its title.



But first we’ll take a look at what became of the original single prover. Sec-
tion 1 begins by quickly summarizing the state of our knowledge as described in
that 1988 column and reminding the reader of the relevant definitions, results,
and conjectures. It then describes how those conjectures were upset by a series
of results (the first having nothing to do with interactive proofs) that lead to the
conclusion that IP = PSPACE. The proof techniques used here, involving
‘‘arithmetization’” and the ‘‘low-degree polynomial trick,”” laid the foundation
for the much more complicated proofs that were to follow, and I shall say a bit
about them.

Section 2 turns to the more general idea of a multi-prover interactive proof
and its sister concept, the probabilistically checkable proof. Again there are
connections to previously defined complexity classes, and I will explain these
and cover ongoing research aimed at refining them. This is a very active area,
and some of the most exciting results still exist only in manuscript form.

One reason this area is so active is the recent discovery that results about
multi-prover interactive proofs can have important corollaries in the seemingly
unrelated area of approximation algorithms. These corollaries resolve long-
standing open problems (and, sad to say, render obsolete one oft-cited paper of
G&J [31]). A first corollary is that for any constant ¢, it is as hard to find a
clique whose size is within a factor ¢ of optimal as it is to find an optimal clique
itself (an NP-hard problem). A second corollary is that, assuming P # NP, no
MAX-SNP-hard optimization problem can have a polynomial-time approxima-
tion scheme. Still further corollaries, all announced in the few weeks since I be-
gan writing this column, relate to graph coloring, set covering, and a general
class of maximum subgraph problems. Section 3 will describe these results, and
explain how the clique and MAX-SNP results are derived (as well as what, pre-
cisely, the latter result means).

1. THE SEARCH FOR IP

Recall the basic idea of an interactive proof: The cast of characters consists
of an all-powerful prover P and a more computationally limited verifier v. Each
is equipped with a secret source of unbiased random bits and a copy of a given
statement whose truth is in question. (The names of P and V are often expanded
to Pat and Vanna in honor of the hosts of Wheel of Fortune, a quiz show on
North American television where a related interactive verification process takes
place nightly.) In our type of interaction, Pat and Vanna take turns sending each
other messages (strings of bits). The number and semantics of these messages
are governed by some agreed-upon protocol. After a finite number of rounds
the conversation halts, and Vanna is required to say true or false. It is the goal
of the prover to make the verifier say frue, no matter whether the given state-
ment is true or not. The verifier wants to determine the truth of the statement
but is willing to tolerate a small probability of being wrong. That is, some



sequences of her random bits may lead her into conversations in which she gets
fooled, but such sequences should be rare.

This scenario is adapted to recognizing languages (and hence to defining com-
plexity classes) as follows: An interactive proof system (prover P, verifier V)
recognizes a language L if (a) for any string x in L the verifier v always says true
when x is the input to the conversation, and (b) for any string x not in L, neither P
nor any imposter P’ can make V say true with probability greater than 1/4. The
class IP consists of all those languages recognizable by polynomial-time interac-
tive proof systems, i.e., ones in which the overall computation time of the veri-
fier is bounded by a polynomial in the input length. Note that this imposes simi-
lar bounds on the number of rounds, the lengths of the messages, and the num-
ber of random bits she sees. Note also that by repeating the conversation many
times using new random bits each time, the verifier can reduce her probability
of error to arbitrarily low levels (k repetitions reduces it to 1/4%.)

The class IP and the concept of interactive proof system were independently
proposed in 1985 by Goldwasser, Micali, and Rackoff [37] and Babai [4,9].
(The original definition only required that the verifier be correct 3/4 of the time
when x e L, but it was shown in [30] that requiring that she always be correct in
this situation did not affect the set of languages she could recognize.) Examples
of systems for recognizing particular languages are given in those references
and in the [September, 1988] column.

A major question left open by those papers was the precise relationship be-
tween IP and the other classes known to be located in the vicinity of NP. Clear-
ly IP contains NP, since the prover can simply send the verifier the traditional
“‘short proof’” of membership, which she can verify in polynomial time, with no
need to send messages herself or use her random bits. Moreover, the contain-
ment appears to be proper. The GRAPH NON-ISOMORPHISM problem
(given graphs G and H, is it the case that they are not isomorphic?) is not known
to be in NP but does have a polynomial-time interactive proof system [36], as
described in the [September, 1988] column. Just how much bigger IP was than
NP remained a major open problem in 1988. The obvious question was the rela-
tionship between IP and the polynomial hierarchy PH = U;_, xF, where £f = NP
and xf,, is the set of all languages recognizable by a polynomial-time NDTM
with an oracle for a xf-complete language. There were oracles under which IP
contained problems that weren’t in PH, as well as oracles under which co-NP
(and hence PH) contained problems not in IP [1,29]. This seemed to suggest
that proofs of either I[P  PH or PH c IP were beyond our reach (given the con-
ventional wisdom that all our standard proof techniques for dealing with com-
plexity classes continue to work if an oracle is present, and so only results that
hold true for all oracles can be proved). The best one could say was that IP <
PSPACE, since it could be shown that the ‘‘all-powerful’’ prover P need be no
more powerful than a polynomial-space Turing Machine [27,55].

At this point in our story, a new and seemingly unrelated character wandered



onto the stage. It turns out that IP was not the only class trapped between NP
and PSPACE whose relationship to PH remained undetermined. Consider the
class P*P consisting of all those languages recognizable by a polynomial-time
Turing machine with an oracle for a function in #P. (Recall that a function is in
#P if it corresponds to the number of accepting computations of some
polynomial-time nondeterministic Turing machine (NDTM) [67].) It is easy to
see that NP < P*P, since if one can count the number of accepting computations,
one can certainly tell whether that number is greater than zero. Similarly, P**
PSPACE, since polynomial space suffices to simulate all runs of a polynomial-
time NDTM. Our knowledge in 1988 about the relation between P** and PH
was similar to that for IP, in that for all we knew P** and PH were incomparable.

It was the P** question that fell first. In 1989, the Japanese graduate student
Seinosuke Toda published the unexpected result that PH < P** [66]. In a future
column, I hope to have more to say about this result and the recent flowering of
complexity results about exact and approximate counting problems. For now,
however, the key observation is that Toda’s result provided a new angle from
which to attack the IP versus PH question. How does IP relate to P#F?

Note that if our goal is to show that PH < IP, all we now need show is that
some #P-complete function F can be computed using an interactive proof sys-
tem. More precisely, all we need show is that there is an interactive proof sys-
tem in which, given an element ¢ of the domain of F, the prover sends the veri-
fier the value of F(e) and then proves it correct. Shortly after Toda’s result was
published, Lund, Fortnow, Karloff, and Nisan [52] did just this. Building on
earlier work of Beaver and Feigenbaum [10], Lipton [49], Blum, Luby, and Ru-
binfeld [19], and others, they constructed an interactive proof system for the fa-
mous #P-complete problem of computing the permanent of a square 0-1 matrix
[67]. 1 would like to say a bit about how this sort of construction works, as it
will allow me to illustrate in simple form two basic techniques that lie at the
core of the whole resulting line of research. For my purposes, however, it will
be more useful to sketch an interactive proof system for a different #P-complete
problem, #3SAT. This is the problem of computing the number of satisfying
truth assignments for an instance of SATISFIABILITY with three literals per
clause. The proof system is from [52], based on ideas in [6,64].

The first technique is the low-degree polynomial trick. It was first used in the
context of interactive computation by Beaver and Feigenbaum [10] and is based
on a well-known and simple mathematical fact: If two polynomials with degree
d or less agree on more than d inputs, then they are the same polynomial. Thus
if f and g are two different degree-d polynomials and p is a prime much larger
than 4, the probability that f(a) = g(a) for a random element a € Z, is vanishingly
small. It turns out that this fact can be used by the verifier to help keep the
prover honest.

In order to apply this idea, however, one needs to have polynomials. These
were present explicitly in the permanent problem, since the permanent is



defined as a sum of products. For #3SAT nothing so obvious exists. Here’s
where the second technique comes in: We obtain polynomials from an instance
of #3SAT by a process called arithmetization. This is best illustrated by an ex-
ample. Let E be an instance of #3SAT containing m clauses and » variables.
Suppose one clause is € = (x; X, x3). Consider the polynomial fc(x;,x2,x3) =
1 — (1-x1)(x2)(1-x3). Note that if we equate the value of 1 for x; with TRUE
and the value 0 with FALSE, then any truth assignment that satisfies the clause
yields fc(x1,x2,x3) = 1, and any assignment that fails to satisfy the clause yields
fo(x1,x2,x3) = 0. Multiplying together the polynomials for all the clauses in a
conjunctive normal form expression E, one gets a polynomial fz(xi....,x,) that
takes on the value of 1 on all satisfying truth assignments and O on all non-
satisfying assignments. The polynomials used in our proof are derived from f.
Foro<i<n,let

1 1 1
filxpnx) = Y Y Y felxg, ..., Xy)
X120 x142=0  x,=0

Note that £, is a constant equal to the number of satisfying truth assignments for
E. Moreover, for 1 <i<n, f; is a function of the first i variables and f;(x,....,x;) =
Fit1(X100esx,0) + fir1 (xp,enx, ). Also, f, = fe(xy,....x,) can be evaluated at any
given point in polynomial time, and each f; is a polynomial of degree at most 3m.

Now we have all the basic machinery needed to design an interactive proof
system for #3SAT. Suppose we are given an instance /. First, the prover picks a
prime p lying in the interval (2™,22") and sends p and a short proof of p’s primal-
ity to the verifier. (Such a proof exists by [60].) The verifier checks the primal-
ity proof and generates » random elements aj....,a, of the field Z,, which she
keeps secret for later use. The prover then sends the value g, that he claims is
fo, along with the coefficients of a single-variate polynomial g, (x) that he claims
is fi(x). (The coefficients of f,(x) are of polynomial-bounded length, so this is
possible.) Note that the verifier can use the coefficients she receives to compute
values of g, (x) in polynomial time.

The verifier checks that gy = g,(0)+g,(1), as it must for consistency’s sake.
But now note the key point that if gq#fy, then either g,(0)#f,(0) or
gi1() #f1(1), and so g,(x) will be a different polynomial from f,(x). Conse-
quently, by our observation about low-degree polynomials and the fact that
degree(g,) <3m << 2™ < p, the value g, (a,) will almost surely not equal £, (a;) un-
less the prover gave the correct value of £, in the first place. (Although the se-
mantics of our polynomials f; assume that the arguments are elements of {0,1},
we are here viewing them as ‘‘extended’’ to the entire field z,. Extending the
domain is the key to applying the low-degree polynomial trick.) The verifier
now reveals a; to the prover, asks him for the coefficients of a polynomial g, (x)
= f2(a;,x), and iteratively proceeds as before, eventually asking the prover to
send her the coordinates of a g, (x) =f,(a;,....a,_,x). By an iteration of the low-
degree polynomial argument, equality will be violated with high probability



unless the prover initially gave the correct value for f,, and now the verifier can
check for equality directly. That, in brief, is the interactive proof system and
why it works.

The proof that PH < IP came as something of a surprise since, as mentioned
before, there were oracles under which this containment did not hold. Thus a
major result had been proved that did not ‘‘relativize.”” Does this mean that the
conventional wisdom about relativization is wrong? Or does it mean that a fun-
damentally new non-relativizing proof technique has been invented, one that
might provide a major breakthrough on some of our other unresolved problems,
such as the P versus NP question? In fact the proof technique is not new; we
just had not been paying attention to it. In essence, it is just algorithm design.
Let me explain. Note that most of our interesting complexity classes are defined
in terms of some resource-bounded computational process, be it a nondetermin-
istic Turing machine or an interactive proof. Note also that the completeness of
a particular problem for a given class is not the kind of result that relativizes.
(SATISFIABILITY is clearly not complete for the set of all languages recogniz-
able by polynomial-time NDTM’s with an oracle for the halting problem.) Thus
a simple non-relativizing way to prove that class X contains class Y is to show
that a problem complete for class ¥ can be solved using the defining computa-
tional process for class X. This is what Lund et al. did for IP and P#*?. Tt is also
what people have been trying to do for years in their (so far unsuccessful) at-
tempts to prove P = NP, where the key claim always seems to be that a given al-
gorithm solves some NP-complete problem in polynomial time.

Thus no fundamentally new ‘‘proof technique’” had been created for the Lund
et al. result, but an old, discredited approach had suddenly proved useful. And
we did have new algorithmic techniques (arithmetization plus the low-degree
polynomial trick) for use in the context of that approach. The obvious next step
was to figure out how to use that technique to derive an interactive proof system
for some PSPACE-complete problem, and hence conclude that IP contained all
of PSPACE. A natural candidate for the PSPACE-complete problem was
QUANTIFIED BOOLEAN FORMULA (QBF for short).

A simple version of this problem that is still PSPACE-complete is the follow-
ing: Given an expression E(xy....,x,,) in conjunctive normal form with 3 literals
per clause (i.e., an instance of 3SAT having variables x; through x,,), is the first
order sentence Vx;3x,Vx3 - Vxp,_13x9,E(xy,...,.x2,) true? A natural approach to
arithmetization would be to start with the polynomial f; defined above. Each
3x,; can then be replaced by x! _, and each vx; by I} _,. Unfortunately, because
of the nesting of the quantifiers in the above expression, this may lead to vari-
ables with exponential degree, rendering the low-degree polynomial trick unus-
able. Fortunately, there is a way around this difficulty (using a trick from the
original proof of PSPACE-completeness for QBF [65]), as Shamir [64] demon-
strated shortly after the Lund et al. results were announced. Consequently we
do indeed have IP = PSPACE, and the end of a quest. In the next section, we



shall discuss the new quests that followed.

2. MULTIPLE PROVERS AND PROBABILISTICALLY CHECKABLE PROOFS

The fact that IP = PSPACE, being the surprise it was, received considerable
publicity, even in the popular press. Much was made of the fact that this gave
us a new way of proving difficult results, and there were even hypothetical dis-
cussions of business applications. We should keep in mind, however, that in-
triguing as this sort of proof is, it requires far more of the prover than simply the
lucky guess at a short proof that is needed for problems in NP. Here the prover
may well need to use the full power of polynomial space to determine his next
message, and if the system is to be practical, he will have to be able to perform
such computations in polynomial time. In other words, the fact that IP =
PSPACE can only be of practical importance if PSPACE = P (in which case it
becomes a trivial result).

As a theoretical contribution, however, IP = PSPACE clearly has major im-
portance, and more than just as another characterization of the latter class (join-
ing such previous theorems as PSPACE = Nondeterministic PSPACE [63],
PSPACE = Probabilistic PSPACE [35], PSPACE = Alternating PTIME [21],
and PSPACE = Stochastic Alternating PTIME [55]). With IP = PSPACE, we
have shown that a simple computational paradigm (interactive computation) has
far more power than might at first be expected. The question thus becomes
where else that insight might apply.

Here is where the second prover mentioned in the column’s title arrived. Ac-
tually, he arrived somewhat earlier, and in the company of an entire coterie of
fellow provers. In 1988, Ben-Or, Goldwasser, Kilian, and Wigderson intro-
duced the idea of a multi-prover interactive proof [13]. Their initial purpose in
introducing this new model was to allow perfect zero-knowledge proofs without
cryptographic assumptions (see the [September 1988] column for an explana-
tion). What interests us here, however, is the basic computational power of the
model itself. In it there is still but one polynomial-time verifier with her source
of random bits, and computations must satisfy the same validity conditions as
before. Now, however, there are k all-powerful provers with whom the verifier
can communicate. The only restriction on the provers is that they not be able to
communicate with each other once the conversations with the verifier have be-
gun. (It is easy to see that without this restriction they might as well just elect
one representative and let him do all the work.) The question is whether, with
this restriction on communication, the many provers can accomplish anything
more than a single one.

Let MIP denote the set of all languages recognizable by multi-prover interac-
tive proof systems, and let MIP, denote the set of languages recognizable with
just k provers. It is clear that IP = MIP; € MIP, C MIP; C --- < MIP. The major
result of interest to us in [13] is that MIP = MIP,; it suffices to consider just two



provers. The major question left open is whether MIP is bigger than IP, and if
so how much bigger?

In [28], Fortnow, Rompel, and Sipser showed that MIP € NEXPTIME, the set
of all languages recognizable in nondeterministic time 0(2"") for some « (a result
implicit in a much-earlier work by Peterson and Reif on multi-person games
[58]). Once again (and as with IP), it turns out that the upper bound is the right
answer. Babai, Fortnow, and Lund [8], in the same avalanche of papers that
brought us IP = PSPACE, showed that in fact MIP = NEXPTIME. The proof is
considerably more complicated than the one for IP = PSPACE, although it too is
based on arithmetization and the low-degree polynomial trick. Now, however,
the prover cannot be kept honest simply by evaluating a function at a random
point. We have to make sequences of evaluations along lines in multi-
dimensional space, so as to test whether a particular function provided by the
provers is (approximately) multilinear. (A multivariate polynomial is multilin-
ear if no individual variable occurs with degree exceeding 1.) Note that MIP =
NEXPTIME does not completely rule out the possibility that [P = MIP, since as
yet we do not know how to rule out PSPACE = NEXPTIME. It at least sug-
gests, however, that the second prover adds significant power to interactive
proof systems.

Just what does this mean, however? To many theoreticians, myself included,
the result seemed merely a four de force in pure mathematics, concerning
classes too high up to be of practical significance, and models too fanciful to ap-
ply to real computing. Fortunately, researchers in the area did not listen to us.
Open questions persisted about the effect on multi-prover proof systems of re-
strictions other than simply limiting the number of provers. Two distinct re-
search directions emerged, each of which has yielded surprising consequences
for the world of approximation algorithms (the subject of the next section). The
first direction concerns the effect of bounding the number of rounds in the
multi-prover protocol.

In the case of one prover, it was known that if we allow only a constant num-
ber of rounds, then just one round suffices (one message from and to the veri-
fier) [4,9,38]. Moreover, the power of the system will be significantly weak-
ened: the class AM of languages recognizable by one-prover, constant-round in-
teractive proof systems is contained in the class 115 of the polynomial hierarchy
[4,9], and so cannot equal all of IP unless 115 = PSPACE and the polynomial hi-
erarchy collapses. Do analogous results hold in the multi-prover case?

As early as 1988, researchers were conjecturing that MIP was unlike IP, in
that one or two rounds should suffice for any language in MIP. Let MIP, , be the
set of languages recognizable by k-prover proof systems using r or fewer rounds
and having exponentially small error probability. Note that our standard re-
quirement that the error probability be 1/4 or less is not good enough for the case
of bounded rounds—what we really want is minuscule error probability. This is
easy to obtain when the number of rounds is not an issue, as we can just



repeatedly execute the protocol until the error probability is sufficiently reduced.
Sequential repetition may dramatically increase the number of rounds, however.
The obvious alternative is to perform the repetitions in parallel, sending k-tuples
of messages instead of individual messages. Unfortunately this conceivably
might open a loophole that cheating provers could exploit, and as yet no one has
been able to rule out this possibility in general.

The first bounded-round result came in 1988, when Fortnow, Rompel, and
Sipser [28] showed that if one could assume that parallel execution opened no
loopholes, then MIP would equal MIP; ,, i.e., every language in MIP would have
a 3-prover, 2-round proof system, yielding exponentially small error probability.
(The result of [13] that two provers suffice for all of MIP does not apply here,
since the proof of that result required that the number of rounds be polynomial.
Fewer rounds might require more provers.) The first bounded-round result not
requiring an unproved hypothesis came in 1990, when Kilian [44] showed
(without any parallelization assumptions) that MIP has 2-prover, 2-round proof
systems for which the error probability is a constant ¢ < 1. Results then came in
a rush. In early 1991, Feige reduced the constant to 1/2 + ¢ and the number of
rounds to one [24]. Within months, Lapidot and Shamir [47] had made the jump
to exponentially small error probabilities. Using the concept of a ‘‘quasi-
oracle,”’ they proved that MIP ¢ MIP, ; (again without resort to any general par-
allelization assumption). The presumed final chapter of this story is this year’s
result by Feige and Lovasz [26] that indeed the strongest possible result of this
form holds: MIP € MIP, ;. Two provers and one round suffice.

The second direction of research deriving from the MIP = NEXPTIME result
concerns an alternative characterization of MIP first pointed out by Fortnow,
Rompel, and Sipser [28]. Restating it in the more modern terminology of [3],
this characterization is in terms of probabilistically checkable proofs. In this
new model of ‘‘proof,”’ the verifier continues to have polynomial-time comput-
ing power and a source of random bits, but instead of a port for communicating
with a prover, she has a random access port for accessing a proof tape of (possi-
bly) exponential length (to determine the identity of the kth bit of the proof, she
simply writes down the address & in binary notation). We say that a language L
has probabilistically checkable proofs if there is a verifier v such that (a) for
each input x € L there exists a proof P such that if v is given P on its proof tape, vV
always accepts, and (b) for each input x ¢ L there is no proof that can cause V to
accept with probability greater than 1/4. Fortnow, Rompel, and Sipser in
essence show that the set of all languages having probabilistically checkable
proofs is precisely MIP. This means that in a 2-prover protocol, the first prover
might as well settle in advance on the answers to all possible questions the veri-
fier might ask (these answers constitute the bits of the proof). The existence of
a second prover, with whom the first cannot communicate, suffices to keep the
first prover from later changing his mind about an answer.

This characterization of MIP proved useful in the process of obtaining the
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results about bounded-round protocols mentioned above, but it also gives rise to
interesting questions on its own. In particular, it suggests two new computa-
tional resources to restrict. The first is the number of proof bits the verifier can
examine. The significance of this was first pointed out in early 1991 by Babai,
Fortnow, Levin, and Szegedy [7]. They observed that the MIP = NEXPTIME
result meant that proofs of membership in NEXPTIME-complete languages ex-
isted that could be probabilistically checked by looking at only a very few ran-
domly chosen bits of the proof. In particular, the number of bits examined need-
ed only to be polylogarithmic in the length of the proof. (In this case, a polyno-
mial number of bits from an exponential length proof.) They then showed that
any deterministic proof system could be converted to one that had this property.
In particular, one could ‘‘scale down’’ the MIP = NEXPTIME protocol of [8] to
show that for any language in NP, there exist polynomial-length proofs of mem-
bership that can be probabilistically checked by looking at only a polylogarith-
mic number of bits.

They actually showed something much stronger, which in the case of NP im-
plied not only that the verifier could restrict her attention to a polylogarithmic
number of bits, but also that her overall running time need only be polylogarith-
mic in the sum of the lengths of the proof and the input. Note that although such
a verifier can determine with high probability that the proof is correct, she does
not have enough time to figure out what is being proved! Although the practical
value of such proofs might be questioned, there are interesting scenarios under
which they might be useful [7]. Moreover, their theoretical utility has already
been demonstrated, as we shall shortly see. For our general notion of a proba-
bilistically checkable proof, however, we shall continue to assume that, no mat-
ter how few proof bits are examined, the verifier still is allowed polynomial time
for her overall computation.

A second resource one might want to conserve is the number of random bits
used. Given that we as yet have no guaranteed source, physical or otherwise, of
truly random bits, it is reasonable to consider such bits to be a scarce resource.
Moreover, there is a simple theoretical reason for restricting the number used:
Any process using k random bits and time T can be simulated deterministically
in time 2*7 by trying all possibilities for the random bits and keeping statistics on
the outcomes. Thus the cost of simulation grows exponentially with the number
of random bits, a strong motivation indeed for restricting their number.

As a notation for keeping track of restrictions on the above two resources, let
PCP[f.g] represent the class of all languages with probabilistically checkable
proofs that use O(f(n)) random bits and look at O(g(n)) proof bits. The parame-
ters f and ¢ may either be specific functions, such as »2, or classes of functions,
such as poly(n), which stands for ‘‘any polynomial in ».”” This notation was in-
troduced just this year for the results of [3] but provides a convenient way of
stating and distinguishing past results as well. For instance, the original MIP =
NEXPTIME result of [8] can be restated simply as NEXPTIME =
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PCPrpoly(n),poly(n)]. On a more down-to-earth level, the results of [7] imply that
NP < PCP[polylog(n),polylog(n)]. A natural question to ask is just how far we can
restrict fand g and still have NP < PCP[f,¢]. One limiting case derives from the
standard definition of NP in terms of proofs that are checkable in deterministic
polynomial time, which yields NP = PCP[0,poly(n)]. We are more interested
here in characterizations that substantially restrict both resources. A sequence
of three major improvements on the Babai et al. result has now led to what
might be characterized as the ultimate result of this form.

The first improvement came in 1991, shortly after the Babai et al. [7] results
were announced. Feige, Goldwasser, Lovasz, Safra, and Szegedy [25] showed
that NP < PCPliog(n)loglog(n),log(n)loglog(n)], a result they proved by a some-
what different scaling down of the MIP = NEXPTIME protocol of [8], using a
more efficient multilinearity test. In one way, however, their proof system was
not as good as that of Babai et al. [7], for although they used fewer random bits
and looked at fewer proof bits, the actual proofs they considered were of length
nleslos “ag opposed to the polynomial-length proofs in the construction of Babai
et al.

Early this year, Arora and Safra [3] tightened the result further (and got back
to polynomial-length proofs) by showing that NP < PCP[iog(n),log(n)]. Note
that now there are just a polynomial number of possibilities for the random bit
string, and hence at most a polynomial number of positions in the proof can be
examined over all possible choices of the random bits. Thus we may assume the
proof is of polynomial length. Moreover, the total time to simulate the protocol
on all possible random bit strings is also polynomial. Thus we get not just con-
tainment, but equality: NP = PCP[iog(n),log(n)]. (A key innovation in the proof
of this result is a recursive application of the above-mentioned polylogarithmic-
time checkable proofs of Babai et al. [7].)

The Arora-Safra characterization of NP in terms of PCP[f,g] was close to the
tightest possible. Note that the number of random bits must be at least propor-
tional to log(n) if we are to obtain NP. There remained some room, however, for
tightening the bound on query bits. Arora and Safra [3] went part of the way,
showing that their bound could be reduced from O(log(n)) to
O(\log(n) polyloglog(n)). The ultimate tightening followed soon thereafter.
Arora, Lund, Motwani, Sudan, and Szegedy [2], using an argument that builds
on the proof of [3] while adding some new tricks of its own, have shown that for
problems in NP, the verifier need only look at a constant number of bits, i.e., NP
= PCPliog(n),1]. The O(log(n)) random bits merely provide the addresses of the
bits to be examined.

This is an amazing result. No matter how large the instance and how long the
corresponding proof, it is enough to look at a fixed number of (randomly cho-
sen) bits of the proof in order to determine (with high probability) whether it is
valid. In essence, the proof in question has to be extremely ‘‘holographic’’ (a
term first suggested by Leonid Levin [5]). Recall that a hologram is a
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photographic plate that displays a 3-dimensional image when illuminated by an
appropriate light source. The relevant property here is that if you break off a
tiny corner of a hologram, it can still be made to display the image contained in
the full hologram, albeit somewhat more fuzzily. Similarly, most small collec-
tions of bits from the proofs in question here must in a sense reflect the entire
proof, at least insofar as its correctness is concerned. (Babai et al. use a differ-
ent optical allusion in [7], formally calling their type of probabilistically check-
able proof a ‘transparent proof.’”)

Probabilistically checkable proofs also partake of another property of holo-
grams: After you break off the abovementioned small corner, the image pro-
duced by the remainder of the hologram is not significantly degraded. Simi-
larly, altering a few bits in a probabilistically checkable proof will have only a
small probability of changing the outcome of any particular run of the verifier.
For instance, suppose we had a PCP[iog(n),1] proof system in which the verifier
looks at 10 proof bits. Then even if 1% of the proof bits were altered by a mali-
cious adversary, the probability that the verifier would look at any of the altered
bits would still be less than 1/10. Consequently, the probability of saying false to
a true proof, although no longer zero, would be less than .10, and the probability
of saying true to a false proof would be less than .35. Given this, the truth of the
proof can still be ascertained with extremely high accuracy by iterating the pro-
tocol. Needless to say, traditional deterministically checkable proofs cannot
readily be made so resilient.

This strong error-correction property is no accident. The proofs of the various
results mentioned in this section make strong use of results about what are
known as self-testing and self-correcting programs for the computation of low-
degree polynomials. Here the idea is to use multiple calls on the program (plus
the low-degree polynomial trick) to verify that the program’s output is correct
for a given input (or else to deduce the correct value with high probability), as-
suming that the program gives correct answers for most of its possible inputs.
Relevant references include [19,34,61]. In addition, the more traditional notion
of an error-correcting code has also been exploited, both by Babai et al. [7], who
explicitly use such codes in their constructions, and by Arora and Safra [3], who
use a 20 year old patented decoding technique of Berlekamp and Welch [14].

How practical is all this? Well, probably not very. Given an ordinary proof of
membership in an NP language, the corresponding probabilistically checkable
proof can be constructed in time polynomial in the length of the original proof
[2,51], but its length may itself grow as a polynomial, i.e, be cubed, or some-
thing worse (the precise degree of the polynomial has yet to be worked out).
The blowup need not be so bad, however, if one is willing to look at more proof
bits. For instance, for any ¢ > 0, a traditional NP proof can be converted to a
probabilistically checkable one of the Babai et al. [7] form whose length is only
that of the original raised to the power 1+¢ [7]. (There is a trade-off however,
in that the verifier will have to look at log®/®)(n)) bits of the proof.) Even if
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there were no blow-up at all, however, there would still remain the problem of
finding the original proof. For NP-complete problems, this remains a difficult
task. Even for simpler problems, however, the theory requires that we start with
a proof that is substantially more formal and detailed than the ones we typically
produce. That is, it must be more like the record of a Turing machine computa-
tion than like our familiar sequences of definitions and lemmas, and will at the
very least be much more laborious to generate.

Thus it may be that the main significance of these results (aside from the
corollaries about approximation algorithms that we are about to discuss) is sim-
ply that they give us a new characterization of NP. This new characterization
has a distinctly different flavor from previous ones and hence might conceivably
be the key to resolving some of our longstanding open problems about the class
(if not the P versus NP question, perhaps NP versus EXPTIME?)

3. LIMITS ON APPROXIMABILITY

The results of the last section, which I shall refer to collectively as ‘‘multi-
prover results,”’ are certainly important in their own right. They would not have
stirred up nearly so much excitement in the theoretical computer science com-
munity, however, were it not for their unexpected connection to the world of ap-
proximation algorithms. Many of the very first problems to be shown NP-hard
in the early 1970’s were optimization problems (e.g, Vertex Cover, Graph Col-
oring, Clique, and the Knapsack and Traveling Salesman problems, etc.). Given
the implication that algorithms for finding optimal solutions to such problems
are likely to take superpolynomial time, many researchers instead started look-
ing for algorithms that ran in polynomial time but only found solutions that were
near-optimal. The term approximation algorithm (introduced in [41]) soon
came to be applied to any algorithm that took this approach.

A standard theoretical metric for the quality of an approximation algorithm is
its worst-case ratio. The nearness to optimality of a given solution can be ex-
pressed as the ratio of its value to that of an optimal solution, the closer to 1 the
better. The worst-case ratio for an approximation algorithm tells just how far
from 1 that ratio can be for a solution it generates. (We shall assume for unifor-
mity in what follows that the numerator of the ratio is always the larger of the
two solution values, so that worst-case ratios are always greater than or equal to
1, whether the optimization problem be a minimization or a maximization prob-
lem.) For many optimization problems, algorithms with small worst-case ratios
were quickly found (e.g, 2 for Vertex Cover [33], 3/2 for the Traveling Salesman
problem under the triangle inequality [22], etc.). For others, fairly easy in-
tractability results could be obtained (e.g., the result of Sahni and Gonzalez [62]
that if the triangle inequality is not assumed in the TSP, then guaranteeing a
worst-case ratio of ¢ for any constant ¢ was just as hard as finding an optimal so-
lution). For many important problems, however, the situation was less clear,
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and remained so for a decade and a half, until Feige et al. [25] first noticed an
ingenious connection to the results about multiple provers.

The connection they discovered was to the Clique problem: Given a graph G =
(V,E), find a maximum-sized clique in G, where a clique is a set of vertices each
pair of which is an edge in G. No approximation algorithm with constant
worst-case ratio is known for this problem. Indeed, what few algorithms had
been analyzed had been shown to have worst-case ratios that grew at least as
quickly as | vj® for some € [41], and the best upper bound known on a worst-case
ratio is O(| V| /log? V|) [20]. As far as intractability results were concerned, no
constant ratio had been ruled out, even assuming P # NP. (It was known, how-
ever, that if any constant worst-case ratio ¢, however large, could be guaranteed
in polynomial time, then for any ¢ > 1, however small, there was a polynomial-
time approximation algorithm that had worst-case ratio less than ¢ [31].) Feige
et al. [25] made the connection between this problem and multiple provers by
showing how any sufficiently good approximation algorithm for clique could be
used to test whether probabilistically checkable proofs exist, and hence to deter-
mine membership in NP-complete languages. Here’s how the construction
goes.

Suppose we have a PCP[f.g] proof system for 3SAT, and suppose that I is a
3SAT instance of length n. Let r be the actual number of random bits that the
verifier uses on input 7, and let » be the actual number of proof bits she queries.
We may assume without loss of generality [2,3,7,8,25] that the verifier uses her
r random bits simply to determine the addresses of the » proof bits, and does this
before receiving any of the answers, i.e., in a nonadaptive fashion. Construct a
graph G = (V,E) as follows. The vertices of G correspond to pairs <x,y >, where
xe {0,1}",ye {0,1}%, and the verifier would declare a proof to be true should her
random bit string be x and the sequence of answers to her queries be y. Thus |V
< 27*b, Now let A(x) e Z° be the sequence of addresses that she would query
given x as her random bit string. There is an edge between vertices u = <x,,y, >
and v = <x,,y, > if and only if for any address that is in both sequences A(x,) and
A(x,), the corresponding answers in y, and y, agree.

I claim that the maximum clique size for G is 2" if instance I is satisfiable, and
at most 2774 otherwise. First note that if 7 is satisfiable, then a proof must exist,
and if the verifier is given that proof, then she must declare it to be true no mat-
ter what her random bit string might be. Fix some proof with this property. For
each random bit string x € {0,1}", our clique will contain the vertex v with x, = x
and y, equal to the sequence of proof bits in the locations specified by A(x). It is
easy to see from the definition of G that all 2" of these v’s will indeed be vertices
and that there will be an edge between each pair of them. Thus the desired
clique exists. On the other hand, suppose that 7 is not satisfiable and yet there is
a clique Vv’ of size larger than 27/4. Construct a ‘‘proof’’ as follows. For each
ve V’, and each i, 1 <i<b, assign the ith bit of y, to the ith address in A(x,). By
the definition of G, none of these assignments can conflict. Let the remaining
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bits of the proof be assigned arbitrarily. Now observe that no two distinct ver-
tices in v’ can correspond to the same string x e {0,1}" of random bits. (If they
did their corresponding answer strings would have to differ, and there would be
an address in A(x) for which their answers would not agree.) Thus there are at
least | V') random strings for which the verifier will declare this proof to be true,
yielding a probability of | v'| /2" > 1/4, contrary to the definition of a PCP.

Now suppose there were a polynomial-time approximation algorithm that was
guaranteed to find a clique within a factor of two of the optimal size. Because
of the factor-of-4 gap we just proved between the size of the optimal clique
when 7 is satisfiable and the size when 1 is not, such an approximation algorithm
could be used to determine whether 7 were satisfiable simply by running it on
the graph G we constructed. Instance I is satisfiable if and only if the clique gen-
erated is of size 2%/2 or larger. What would be the running time? Using the
Feige et al. [25] result that NP < PCPliog(n)loglog(n),log(n)loglog(n)], the graph G
has 2¢los(n)loglog(n)+dlog(n) loglog(n) = j, (c+d)loglog(n) yertices, and the time to construct it
is clearly polynomial in that number, which would still be function of the form
nOUoglesn)  The running time for our approximation algorithm on this graph
would also have this form. Thus the overall running time for determining
whether 7 is satisfiable would have this form, and by the NP-completeness of
3SAT, we could conclude that NP ¢ DTIME[n©Uslosm]  a weaker consequence
than P = NP, but still one that few would think likely to be true.

Thus under the assumption NP is not contained in DTIME[»tssn] Clique
cannot have a polynomial-time approximation algorithm with worst-case ratio 2.
Applying the result of [31] mentioned above, this implies that under this as-
sumption no polynomial-time approximation algorithm can guarantee any con-
stant ratio. This was a major result, but of course everyone would have pre-
ferred that a polynomial-time constant ratio guarantee imply P = NP. In fact, it
does. This follows from Arora and Safra’s stronger characterization of NP as
equal to PCP[iog(n),log(n)]. For PCP proofs of this form, the above construction
leads to a graph with 2¢esn+diosn = pc+d yertices, a polynomial number. Thus a
polynomial-time factor-of-2 approximation algorithm, when applied to this
graph, would yield a polynomial-time algorithm for SATISFIABILITY and so
would imply P = NP.

If we now turn to the Arora et al. result that NP = PCP[iog(n),1], we get an
even stronger result, one that comes much closer to matching the positive results
mentioned earlier: There exists an ¢ > 0 such that no polynomial-time approxi-
mation algorithm for clique can have worst-case ratio less than | | unless P =
NP. The proof goes something like this. Suppose the PCP[iog(n),1] verifier
were to go through her protocol log(n) times. Assuming that the results of these
runs are all independent, this would reduce her probability of error to (1/4)%s( =
1/n?. Suppose also that we could obtain log(n) ‘‘essentially’’ independent runs
by cleverly re-using O(log(n)) random bits, rather than using the O(log?(n)) ran-
dom bits that would normally be required. (Techniques for doing this can be
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found in [40].) We would then have a PCP[iog(n),log(n)] protocol with error
probability 1/n2. The corresponding clique construction would consequently
give a graph with | V| = 0(x¢) and a multiplicative gap of size n> = | V| between
the sizes of the maximum clique under the assumption that 7 is or is not satisfi-
able. Hence no polynomial-time approximation algorithm could have worst-
case ratio less than | v|%¢ unless P = NP, and 2/c is certainly bigger than € for
some ¢ > 0.

We can conclude that the clique problem is not at all amenable to approxima-
tion, assuming P # NP. Can we conclude anything more? In particular, can we
extend this result to other problems? Initial optimism on this account was tem-
pered by two facts. First, the above PCP construction was very specific to the
clique problem, which seems to be ideally suited for it. Second, it is much hard-
er to transfer complexity results about approximation from one problem to an-
other than it is to translate complexity results about optimization. There were a
few problems known to be equivalent to clique with respect to constant factor
approximation (e.g., see [54]), but the correspondences were all more or less im-
mediate. Thus some researchers began to fear that this connection between
multi-prover results and approximation might be a happy but isolated coinci-
dence.

The Arora et al. paper [2] shows that it is not. A significantly different type
of approximation result is obtained based on their NP = PCP[iog(n),1] characteri-
zation, and this result propagates to a wide variety of problems. As an illustra-
tion, consider the optimization problems MAX-iSAT (k > 2): Given an instance 7
of SATISFIABILITY with at most  literals per clause, find a truth assignment
that satisfies a maximum number of I’s clauses. (Note that this problem is NP-
hard for k = 2, even though SATISFIABILITY itself is solvable in polynomial
time if there are no more than 2 literals per clause [32].) Approximation algo-
rithms for these problems were first studied in [41], where a simple greedy
heuristic was shown to have a worst-case ratio of 2 for all x>2. This has re-
cently been improved upon. In [68], Yannakakis presents an algorithm with
worst-case ratio 4/3. A natural question to ask is what is the best possible ratio
that can be guaranteed in polynomial time, assuming P # NP?

From an abstract theoretical point of view there are two main possibilities for
the answer. Either there is an approximation threshold ¢ > 1 such that no
polynomial-time algorithm can guarantee a solution within a factor ¢ of optimal
unless P = NP, or for every ¢ > 1 there exists a polynomial-time approximation
algorithm with worst-case ratio ¢ or less. In the latter case, we would say the
problem had a polynomial-time approximation scheme (PTAS). There are many
examples of problems that have such schemes, for instance the knapsack prob-
lem and the restriction of the maximum independent set problem to planar
graphs. (For a discussion and references, see Section 6.1 of [G&J].) For far
more problems, however, we have polynomial-time approximation algorithms
with constant worst-case ratios, but do not know whether a PTAS or an
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approximation threshold exists. The MAX-tSAT problems are just one such ex-
ample, but they turn out to play a key role.

In 1988, Papadimitriou and Yannakakis [56] showed that MAX-kSAT, k> 2 is
complete for a class of optimization problems they called MAX-SNP. These
problems all have polynomial-time approximation algorithms with constant
worst-case ratios, but many of them are not known to have polynomial-time ap-
proximation schemes. The completeness of MAX-kSAT holds under a special
type of reduction (called an L-reduction) under which upper bounds on worst-
case ratios are preserved to within a constant factor. Hence, if any MAX-(SAT
problem, k >2, had a PTAS, then so would all problems in MAX-SNP. Equiva-
lently, if for any problem X in MAX-SNP there were an approximation threshold
¢ > 1, then a similar threshold would exist for each MAX-4SAT problem. Such
a threshold would also exist for any problem Y to which a MAX-4SAT problem
was L-reducible (i.e., to any MAX-SNP-hard problem), whether ¥ was in
MAX-SNP or not. (MAX-SNP is technically restricted to maximization prob-
lems, and among maximization problems to ones that can be specified in a for-
mat derived from Fagin’s characterization of NP in terms of 2nd-order logic
[23].)

A surprising number of important NP-hard optimization problems turn out to
be MAX-SNP-hard. Some of the more famous include Max Cut, Vertex Cover,
and Dominating Set [56], the Steiner Tree and Traveling Salesman problems
with edge weights restricted to 1 and 2 (and hence obey the triangle inequality)
[16,57], and the Shortest Common Superstring problem [18]. Thus a proof that
some MAX-tSAT problem had an approximation threshold ¢ > 1 would have
widespread consequences. This is just what Arora et al. [2] have proved.

Here is how the connection to PCP’s is made. Suppose we have a
PCP[iog(n),1] proof system for 3SAT. Once again we may assume without loss
of generality that the verifier uses her random bits at the beginning of the com-
putation to generate the addresses of all the proof bits she intends to query, and
from then on proceeds deterministically. We may also assume that she always
queries precisely k proof bits, for some constant . Let ¢ be such that on an input
of length », the number of random bits used is always clog(n) or less. Note that
given these constants, the verifier can never examine more than kn¢ different
proof bits on an instance of size »n, SO we may assume that k»¢ is an upper bound
on proof length. Suppose we are given an instance 7 of 3SAT of length n. We
shall construct a corresponding instance I, of MAX-tSAT. There are kn¢ vari-
ables in I, with variable x; standing for the statement ‘‘the bit in location i of the
proofiis 1.”” Let r be the precise number of random bits that the verifier uses for
instance 1. For each of the 2" possible sequences x of r random bits, let
Vvy(1]---Vak) DE the k variables corresponding to the addresses the verifier exam-
ines given I and x, and let N, be the set of i-tuples of values for these variables
(assignments of bits to the addresses) that would cause the verifier to disbelieve
the proof. Note that we must have | N,| <2*.
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Now suppose (by,...,b;) is a tuple in N,. The statement that the variables v,;
do not take on this tuple of values is simply a single x<SAT clause. For instance,
if k=4 and (by,...bs) = (1,0,0,1), then the clause would be (V{17 vi2) Viz) Vapar)-
Given x, the verifier will believe the proof if and only if the conjunction of such
kSAT clauses, one for each tuple in N, is true. Our kSAT instance is the con-
junction, over all length r binary sequences x, of all the clauses corresponding to
tuples in N, (for a total of N = TN, < 2"** clauses). Note that the size of I
(number of literals it contains) is at most kN < k2"** < k2%n¢. Thus it is bounded
by a polynomial in the size of 7 (and of course, so is the time to construct ;).

Now if 7 is satisfiable, there must be a proof (i.e., a truth assignment for the
variables v;) such that all the clauses corresponding to each set N, are satisfied.
If 7 is not satisfiable, then for any truth assignment at least 27/4 of the sets N,
must yield one or more unsatisfied clauses. The ratio between the maximum
number of satisfiable clauses in the two cases is thus at least N/(N-2"/4) >
1+27/4N 2 1+ 1/2*2. Thus no polynomial-time approximation algorithm for
kSAT can have worst-case ratio less than 1 + 1/2*2 unless P = NP.

So now we know that, assuming P # NP, every MAX-SNP-hard problem X
has an approximation threshold cx > 1. If one is also willing to assume that NP
is not contained in R (the set of languages recognizable in random polynomial
time—see the [September, 1984] column), the same argument implies that such
thresholds exist even for randomized approximation algorithms, a possibility
previously explored in [15]. In most cases we also get thresholds for asymptotic
worst-case ratios, i. €., we can rule out guarantees of the form a-OPT + o(OPT) for
sufficently small « > 1. Do these results have practical significance? The an-
swer of course depends on how big the thresholds are.

If a threshold is sufficiently close to the best worst-case ratio we know how to
guarantee, it will probably be enough to convince us to stop the search for better
approximation algorithms. If instead it were say 1.001, the consequences would
only be of interest as theory. Unfortunately, the thresholds yielded for MAX 3-
SAT by the Arora et al. construction seem more likely to fall in the second cate-
gory [51] (and the thresholds derivable for other MAX-SNP-hard problems via
L-reductions from MAX 3-SAT are likely to be substantially closer to 1 than
this). Note, however, that this threshold is already substantially better than the
threshold for MAX-kSAT provided by the simplified argument given above.
The number of proof bits  that need to be examined in a PCP[log(n),1] proof for
3SAT is well over 100 in the current Arora et al. construction [51], so that argu-
ment yields a threshold of only 1 + 27192, Arora et al. obtain thresholds on the
order of 1.001 by exploiting the details of their NP = PCP[log(n),1] proof to de-
rive A<SAT expressions involving far fewer than 2* clauses per random bit string.
Phillips and Safra [59] have recently claimed improvements on the proof that
may get the approximation thresholds up to as much as 1.01 for some problems.
This is still quite small compared to the best ratios we currently know how to
guarantee, however, so the question of practical significance must for now
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remain open.

Nevertheless, the Arora et al. results certainly represent a major theoretical
advance. Moreover, they apparently have given researchers the confidence
needed to find further connections between the multi-prover results and approxi-
mation algorithms. During the past few weeks several long-standing open prob-
lems have been resolved.

First, consider Graph Coloring: Given a graph G = (V,E), find the minimum
number k for which there exists a function f:V — {1,2,...,k} such that no two end-
points of the same edge are assigned the same number. Researchers have long
worked at trying to design good approximation algorithms for this problem
without significant success. In 1974 a simple greedy heuristic was shown to
have worst-case ratio growing as @(| V|/log| V|) [42], and although this has been
improved several times, the worst-case ratio for the currently best polynomial-
time approximation algorithm has only declined to O( V| (loglog| V| )*/(log| V| )?), a
ratio that is worse than | v|® for every € < 1 [39]. Even for 3-colorable graphs,
the best worst-case ratio known is 0( V|8 polylog| V) [17]. However, until now
the only complexity result known was the 1976 result of [31] which showed that
for any ¢ > 0, no polynomial-time algorithm could have worst-case ratio 2—¢ un-
less P = NP. Now, by a clever approximation-preserving transformation from
the clique problem (restricted to graphs like those arising in the above Feige et
al. construction), Lund and Yannakakis [53] have been able to show that Graph
Coloring is just as hard to approximate as the Arora et al. results say Clique is:
There is an ¢ > 0 such that no polynomial-time approximation algorithm can
have worst-case ratio growing as O(| V|®) unless P = NP.

Other long-standing open problems about approximation have been success-
fully attacked using a different result from the multi-prover world, the Feige and
Lovasz result [26] that MIP = MIP, ;. Consider first the problem of Set Cover:
Given a collection {S;,S,,..., S} of sets whose union is a finite set U, find a
minimum cardinality subcollection whose union is U. The simple greedy heuris-
tic for this problem has a worst-case ratio of ®(log| U)), with the constant of pro-
portionality lying between 1/3 and log, (e) ~ 1.44 [41,50]. For all we knew until a
few weeks ago, however, a polynomial-time algorithm with worst-case ratio 2
or better might have existed. Using the MIP = MIP,; result, Lund and Yan-
nakakis have now shown that no polynomial-time approximation algorithm for
Set Cover can have worst-case ratio less than log Uj/50 unless NP <
DTIME[n?obes(m] (again a weaker consequence than P = NP, but still an un-
likely one).

Assuming that NP is not contained in DTIME[#?*%"?¢™] Tund and Yan-
nakakis have also shown that no polynomial-time approximation algorithm with
constant worst-case ratio can exist for a wide variety of maximum induced sub-
graph problems, such as finding a maximum-sized set of vertices that induces a
planar subgraph. (The results hold for any nontrivial property that is preserved
under vertex deletion. See [48] for a survey of such problems and a proof that
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the corresponding optimization problems are NP-hard.)

In addition to the above, there are also non-approximability results for the
Longest Path problem, Quadratic Programming, and several others I don’t have
space to talk about [11,12,26,43,69]. Given all these results, it now appears that
there is a fundamental and wide-ranging connection between the multi-prover
model and the complexity of approximation. Each tightening of the results in
the former model seems a potential source of new results in the latter. Given the
rapid progress, and the three-month delay until the publication of this column, it
would be a bit foolhardy to attempt an open problem list. (The open problems I
originally intended to mention were all solved before I could get to them.) 1
shall thus conclude here, and promise a more leisurely survey of the approxima-
tion algorithm front (including positive results), once the dust raised by the sec-
ond prover has had more time to settle.
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