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Abstract

We presenta system ESOLID, thatperformsexactboundaryeval-
uationof low-degreecurved solidsin reasonabl@mountsof time.
ESOLID performsaccurateBooleanoperationausing exactrepre-
sentationsand exact computationshroughout. The demandsof
exact computationrequire a different set of algorithmsand ef -
cieng improvementghanthosefoundin atraditionalinexact oat-
ing point basednodeler We describethe systemarchitecturerep-
resentationsandissuesin implementingthe algorithms. We also
describea numberof techniqueghatincreasehe ef ciency of the
systembasedon lazy evaluation,useof oating point Iters, arbi-
trary oating pointarithmeticwith errorboundsandlower dimen-
sionalformulationof subproblems.

ESOLID hasbeenusedfor boundaryevaluationof mary com-
plex solids. Theseinclude both syntheticdatasetsand partsof a
Bradley Fighting Vehicledesignedisingthe BRL-CAD solid mod-
eling system. It is shavn that ESOLID cancorrectly evaluatethe
boundaryof solids that are very hard to computeusinga x ed-
precision oating point modeler In termsof performancejt is
aboutanorderof magnitudeslowver ascomparedo a oating point
boundaryevaluationsystemon mostcases.

Keywords: Exact Computation,BoundaryEvaluation, Rokust-
ness Systemmplementation

1 Introduction

A key operationin solid modeling systemsis boundaryevalua-
tion, or computingthe boundaryof Booleancombinationsof two
or moresolids. A numberof algorithmshave beenproposedn the
literaturefor boundaryevaluation,however thesearehardto imple-
mentbecausef accurag androhustnesgroblems. Theseprob-
lemsare particularly signi cant whendealingwith curved primi-
tives. In generalgeometriccomputation®n non-linearprimitives
aremoresusceptibleo inaccuraciesn representatiomndcompu-
tation. As a result,designinga reliable solid modelingsystemfor
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graphicsaandCAD/CAM applicationgemainsa majorchallenge.

Thedif culties in developingareliableor consistensolid mod-
elerusingonly x ed-precisiorarithmeticarewell knowvn [16, 20,
21,23, 24,29, 41,47, 48]. Beyondthereliability of individual solid
modelingsystemsnumericalinaccurag playsa signi cant rolein
problemsof datatransfer This leadsto an estimatedossof more
than$1 billion annuallyin the U.S. automobileindustryalone[6].
Mary solutions,basedn symbolicrelationshipstolerancesinter-
val arithmetic,perturbatiortechniquesetc. have beenproposedo
increasethe accurag and robustnessof boundaryevaluationsys-
tems. Onesuchapproactto this problemis the exactcomputation
paradigni46], whicheliminatesnumericalerrorin geometriccom-
putationsentirely.

In practice,most approachehave beenappliedto polyhedral
modelsonly. In particular techniquedasedon exactarithmeticor
representationareregardedasextremelyslow andimpracticalfor
non-linear(curved) models.Worst-casenalysisof exactcomputa-
tion for curved objects(e.g.[48]) hasfurtherfueledthe perception
thatexactcomputationon curved solidsis completelyimpractical.
Our work addressethis by demonstratingfor the rst time, that
an exactcomputation-basedpproactcanachie/e reasonablef -
cieng/ on curvedsolidswhile eliminatingnumericalerror.

1.1 Main Results

We presentsystemESOLID, that performsexactboundaryeval-
uationof low-degreealgebraiccurvedsolidsin reasonablamounts
of time. ESOLID computesaccurateBooleancombinationsmain-
taining exact representationghroughout. We describea number
of techniquesthat improve the efciency of the system. These
include lazy representationand evaluation, oating point lters,
use of arbitrary precision oating-point arithmeticwith tight er
ror boundsJow-dimensionaformulationof subproblemsetc. ES-
OLID hasbeenappliedto a numberof complex solid models,in-
cludingbothsyntheticmodelsandmodelsdesignedisingthe BRL-
CAD solid modelingsystem. We have comparedts performance
with a boundaryevaluationsystembasedon oating-point compu-
tation. In termsof performanceESOLID is lessthanoneorderof
magnitudeslower in mostcasesand no more thantwo ordersof
magnitudeslower in the worstcase.However, ESOLID caneasily
handlecaseghatarevery hardto handleby x edprecisionbound-
ary evaluationsystems.To the bestof our knowledge,thereareno
previousexactimplementationsf boundaryevaluationthatachieve
comparablespeed®n real-world examples.

1.2 Exact Computation

Theprimaryreasorfor usingexactcomputatiorhasbeento ensure
consistencyn operationsby eliminatingnumericalerror accumu-
lationin intermediatecomputationsAlthoughinput datamight not
be exact (e.g. positionsmay be inaccurateor “noisy,” andcertain
desirablerotationscannot be representeéxactly by rationalnum-
bers), exact computationis still very useful. Without exact com-
putation,errorsbuild up in intermediatecomputation resultingin



inconsistenintermediatedatathat can causeprogramcrashesand
incorrector invalid output. ESOLID makes a particularinterpre-
tation of the given data,thenusesexact computationfor all oper
ationson the dataand exactrepresentationfor intermediatedata.
This eliminatesproblemsdueto intermediateerrorbuildup.

1.3 Paper Outline

We presentherethe issuesand challengesnvolved in implement-
ing an ef cient exact solid modelingsystemfor curved solids. In
section2 we describepreviouswork thathasledto thedevelopment
of ESOLID. In section3 we give anovervien of ESOLID, break-
ing it into its majorcomponentsin section4, we describesomeof
themajorchallengegncounteredh implementingeSOLID, along
with the solutionsthatwe used.We discussthe varioustechniques
usedto increaseef ciency in section5. Section6 presentghere-
sultsof ESOLID appliedto bothsyntheticdatasetsnd“real world”
examples.Finally, section7 concludeswith a summaryof impor-
tantlessondearnedn the procesof implementingeSOLID.

2 Previous Work

2.1 Boundar y Evaluation

Boundaryevaluationis a well-studiedproblemin solid modeling.
Braid [4] provided one of the earliesttreatments,and Requicha
and Voelcker [40] provided a comprehense descriptionof basic
boundaryevaluation. Casaleand Bobraov presentedone of the
rst detaileddescriptiondor boundaryevaluationfor curnedsolids
[7]. Today the basicapproachefor boundaryevaluationarewell-

understoodandhave beenincorporatednto textbooks[22, 37].

More recently robustnessin boundaryevaluation has gained
greaterattention.Someresearcherbave focusedon the useof ex-
act computationfor polyhedralsolids. This work includesthat of
Sugiharaandlri [44], Yu [48], Benouameketal. [2], Sugihard43],
and Fortune[16]. Othershave proposedmethodsfor increasing
robustnesshatdo not rely on exact computation.For eliminating
numericalerrorsin boundaryevaluationon curved solids,the work
hasbeenmuch more limited. Yu has explored sometheoretical
boundsof exactcomputation[48], Fanget al. have exploredtoler
ancemethodsfor boundaryevaluation[15], Hu etal. have explored
interval computationgndrepresentation®3, 24], andDesaulniers
andStewarthave givenlimited resultsontheinterpretatiorof (pos-
sibly inconsistentputput[12].

RequichaandVoelcler have listedandsummarizednary of the
earliestsolid modelingsystemg39]. Solid modelingsystemsave
continuedto be developedin recentyears,suchasthe CSG-based
BRL-CAD systemfrom the Army ResearchLab [14, 13], andre-
searchsystemscreatedo demonstrat@en robustnessechniques.
Exampleof thosesystemsareonesby Fortune[16], Jacksor{25],
Benouameetal.[2], Fangetal. [15], andHu etal. [23, 24].

2.2 Exact Computation

A signi cant amountof work hasheendoneon exactcomputation
in computationabeometry solid modeling,and symboliccompu-
tation. Among the methodsusedto increasethe ef ciency of ex-
act computationsare thosebasedon intenval arithmetic[28, 26],
oating-point lters [17, 18], lazy arithmetic[2], tunedcomputa-
tions[17, 18], precision-drien computatior{46], minimizedinter-
mediatecomputation[8, 5], fasthardware computation[42], and
modulararithmetic[17, 5]. Librariessupportingbasicexact com-
putationhave beendeveloped,with LEDA [38] and CORE [27]
beingnotableexamples.Thesdibraries,however, supportonly lin-
earcomputationsanda limited setof algebraiccomputationsand
arenotsufcient for generaboundaryevaluationproblems.While

someexact methodshave beenappliedto polyhedralsolids, we
arenotawareof ary previous practicalimplementationsor curved
solids.

2.3 Exact Boundar y Evaluation on Non-linear Primi-

tives

Keyser et al. previously presented29, 30, 31] the outline of an
approachor exact boundaryevaluation. While this approachthas
guidedour laterwork, thework presentedherebuilds onthis previ-
ouswork and signi cantly extendsthe resultspresentedn those
papers. Other relevant previous work by Keyser et al. includes
the MAPC library [32]. MAPC providesdatastructuresand rou-
tinesfor polynomials algebraigolanecurves,andtwo-dimensional
pointswith algebraiccoordinates.The MAPC datastructuresand
routineswhichweredevelopedin theprocesof implementinge S-
OLID, form a primarybuilding block for ESOLID.

3 ESOLID Overview

ESOLIDis asystemfor performingexactboundaryevaluation.In-
put is supportedfor several primitives (including the “CSG stan-
dardprimitives” [22]), storedin a CSGtreethatallows union, in-
tersectionanddifferenceoperationsaswell astransformationdy
a4 4 matrix (seesection3.3 for a more detaileddiscussionof
input). Theinternalrepresentatiosupportamanifold objectsmade
up of trimmedpatcheswith surfacesexpressedsrationalfunctions
of polynomialswith rationalcoefcients.

NotethatESOLID is designedo work correctlyfor surfacesof
arbitrarydegreeand compleity. For ef ciency reasonshowever,
only low-degree (algebraicdegreefour or less)surfacesare prac-
tical - higher degree surfacestend to take unreasonablemounts
of time and memory With eachoperation,ESOLID determines
the boundaryof the result, updatingall geometryandtopologyto
storethe resultingobject. Booleanoperationsare not supported
for degeneratecon gurationsof objects. Thusinput, intermediate
representationsand outputmust all be manifold solids, intersec-
tion curvesmay not have singularities surfacesof differentobjects
should not overlap, etc. Currently outputis provided in one of
two forms: eithera human-readablexact output suitablemainly
for testingand dehugging, or an approximateoutput of trimmed
Bezier patches,useful mainly for visualization(e.g. the pictures
shawvn here).

Below, we brie y discusghearchitectureandrepresentationsf
ESOLID, the procesof boundaryevaluation,andinput considera-
tions.

3.1 Architecture

ESOLID consistsof approximately45,000lines of C++ code,im-
plementedon top of the LiDIA library [3]. LiDIA providesdata
structuresand routinesfor exact arithmeticon rational numbers.
Otherlibraries (suchas LEDA [38]) for exact rational arithmetic
couldeasilybe usedinstead.

Solids in ESOLID are representedas B-reps broken up into
trimmedparametriqpatches A surfacewith botha parametricand
implicit form de ned is associatedvith eachpatch. The intersec-
tions of suchsurfacesare storedas algebraicplanecurwesin the
parametrigpatchdomain.Theseantersectiorcurves(whichbecome
trimming curvesin a nal solid afterboundaryevaluation)usually
do nothave arationalparameterizatiowith rationalcoefcients in
the patchdomains. So, intersectioncurves (andtrimming curves)
arestoredin implicit form with endpoints.Theseendpointssince
they canbetheintersectiorof two algebraiplanecurves,canhave



irrationalalgebraiccoordinatesESOLID usesheMAPC represen-
tationfor points,whichinvolvesrepresentingointsas2D intenals
thatareguaranteedtb containa uniqueintersectiorof two algebraic
planecurves. Theintenal endpointsarerationalnumbersandthe
interval sizecanbereducedn demand.

A diagramshawing the organizationalstructureof ESOLID is
givenin gure 1. Theportionsof ESOLID thatareincorporatedn
MAPC arerepresentedsanexternallibrary in the gure.

MAPC provides routines for handling polynomials
(K_POLYs), algebraicplanecurves (K_CURVES), and both
1D points (K_POINT1Ds) and 2D points (K_POINT2Ds)
with algebraic coordinates[32]. It includes routines for
determiningthe topology of algebraicplane curves over a
limited domainand intersectingtwo algebraicplanecunes.
MAPC, which wasdevelopedin the procesof implementing
ESOLID, providesa fundamentabuilding block for the other
ESOLIDclasses.

A K_SURF is the ESOLID representatiofior a surface. It
includeskK_POLYs thatdescribetherationalparametridorm
of thesurface,aswell asaK_POLY giving theimplicit form.

A K_PATCH describespatchesthat form the B-rep. A
K_PATCH includesa K_SURFde ning the surface,LiDIA
bigrationals de ning the domain boundaries,and arrays
of K_CURVESs de ning trimming and intersectioncunes.
Within a given patch with associatedK_SURF s;, each
K_CURVE, ¢, is associatedvith anotherK_SUREF s, such
that c is a subsetof the intersectionof s; ands,, expressed
in the patchdomain.Theseassociateduriaceskeptin anar
ray parallelto thearrayof K_CURVES, is not necessarilyhe
surfaceof theadjacenpatchalongthatboundary

A K_PARTITION describesone subpatchformed during
boundaryevaluation. It includesdatadenotingthe particu-
lar cunesin anassociatedK_PATCH structurethatde ne the
K_PARTITION.

A K_SOLID describeghe overall solid, andis madefrom a
groupof K_PATCHs.K_SOLIDsaretheinputandoutputfor
boundaryevaluation. They canalsobe formedfrom collec-
tionsof K_PATCHSs,groupsof K_PARTITIONSs coupledwith
topologicalinformation, and conversion of input CSG data
(from BRL-CAD).

Topologicalconnectity informationis keptin theindividual

classes.Eachfacestoresthe list of trimming curvesandthe

adjacenfacealongeachcune. Eachcurwe (edge)storesthe

adjacentertices.Thesame3D curve or pointis oftenstored
in more than one 2D patch domain. These"associations”
(pointersto an equivalentpoint or curve in anotherdomain)
arealsostoredandareimportantin boundaryevaluation. An

overalltopologicalgraph(K_GRAPH) is constructedsnec-
essaryduring later stagef boundaryevaluation. Details of

thetopologicalinformationstored andproofof its sufciency

aregivenby Keyser[33]. Notethatbecausef theuseof exact
computation storingredundantopologicalinformationdoes
notleadto robustnesgproblems.

Not shawn in the gure, the PRECISE library [36] canbe
optionally includedasa part of MAPC to speedup calcula-
tionsinvolving algebraicnumbers PRECISEis an extension
of the rangearithmetictechniquesievelopedby Aberth and
Schaeferandimplementedn theirrange library [1].

Boundary Evaluatio BRL-CAD Converters
K_SOLID f--_

‘ K_PATCH M K_PARTITION ‘ ‘ K_GRAPH
K_SURF
MAPC
‘ LiDIA ‘ Graph Algorithms

Figurel: Themajorpartsof ESOLID. Shadedoxesindicateexter
nal librariesusedin ESOLID (includingMAPC). A solidarrow in-
dicateshatonelibrary or structurds anecessarpartof another A
dashedarrav from onestructureo anotheiindicateshatthesource
structurecanbe usedto createthe destinatiorstructure.

3.2 Boundar y Evaluation

Boundaryevaluationis de ned within theK_SOLID class.Thetra-
ditional two-stageapproacho boundaryevaluationis followedin
ESOLID.In the rst stagethepatchesreintersecteghairwise,par
titioning theminto separateomponents.In the secondstage the
partitionsareidenti ed andselectvely stitchedtogethetto form the
nal solid. Although this traditionalapproachis well-understood
andstraightforvard,a numberof individual stepsmustbemodi ed
considerablyin orderto allow it to be usedin an exact computa-
tion scheme.Previous papershave describedsomeof theseissues
in detail[30, 31], but actualimplementatiorhighlightedtheimpor-
tanceof otherissuege.g.curve correspondencahathadnot been
consideredOnly a brief overviev will bedescribechere,although
somestepsaretreatedn moredetailin sectior4.
Theproceduras asfollows:

For eachpair of patches:

— Generatean intersection curve in the domainsof the
patchesy substitutingthe parametricepresentationf
eachpatchinto theimplicit representationf the other
patch.Eachintersectiorcurweis representedsthezero
setof abivariatepolynomial.

— Resolethe topology of theintersectiorcurves(i.e.de-
terminetheir structurein the patchdomain).

— Intersect the intersection curve with the trimming
boundary, determiningthe position of eachintersec-
tion pointin the domainof both patcheq“point inver
sion”).

— Determine the “cur ve correspondencg, thatis, how
the individual portionsof the algebraicplanecurwe in
onepatchdomainrelateto thosein the otherdomain.

— Clip theintersectiorcunesin eachdomainsothatonly
the portionsinsidethe trimmedregionsof both patches
aremaintained.

For eachpatch:

— Mergeintersectiorcurvesin the patchdomain.
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Figure2: A summaryof the ve mainstepsn the rst stageof the
boundaryevaluationalgorithm.Arravs shav how thebasicdataand
kerneloperationsareusedin thevarioussteps.At top arethe steps
in boundaryevaluation,in themiddlearethekerneloperationsand
at bottomarethedatastructuredor theinput solids.

— Partition the patch into differentcomponentbasedn
thetrimming cunes.

— Classify partitions asto whetherthey areinsideor out-
sideof the othersolid by classifyinga point contained
in eachpartition.

— Basedon the Boolean operation, choosethe correct
componentdrom eachsolid to build the nal solid,
updatingall topologicalinformation.

Theseoperationsare built on a set of “kernel operations”in-
cluding curve-cune intersection,curve topology point genera-
tion/location,andimplicit surfacegeneration.Curve-curve inter-
sectionandcurve topology area partof MAPC, andthe new al-
gorithmsdevelopedfor themhave beenhighlightedelsavhere[32].
Point generation refersto quickly generatinga point with ratio-
nal coordinateghat lies on the surfaceof an object. Point loca-
tion refersto classifyingwhethera 2D point lies inside or outside
the trimmed region of a patch, or whethera 3D point lies inside
or outsideof anothersolid. Implicit surface generationrefersto
creatinganimplicit surfacegiveninformationabouta speci c para-
metriccurve and/orpatch.Theef ciency of thesekerneloperations
hasatremendougffect onthe ef ciency of the entiresystem.Fig-
ures2 and 3 shawv the relationshipshetweerthe kerneloperations
andthe stepsin boundaryevaluation. Also shawvn in the gures
is the way that the point (K_POINT), curve (K_CURVE), patch
(K_PATCH), and topological dataare usedin the variouskernel
routinesandstepsof boundaryevaluation.

3.3 Input Considerations

From the beginning, ESOLID was intendedto handledatafrom
real-world examples,meaningdatanot developedspeci cally to
testexact boundaryevaluation. The BRL-CAD [14, 13] datafor-
matwasusedasthemodelfor theinputacceptedy ESOLID.BRL-
CAD is aCSG-basedolid modelingsystemdevelopedatthe Army
Researcth.abandusedfor avarietyof defensepplications Specif-
ically, we focusedon the Bradley Fighting VVehiclemodelprovided

Merge Partition Classify Build
Curves Patches Partitions Solid

Point
Location/
Generation

Implicit
Surface
Generation

Curve-Curve
Intersection

Curve
Topology

Topological
Data

Figure3: A summaryof thefour mainstepsin the secondstageof
theboundaryevaluationalgorithm.Arrows shawv how thebasicdata
andkerneloperationsareusedin the varioussteps.At top arethe
stepsin boundaryevaluation,in the middle are kerneloperations,
andat bottomarethe datastructuredor theinput solids.

to uscourtesyof the Army Research.ahb. It providedalarge,com-
plex, real-world example on which previous boundaryevaluation
attemptshadprovendif cult. While BRL-CAD supportsanumber
of primitive CSG solids, mostof them, including all thoseprim-
itives usedin the Bradley, containonly low degree (surfacesno
morethandegreefour), sowe focusedour efforts on handlingsuch
low-degreecasesf ciently .

BRL-CAD representsll transformationsastransformatiorma-
trices. Transformatiormatricesarethe only methodcurrentlysup-
portedby ESOLID for specifyingtranslationsrotations,etc. Note
thattransformatiomrmatricescanbeinput exactly, while othertrans-
formationdescriptionssuchas“rotation by X degrees, might not
have anexactrepresentationsingrationalnumbers.

Although routineshave beendevelopedto convert BRL-CAD
data les into the ESOLID input format, ESOLID is not limited
to BRL-CAD data. Any datathat canbe expressedy the struc-
turesgivenin section3.1 canbe usedin ESOLID. Note, howvever,
thatonly low-degreesurfaceswill yield reasonableunningtimes.
Thereare someotherminor restrictions(e.g.the suriacesmustbe
one-to-onenappingover thepatchdomain) hovever thesearenot
signi cant for themostcommonCSGprimitives. Seg[33] for con-
versionof severalcommonCSGprimitivesto the ESOLID format.

Although by default ESOLID will treatinput asexact,asmen-

tionedin sectionl.2,exactnesss mainlyintendedo ensureconsis-
teng. Routinesareincludedin ESOLIDthatallow ausertheoption
of perturbinginput datato achieve a particularinterpretation.For
example,the four verticesof a faceof aninput rectangulaparal-
lelepipedmight not be coplanardueto roundof errorin theinput
le. Optionsareprovidedto eithertreatthefaceasabilinearpatch
(an“exact” interpretation),or to t planesto eachfacethenform
new verticesat the intersectionsof the faces(the “perturbed”in-
terpretation). As long as suchinterpretationis madeonly at the
originalinput stage andnotin intermediatecomputationsthe con-
sisteng provided by exactcomputatioris maintained.

Finally, ESOLID inputis restrictecto non-dgjenerateon gura-
tions. Although certaindegeneraciesre accountedor and han-
dled within ESOLID, other degeneraciesan causeESOLID to



fail. Many real-world examplegincludingseveralfrom theBradley
Fighting Vehicle)containnumerousiegeneraciese SOLID cannot
be considered rohustsystem,n termsof handlingall possiblein-
put con gurations. However, ESOLID's eliminationof numerical
errorincreasesobustnesgover aninexactsystem)andsincetreat-
ing numericalerror is an importantprerequisiteto fully handling
degeneracies=SOLID supportsuturetreatmenpf degeneracies.

4 Challeng es

A numberof challengesverefacedn thedevelopmenof ESOLID.
Amongthesewerecreatingthe necessargatastructuresandalgo-
rithmsfor exactcomputatiorandpropagatingnformationbetween
thepatchesA primaryconcernwasef ciency, andthisis discussed
furtherin section5.

4.1 Exact Data Structures and Algorithms

Onemajorobstacleencountereih implementingeSOLID wasthe
lack of existing library supportfor exact computation. While li-
brariesexist for exact rational numbercomputation,none were
foundfor algebraicnumbercomputationgxceptgeneralcomputer
algebrasystems Becausef their generality thesecomputeralge-
brasystemslonotprovide thelevel of ef ciency neededor bound-
ary evaluation. Also, libraries providing geometricdatastructures
tendto focusonlinearstructuregandoccasionallycircles). A more
generalibrary for representingurvesexactly wasnotfound.

We developedthe MAPC library to meetthis need. Although
gearedspeci cally to the boundaryevaluation problem, the data
structuresand routinesfor polynomials, points, and 2D cures
that MAPC provideshave beenappliedto otherproblemsaswell
[10, 45, 19]. As librariesaredevelopedthat supportexactcompu-
tation, one of the major hurdlesto exactimplementationglack of
library/compiler/hardwresupport)will graduallybelowered.

4.2 Transferring Data Between Patches

Mary sub-algorithmsisedin boundaryevaluationinvolve transfer
ring the datafrom the patchof onesolid to the other Two major
examplesof this are performingpoint inversionand curne corre-
spondence.

In thesecasesthemostohviousanddirectapproactwould beto
treatthe problemin 3 or moredimensionsThis provesto be prob-
lematic,however. First, exactoperationsn higherdimensionsare
generallyextremelyslowv. Secondandperhapsnorefundamental,
new datastructuresmight be necessaryo perform suchcompu-
tations. For example,the intersectioncurve betweentwo patches
is representedsa 2D cune in eachpatchdomain—thealgebraic
spacecune is not explicitly represented.We presentalgorithms
for point inversionand curve correspondencbkasedon the lower-
dimensionatepresentation.

4.2.1 Point Inversion

Pointinversionrefersto computingamappingfor apoint, , found

in thedomainof onepatch,Py, to the domainof a differentpatch,
P,. Pointinversioncanbeviewedasa problemin asmary asse/en

dimensiongthetwo dimensionss andt of Py, thetwo dimensions,
u andv, of P,, andthethreespatialdimensiongx y 2)). The prob-

lemis easilyreducedo four dimensions:

F st Gxuv
Fy st Gyuv
F st Gzuv

whereonewantsto nd aparticular u v intenal correspondingo
agiven st interval. This four dimensionalbperationis still too
time-consumingo yield an ef cient implementation.Fortunately
we canreducethe computationto a seriesof 2D and simple 3D
calculationsaspresentedhere:

is describedas the particular intersectionof two curwes,
fst Oandgst 0. In boundaryevaluation, f andg will
always be either intersectionor trimming curves. Thus, f is the
intersectiorof asurface,5; x yz 0 with Py, andg is theinter
sectionof asurface,S xyz  Owith Py. In all casesvherepoint
inversionis necessareitherS; or S, (say S, for this example)is
the surfacecorrespondingo the patchP;.
_ Theintersectionof Py with P, is alreadycomputedasa curwe,
fuv 0in P)’sdomain. Theintersectionof S with P» is now
computedn theformg uv 0. Next, theintersectionof f and
g arecomputed.This yields a setof points, p1 p2 pn, oneof
which mustbetheinvertedpoint.

Notethatif S or S is self-intersectingdi.e. it doesnot have a
one-to-onecorrespondencbetweenthe domainandthe surface),
thentheremaybe morethanonepossibleinvertedpoint. We avoid
suchcasesby always dividing primitive input solidsinto patches
suchthat eachpatchhasa one-to-onemappingover the patchdo-
main. By decomposingolidsappropriatelythis is alwayspossible
for the patcheof thecommonCSGprimitives[33].

To this point, only 2D operationshave beenrequired.Very basic
3D operationsare nowv usedto determinewhich of the p; is the
invertedpoint. We nd a3D interval (in x y zspacepoundingeach
pi. This canbe doneby substitutingthe 2D internval boundingp;
into the parametridorm of the P,'s surface,S; . Intenval arithmetic
operationsdeterminethe boundsfor a 3D intenal guaranteedo
boundp;. Theseintervalsarecomparedo aninterval bounding
Typically, only one p; hasan overlappinginterval andthis will be
the invertedpoint. If two or moreintervals overlap 's interval,
theinvolvedintervalscanbereducedThisis doneby reducingthe
2D interval surroundingeachpoint (afunctionprovidedin MAPC),
constructinga nev 3D intenal from that2D interval, anditerating
until theambiguityis resohed.

In this way, pointinversionhasbeencorvertedfrom a higher
dimensionaprobleminto aseriesof 2D computationgcurve-cune
intersections)alongwith somesimple3D internval matchingcom-
putations.

4.2.2 Curve Correspondence

Curwe correspondenceefersto nding theorientationof acurvein
onepatchdomainrelative to the samecurve representeéh the do-
main of anothematch. Eachalgebraicplanecurve hasa direction
inducedonit in thedomainof the patch.Thealgebraigplanecurve
(in the parametespace)is part of a curve in threespatialdimen-
sions.This 3D curve (or a portionof it), representeth thedomain
of adifferentpatch,mayhave eitherthe sameor anoppositeorien-
tation from the original algebraicplanecurve. A commonway to
computecure correspondends to tracethe curve in threedimen-
sions,however mosttracingmethodsareapproximateandsubject
to numericalerror Furthermoreit is preferableo rely ononly 2D
operationsfor ef ciency reasons.

Before curve correspondencis calculated the pointsat which
a cune intersectgthe trimming curves of a patchare determined.
By pointinversion,the locationsof thesepointsarefoundin both
relevant patchdomains. If a connectecturve intersectdrimming
cunesin 3 places,thenthe threeresultingpoints can be usedto
determinea directionfor the curve in both patchesandto verify
thata particularportionof the curve in onepatchdomain(bounded
by two of the points) corresponds$o a given portionin the other
If thereareonly two intersectionsan additionalpoint canbe gen-
eratedto determinehis information. Thus,invertedpointinforma-
tionis usednsteadof curve tracingto transmitorientationfrom one



patchdomainto theother More detailson this algorithmandsome
relatedassumptionaredescribedy Keyser[33].

5 Efcienc y Considerations

A majorconcernin theimplementatiorof ESOLID wasto malke it
asefcient aspossible.The goalwasto createanimplementation
that was one to two ordersof magnitudeslover than an inexact
implementatior{(i.e. takingno morethan10-100timesaslong) on
real-world examples.In orderto achieve this,anumberof different
speedupechniqguedadto becombined.

In orderto understanatertainspeedupsmentionmustbe made
of SturmsequencesSturmsequenceareatechniquaisedto count
the numberof real roots of a polynomialin anintenal. Sturm
sequenc®perationsnvolve generatingand evaluatinga seriesof
polynomials(seeelsavherefor a morecompletedescription[11]).
Sturmsequenceslongwith resultantcalculationsform the basis
for the curve-cune intersectiontestsimplementedn MAPC, and
playamajorrolein ESOLID's ef ciency.

5.1 Speedups

Numerousspeeduptechniqueswere emplgyed in ESOLID, and
spacepermitsonly a brief mentionof eachtype here. References
areprovidedto prior usesof thetechniquesthoughnot necessarily
in theway usedin ESOLID.

Lazy evaluation attemptsto postponehigh-precision(i.e.
time-consuming)omputationsas long as possiblein hope
thatthey will notbenecessary?]. Lazy evaluationis applied
to both point representation§ntervals surroundingalgebraic
coordinatesrereducednly asneededandcurverepresenta-
tions (curvesaresubdvided into sgmentsasneeded)n ES-
OLID.

Quick rejectiontechniquesnvolve quickly identifying cases
where computationcan be avoided entirely. Interval arith-

metic[28, 26] is sometimesusedto avoid morecomplicated
algebraiccalculationsinvolving curvesand patchege.g.de-

termining whethera curve can intersecta particular patch
boundary). Af ne arithmetic[9], closelyrelatedto interval

arithmetic, can be usedto speedup polynomial sign tests
by providing tight error boundsand an ef cient implemen-
tation whenevaluatinganintenal in a polynomial. Intenal

arithmeticbasedon both exact rational interval boundsand
on IEEE oating-point interval boundshasheenusedin ES-

OLID. Theuseof boundingboxeds anothemwell-known tech-
niquefor quick rejection,andis partof the point, curve, and
patchrepresentations ESOLID. For example,patchbound-
ing boxes are comparedto eliminate caseswhere patches
clearlydo notintersect.

Simplied computation refersto substitutingfast, simple
computationgor morecomplex ones.As anexamplein ES-
OLID, qualitativeinformationcanbe maintainedwith points
to allow nearly instantaneougquality checkingin certain
casesas opposedto the rathertime-consumingexact alge-
braic numbercomparisonsisedotherwise. Algorithms can
male useof problem-speci cinformationto avoid moregen-
eral,andthusmoretime-consuminggcomputation For exam-
ple,curve-cuneintersectioris greatlysimpli ed if thecurves
arefoundto be horizontalor vertical. Algorithms developed
for MAPC [32] useknowledgeaboutthe limited domainto
perform more ef cient curve-cune intersectiontestsandto

determinecurvetopology A third exampleof simpli ed com-
putationin ESOLID is interval reductionfor intervals sur

roundingalgebraicnumbersIf analgebraicmumberis asim-

pleroot, its de ning polynomialwill be negative on oneside
of therootandpositive on the other(andwhich sideis which

is alreadyknown), thus allowing a simple polynomial sign
test(ratherthana full Sturmsequencevaluation)to reduce
thewidth of theintenal.

Lower-dimensionalformulation of severalpartsof thecom-
putationalso leadsto greatefciency impraovements. With
exact computationespecially the higher the dimensionof
the problem, the longer the computationtakes. It is often
muchfasterto replacea single higherdimensionakcomputa-
tion by oneor morelower-dimensionatomputationsExam-
plesof this in ESOLID are point inversionand curve corre-
spondencéseesection4.2), the overall boundaryevaluation
algorithm (all points, curves, and computationsare in only
two dimensions)andcurve-cune intersection2D computa-
tion replacedby a resultantanda seriesof 1D computations
[32]).

Floating-point evaluations arestill very usefulasa speedup
technique,even thoughthey might not be exact. Floating-
point lter s[17, 18] area way of avoiding certainexpensve
exactcomputationdy computingin oating-point hardware,
but maintainingan error bound. If the erroris smallenough,
a decisionis madebasedon the result of the computation,
but without exact arithmetic. This is usedto avoid certain
Sturmsequencealculationsn ESOLID. Anothertechnique,
oating-point guidedcomputatiorhasproven evenmoreuse-
ful for dealingwith algebraicnumbers. This refersto mak-
ing a “guess”of a root using oating-point techniquegwith
no error bound),thenusing exact methodsto verify that the
guesswas close enoughto the real answer For example,
rootsof apolynomialcanbeapproximatedisinganimprecise
method(e.g.Newton's method) thenSturmsequencesanbe
usedto verify thatthe right numberof rootswasfound, and
that a small interval aroundeachapproximateroot contains
the trueroot. Thusa tight, guaranteed exactboundis gen-
eratedfasterthan by standardntenal bisectiontechniques.
Arbitrary-precision oating-point computationscan also be
used.This meanghat oating-point numbersarerepresented
using ary numberof bits. Although slower than standard,
hardware supportedEEE oating-point computationssuch
oating-point numberscanprovide precisionfrom the IEEE
level (53 bits) all the way up to exact oating-point calcula-
tions. This allows oating-point Iters with varyinglevels of
accurag. The PRECISElibrary [36] implementsarbitrary-
precision oating-point computationlt is anextensionof the
rangearithmeticpresentedy Aberth and Schaeferand im-
plementedn their rangelibrary [1]. ESOLID optionallyin-
cludesPRECISEwithin MAPC aspartof a Iter for speeding
up Sturmsequenceomputations.

5.2 Layering Speedups

ESOLID appliesall of thespeedupBstedabore into amultilayered
approach.As an example,the processor reducingthe sizeof an
interval surroundingan algebraicroot (in one dimension)will be
described. This interval reductioncomputationis in turn part of
morecomplex computationghatincorporatemoreof the speedups
listedabove.

Themidpointof theinterval is determinedor anotherpointis
provided).



If therootis simple,thede ning polynomialwill be positve
on oneside,negative onthe other Thesignsatthe upperand
lower intenal boundsareknown beforehand Thus,only the
signatthemidpointneedgo be determined:

1. Apply a oating-point lter to try to determinehesign
of thepolynomialatthe point.

2. If thatfails, evaluatethe polynomialusing exact com-
putation.

Otherwisea Sturmsequencealculationatthemidpointmust
be performed:

1. Use oating-point ltered computationto attemptto
evaluatethe Sturmsequence.

2. If thatis unsuccessfulysearbitrary-precisionoating-
pointcomputationPRECISHibrary) to determineand
evaluateanapproximateSturmsequence.

3. Determingpolynomialsfor Sturmsequencexactly, and
evaluatesignsusinga multilevel approachasdescribed
abore.

5.3 Effectiveness of Different Techniques

Mary of thespeedupechniquesve usehave beenusedndividually
in previousapplicationswith goodsuccessCombiningtechniques,
however, doesnot necessarilycombinethe effectiveneswof thein-
dividualtechniquesTherearetwo reasongor this.

First, certaintechniqguegendto speedup the samecases. For
example,the casesvhereexactaf ne arithmetic[9] is mosteffec-
tive are often the samecaseswhere oating-point lters are most
effective. In mostcasesve have found, thereis still abene t to be
realizedby usingbothtechniquesbut in othercasestheincreased
overheadrom applyinga secondmethodcanactuallyreduceover-
all efciency.

Second,some speeduptechniquestend to con ict with each
other in thatthey have differentgoals. For example,lazy evalua-
tion of pointcoordinategncouragemtenalssurroundinghepoint
to bemaintainedaslargeaspossible shrinkingthemonly asneces-
sary Floating-pointguidedcomputationpntheotherhand,encour
agesintenals surroundingpointsto be reducedo the precisionof
the oating-point estimateln practice a balancas struckbetween
them—interalsarereducedartherthanlazy evaluationwould dic-
tate,but lessthan oating-point guidedcomputationwould recom-
mend. Although the optimum balancewould be dif cult to nd,
this combinationstill hasresultedin speedghat are greaterthan
eithertechniqueemplo/edalone.

Eventhoughtechniquesffseteachother in totalthesespeedups
provide several orders of magnitudeimprovementin speecbverthe
straightforvard exactapproach.

6 Results

ESOLID hasbeenappliedto several test casesboth “synthetic”
and‘“real-world” Syntheticcasesvere createdspeci cally to test
or demonstraté¢he capabilitiesof ESOLID. Real-world casesvere
taken from a model developedin anothersolid modeling system
(BRL-CAD [14, 13]) in orderto determinghe effectivenesof ES-
OLID on casesotspeci cally designedor ESOLID.

ESOLID providesthe option of including the PRECISElibrary
[36]. PRECISEis an extensionof Aberth and Schaefes range
arithmetic[1], basedon arbitrary precision oating-point compu-
tation. It is usedin ESOLID asa lter to speedup calculationof
Sturmsequences key partof curve-cureintersectiorcalculations

aswell asothercalculationsinvolving algebraicnumbers.Except
wherenoted,timingsbelov do notincludePRECISE.

All timings presentedn this chapterare in secondson a 300
MHz R12000processaor

6.1 Synthetic Data

Figure4 shavs examplesof simple Booleancombinationson ba-
sic primitives supportedin ESOLID. This demonstratesomeof

the objectsthat ESOLID allows. Note that ESOLID can handle
caseswhereobjectshave multiple componentsand genusgreater
thanone. Table1 givesperformancalatafor thesebasiccasesAs

canbeseengvenfor thesebasicexamplesseveral curve-cune in-

tersectiortestsmay be performed,andthe resultsmay needto be
foundto high precisions.

6.2 Real-World Data

Real-world sampleinput wastaken from the Bradley Fighting Ve-
hiclemodel,providedcourtesyof theArmy Research.ah Thisisa
modelcreatedn theBRL-CAD systen(14, 13], aCSG-basedolid
modelingsystem. The Bradley is composedf over 5000 solids.
Primitivesusedare polyhedra(53%), generalizecconesincluding
cylinders (44%), ellipsoidsincluding sphereg2%), andtori (1%).
Althoughtheseprimitivesarelow-degree they have beencombined
to createa complex model.

ESOLID was appliedto several partsof the Bradley, someof
which areshavn in gure 5. Timing datawastaken bothwith and
without inclusion of the PRECISElibrary. The samepartswere
alsoprocessedyy the BOOLE system[35, 34]. The BOOLE sys-
temperforms(inexact)boundaryevaluationbasecbn |IEEE double-
precision oating-point arithmetic. BOOLE usestolerancedo at-
temptto reducethe problemsassociateavith numericalerror Ta-
ble 2 gives the numberof Booleansinvolved in eachpart, along
with timing datafor eachsystem.Note thatthesepartssometimes
includea groupingoperationwhich may appeamsa union opera-
tion but doesnot requireary arithmeticcomputatior(i.e. solidsare
megedwithout concernfor potentialintersections).As is shawvn,
ESOLID performswithin two ordersof magnitudein time on the
casesBOOLE alsoworked on. With the inclusion of PRECISE,
thesetimesarewithin aboutoneorderof magnitudealthoughsome
of thefastercasesareslowveddown slightly by PRECISE Notealso
thatBOOLE is unableto handlesereral caseqseesection6.3 for
moredetails).

A breakdavn of the individual timings under ESOLID (with-
out PRECISE)are shavn in table 3. Notice that curve-cune in-
tersectiorcomputationsrethe dominantfactorin theoverall time.
Thetwo majorpartsof curve-cune intersectionasimplementedn
MAPC) areresultantomputationgind(univariate)Sturmsequence
computationsAs thetableshaws, theportionof thecurve-cunein-
tersectiontime spentin eachof thesevariesgreatly In general,t
appearshatfor longerrunningcasesthe curve-cune intersections
(speci cally Sturm sequencealculations) take a higherpercent-
ageof theoveralltime. Therangearithmetic(following Aberthand
Schaefes developmen{1]) includedin the PRECISHibrary is in-
corporatedorimarily to speedup Sturmsequencealculationsand
achievesits besteffectson casesvhereSturmcomputationglomi-
natetherunningtime. Also noticethatall casesusea high level of
precisionto isolatealgebraicnumbers.Due to the lazy evaluation
proceduresisedn ESOLID, it islikely thatlevelsof precisionclose
to this would be requiredin orderto guaranteeccurag. While a
systemthatdoesnot provide this level of precisionmay still work
(e.g.BOOLE on casesa—d),it will beproneto failure.



Example || a| b | c| d | e fl 9] h | i

Objectl || box | box | cyl. ell. | torus | twist | cyl. ell. ell.

Object2 || box | twist | box | box | box cyl. | cyl cyl. | twist

Degreeof ObjectSurfaces|| 1,1 12| 21 2,1 4,1 22| 22 2,2 2,2

Numberof IntersectingPatches 6 12 6 8 8 8 4 8 9
MaximumbDegreeof IntersectionCurves 1 2 3 2 4 6 6 6 4
Numberof Curve-Curventersections 90 | 551 | 394 | 990 | 447 562 | 407 881 744
Numberof Univariate RootsFound 0| 240 | 353 | 1268 | 900 | 2004 | 607 | 2248 | 1753

Bits of Precisionin Algebraic Numbes - 10 13 59 87 52 31 87 25
Total Time || 0.39 | 1.35] 0.90| 4.62| 8.25| 22.05| 5.50 | 49.41 | 28.83

Table 1: Detailsof the differenceoperationsliustratedin Figure4. Object1 describeghe baseprimitive, while Object2 describeshe

primitive being subtracted. The primitives shovn are a box (polyhedron),twist (a box twisted so that somefacesare bilinear patches),
cylinder, ellipsoid,andtorus. The degreeof the surfacesin thetwo objectsis given,followed by the numberof pairsof patcheghatactually
intersect. The maximumdegree (in the parametricdomain) of the intersectioncurvesis also shavn. The total numberof cure-cune

intersectioroperationgperformeds given,alongwith the total numberof univariaterootsfound(i.e. the numberof algebraimumberdound

asarootof a univariatepolynomial). The maximumnumberof bits of precisionusedto representhesealgebraicmumberss given,followed

by thetotal time takento performthe Booleanoperation.

Example || Name Numberof ESOLIDTime | ESOLIDTime | BOOLE
Number Booleans| withoutPRECISE| with PRECISE Time
a Tow Hook 2 10.23 10.95 2.23
b WheelAssembly 4 12.57 12.69 281
c M16Rie 6 633.42 42.99 6.68
d TrackLink 11 132.48 137.64 27.74
e RelayMechanism 1 250.74 73.86 -
f Crew Member3 2 26.37 28.14 -
g LauncheMount Part 3 63.15 61.26 -
h SupportAssemblyPart 6 213.72 105.99 -
i RearHatchHinge 7 58.92 63.48 -
i EngineAccessHatch 16 54.78 58.44 -

Table2: Overall timings for the examplesin gure 5. The numberof Booleanoperationgperformedis shavn, alongwith the timestaken
in ESOLID (bothwith andwithout the PRECISHlibrary for arbitrary-precisionoating-point Iters of Sturmsequencesandin BOOLE (a
boundaryevaluationsystenbasedndoubleprecisionlEEE oating-point arithmeticandtolerances)A "-' indicateghatboundaryevaluation
failedonthatobject.

Number | Numberof | Maximum % of Time | % of Total | % of Total

Example || of Curve- | Univariate Bits of Total | in Cure- Timein Timein
Number Cune Roots | Precision Time Cune Resultant Sturm
a 425 1831 42 10.23 68.0 54.3 5.0

b 637 1106 59 12.57 54.2 46.8 1.9

c 1003 3834 57 633.42 98.2 3.6 94.3

d 4444 13511 75 132.48 74.9 64.6 3.7

e 320 6311 41 250.74 95.1 15.6 76.0

f 315 2259 45 26.37 81.6 71.1 4.9

g 974 5227 65 63.15 81.7 63.6 13.2

h 1162 7116 66 213.72 92.5 35.8 547

i 1266 8191 87 58.92 69.1 57.4 5.3

j 1799 5334 69 54.78 64.2 55.0 3.8

Table3: Timing breakdevn underESOLID,withoutPRECISEfor theexampledn gure 5. Thenumberof curve-cuneintersectionss given.
The numberof algebraicnumbersfound asrootsof univariatepolynomialsis shavn, alongwith the maximumnumberof bits of precision
usedto representhesealgebraicnumbers.Thetotal time is shavn, alongwith the percentag®f time spentin curve-cune intersectionthe
major componenbf the boundaryevaluationalgorithm. The percentagef total time spentin the two major componentof curve-cune
intersectionresultanttomputationandSturmcomputationggeneratiorandevaluationof Sturmsequences)s alsoshawvn.
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Figure4: Theresultof Booleanoperationsn pairsof primitivesin Figure5: Examplepartsfrom the Bradley Fighting Vehiclemodel.

ESOLID. Detailsof thevariousoperationsregivenin table 1. Detailsof themodelsandtimingsaregivenin tables2 and3.



Depthof || Precision| Total | Sturm | Resultant
Penetration|| Required| Time Time Time
(10 % (bits) (s) (s) (s)
3 20 8.64 2.19 4.17

6 20| 1245 4.14 5.61

9 25| 17.25 7.23 7.47

12 30| 22.98] 11.13 9.15

15 40 | 33.21| 17.07 11.88

18 52 | 47.46]| 24.66 14.46

21 58 | 60.15| 32.64 18.15

24 62| 86.76| 47.64 22.80

27 68 | 147.66| 99.75 26.37

30 71| 120.36| 74.79 29.64

33 77 | 164.01] 108.03 34.41

36 117 | 205.17| 143.40 38.34

39 88 | 446.28| 357.63 46.89

42 141 | 317.55| 237.15 49.11

45 96 | 385.80| 296.19 55.80

Table4: Timing resultsfor examplej from Figure4. The depthof

penetratiorof thetwo cylindersis givenin the rst column.Follow-

ing thatis themaximumprecisionrequiredin theboundaryevalua-
tion algorithmto representhe algebraicnumbersexactly. n bits of

precisionrequiredmeanshat algebraichnumberswvere determined
to aninterval of width no smallerthan2 ". Thetotal time to per

form boundaryevaluationis listed, followed by the time spentin

Sturm computationgboth generatiorand evaluationof Sturmse-
guences)andin resultantcomputations.

6.3 Importance of Precision

Considerexamplej in gure 4. Two cylinders barely interpene-
trate. Table4 givesperformancealatafor this caseat varyinglevels

of interpenetration As canbe seenthere,dependingon the depth
of penetrationhigh levels of accurag may be requiredin order
to achieve guaranteedorrectness.For someof thesecasesit is

impossiblefor standardoating-point datato provide the appropri-
atelevel of precision,sincelEEE double-precisiorarithmeticcan
provide at most53 bits of precision,underthe mostideal circum-

stancesWhile it is unlikely thatary real-world examplewould be

arrangedike this, this caseillustratesthat ESOLID can correctly
operateatthesehigh levelsof accurag.

Figure6 shawvs two real-world exampleswvherea x edprecision
arithmeticbasedmodelercanhave problems.Example6(a) shavs
oneBooleanoperatiorfrom the Crew Member3 example(5(f)). A
differenceoperationis performed,resultingin the solid shavn in
gure 6(b). BOOLE's failurein this caseis reportedasa “curves
did not close” error, indicating a signi cant problemwith the in-
tersectioncurve computation. Although thereare mary possible
reasonghis could occur it is clearthatthe two solidsmeetnearly
tangentially Neartangentialintersectionsare highly proneto nu-
mericalerror, sincea slight modi cation in eithersolid canhave a
major impacton the intersectioncurves betweenthem. It canbe
surmisedhatsucha problemled to BOOLE'sfailure.

A moredirect exampleis shavn in gure 6(c). This close-up
view of the Relay Mechanism(5(e)) shavs two cylinders meet-
ing in a nearly degeneratecon guration. The intersectioncurve,
shavn in thedomainof onepatchin gure 6(d), evenappearsin-
gular In fact, this curwe is not singular(it hastwo separateom-
ponentsandESOLID correctlyresohesthetopologyof the cune.
BOOLE, however, exits with an error that a singularity hasbeen
found. Clearlythe exactcomputatiorof ESOLID allows anopera-
tion to be easilyperformedthatwould otherwisecauseproblems.

0.4

C d
Figure 6: Close-upviews of Booleanoperationswhere BOOLE
fails.

7 Conclusion

We have presenteda descriptionof the ESOLID systemfor per

forming exact boundaryevaluation of curved solids. ESOLID

hasbeenappliedto real-world examples,achieving timesthat are
within oneorderof magnitudeof thetime spentby aninexactsys-
tem on thesecases.We have alsodemonstratethat ESOLID can
accuratelyevaluatea boundaryin caseghatareproneto numerical
errorin inexactsystems.To our knowvledge,no otherexactsystem
hasachieved suchresults.

7.1 Implications for Further Development

ESOLID hasdemonstratedhat exact boundaryevaluationis pos-
sible with reasonablef ciency for low-degreecurved solids. ES-
OLID wasdesignedoth asa proof-of-concepandasa systemto
allow variousspeedupsndalgorithmsto be compared.We hope
thatshawing thatsuchanimplementatioris possiblewill sparkfur-
therwork in exactcomputatiorwith curved solids,andthatknowl-
edgegainedrrom theimplementatiorof ESOLID canbetransferred
to aid future systems Although exactcomputatiormay still betoo
slow for mary applicationsijt is reasonabléo expectthatwith fur-
therresearctanddevelopmenttheef ciency of exactcomputations
canfar exceedthelevel presentedhere.

7.2 Lessons Learned

Implementationof ESOLID was a considerableamountof work,
andseverallessonsverelearnedn the processAmongthesewere
thefollowing:

Designing Algorithms for Exact Computation: Substitut-
ing exact algorithmsfor inexact onesis likely to be far too
inef cient for practicalapplication.For example pointequal-
ity is very efcient in oating-point, but may be extremely
slow in exact computation. In orderto build an (ef cient)

exact system,exactnessmust be consideredat all levels of
algorithmdesign.



Layering Speedups:As mentionedn section5, awide vari-
ety of layeredspeedupsnustbe usedin orderto achieve the
overall ef ciency desired.

Testing: Although exact computationis meantto eliminate
numericalerrors,exactcomputationsarejustasprone(if not
more so) to programmingerrorsasinexactones. Sinceeach
exactroutineis assumedo bereliableandno tolerancewwill

beusedatlaterstagesthoroughtestingfor accurag isimpor-
tant.

SpaceRequirements: Exact computationsand representa-
tionstendto usetremendousamountsof memory Although
notafocusof thework on ESOLID, theimportanceof mem-
ory managemenbecamevery apparengt later stagesof de-
velopment.

Redundant Information: In a non-exact system,redundant
topologicalor geometridnformationis a potentialsourcefor
seriousrobustnesgproblems.Onesourceof computation(us-
ing or modifying one setof data)can causeinconsistencies
which eventuallyyield seriousrobustnesgroblems. For ex-
ample,storing both vertex positionsand planeequationsfor
polyhedracanyield inconsistenciegsince the vertex might
notlie exactly onthe planeof anadjacenface).Avoiding re-
dundantinformationcanresultin morerobust programs put
often requirescareful constructionof operatorsand may re-
sultin codethatis non-optimal(e.g.verticesmaybespeci ed
only implicitly astheintersectionof threeplanes).With ex-
act computation however, no inconsistenciesvill arise,and
thusit is notnecessaryo constantlyensurethatonly aconsis-
tentsetof datais used.This leadsto easieprogrammingand
allows operationdo bespeci edmoreefciently .

7.3 Future Work

Thereareseveralavenuesopenfor futurework extendingfrom ES-
OLID. Amongtheseare:

Higher-degree Surfaces: Although ESOLID doesnot limit
the degreesof input surfaces higherdegreesurfacesarestill
fartooslow (morethana1-2ordersof magnitudedifference).
While low-degreesolidsaresufcient to handlethe standard
CSG primitives, handlinghigherdegree surfaceswould cer
tainly beuseful.

Degeneracies:ESOLID is restrictedin thatit assumeshat
inputwill notbe degeneratepreventingESOLID from being
consideredully robust. Degeneracieareapartof mary real-
world examples,andit would be usefulto addresghem. di-
rectly. Exactcomputatioris animportantprerequisiteo truly
handlingdegeneracieshowvever, so ESOLID cansene asa
basefor exploring new approaches degeneracies.

Speedups: Besidesthose listed, numerousother speedup
techniguesnaybeapplied.

Memory Issues: Besidestime-efciency, memory-efcient
exactcomputationsreaworthwhile subjectfor furtherstudy

Extended!/O and Integration: Thecurrentinputandoutput
capabilitiesof ESOLID, while usefulfor researchpurposes,
couldbe expandedsigni cantly.
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