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Abstract

Given a setof points in the plane,the location depthof
a point  is the minimum numberof points of  lying in
a closedhalfplanede ned by a line throgh . The setof
all points in the plane having location depthat least is
calledthedepthcontourof depth . In thispaperwe present
an algorthm that makesextensive use of moderngraphics
architecturego computethe approximatedepthcontoursof
a setof points. The outpu of our algorithm presentshe
contoursas a coloring of eachpoint with its depthvalue,
as opposedto computingthe geometricdescriptionof the
contour boundary Our algorithm performs signicantly
betterthancurrentlyknown implementatias, outperfoming
themby atleastoneorderof magnitudeandhaving a strictly
betterasymptotiogrowth rate.

1 Intr oduction

The location depthof a poirt with respectto a x ed setof
input points hasbeenusedin statisics asa way to identfy
the centerof a bivariate distribution [10]. The associated
notionof a depthcontour(the setof all points having depth

), hasbeenemployedn this contet to isolatethe “core”
of a distribution [22]; the Tukey medianis the contourof
points at maximum/locationdepth. As explainedin [22],
one cande ne a shapecalledthe “bagplot” that effectively
separatesutliersin adistributionfrom thecore. Thebagplot
“visualizesthe location spread,correlation,skavness,and
tails of thedata”’[22]. An illustrationof thisideais shavnin
Figurel. The gure ontheleft is asetof pointsrepresenting
abivariatedistribution, wherewe canseeaweakcorrelation
betweenthe parameterson the and coordirate axis.
On the right is the set of depthcontoursfor this dataset;
notice the inner lighter region, which clearly indicatesthe
correlation.

From a geometricperspectie, the locationdepthof a
point is interestingin terms of its relationto -levels of
an arrangement. The problem of computingcenterpoints
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Figurel: An illustrationof depthcontours

(whichareessatially pointsof locationdepth — ina -
dimensionakpacehasbeenexaminedearlier; Cole, Sharir
and Yap [2] presentecan algorithm that computescenter
pointsin theplanein time log , andNaorandSharir

extendedhisto threedimensiosin time log .Ma-
tousek[15] proposedanalgorithm thatfor ary , computes
thesetof poinsatdepth intime log ; healsocom-
putesthe Tukey medianin time log

Thelocationdepthanddepthcontourproblemshave ap-
plicationsin hypohesistesting robuststatisticsandevenin
variousprobkemsin cell biology (especiallyfor moving point
sets)[3]. Hence,it is importantto developfastimplementa-
tionsfor usein thesedomains.In the statisticscommunity
programdike ISODEPTH[23], HALFMED [21], andBAG-
PLOT [22] have beenusedfor this purpose.

More recently Miller et al [17] proposedan optimal
algorithm that computesall the depthcontoursfor a set of
pointsin time , andallows the depthof a pointto be
queriedintime log . They demonstrat¢hatcompared
to HALFMED (the previously bestknonn implementation
for computingthe Tukey median),their algorithm performs
far betterin practice. For example, on a datasetof 1000
points,theiralgorithm runsin secondsascomparedo

secondd$or HALFMED.

1.1 Hardware-AssistedAlgorithm s
Ourwork is basedon the paradigmof hardware-assistedl-
gorithms Thegrowing powerandsophisttationof graphics



cards,(andtheir easyaccessibility) hasmadeit possibleto
implementfairly complex operationglirectlyonthegraphics
chip. In the graphicscommunity Rossignaet. al. [20] and
Goldfeatheret. al. [4] usethe graphicshardwareto perform
real-time constructve solid geometry Greeneet. al. [7]

have usedthe“Z query” featureof somespecializedyraph-
ics hardwareto implementtheir hierarchicalz-buffering al-

gorithm. Hoff et al [11] usethe hardwareZ-buffering capa-
bilitiesto computeVoronoidiagramsof dynamicprimitives
in real-time,which is thenusedfor acceleratedinteractie
motion-phnning[12]. Krishnanet al [13] describea visi-

bility orderingalgorithmfor directvolumerenderingof un-

structuredgrids usinga combinatia of the Z-buffer andthe
stencilbuffer.

Thepapetby Hoff etal isanexampleof usingthegraph-
ics hardwardgo computeafundamentagjieometricobject:the
Voronoi diagram. In recentwork, Mustafaet al [18] use
similartechniqueso simplify large geographienapsin real-
time; onceagain,the useof the graphicshardwareenables
themto achieve real-timeinteradivity for a fairly complex
problem.

1.2 Algorithm Analysis

Complexity. The use of graphicshardwarepresents
an interestingproblem for algorithm design. Since the
graphicsengineoperatedike a nite statemacine, with
ead geometricobjectpassinghroudh a renderingpipeline,
certain operationscan be performedextremely ef ciently,
andotherg(like readingvaluesof hardwarebuffers)aremuch
more expensve. To understandhe behaior of algoritims
designedon this platform, and to get an intuitive notion
of whatis “cheap”, an abstractcostmodel of the graphics
enginewould be extremelyuseful. We present preliminary
versionof sucha modelin this paper Similar approaches
have beentakenby Peerg etal [19] andLindholm etal [14].

Robustness. The tremendousmprovementsin perfor
mancethatonecanachieve by usinggraphicshardwarecome
at a price. Sincethe lowestunit processedy the graphics
engineis a pixel, featuresin the input that are at sub-pixl
resolutionmay be lost. Thereforeit is importantto quan-
tify theerrorthatthe output producedy sucha methodwill
have, andformulatemethodgo dealwith this problem.

The readermight notice the connectionbetweenour
work on rasterdisplaysandthe vastbody of work on nite
resolutioncomputationabeometry[6, 9, 5, 8, 16]. Oneof
the main directiors (especiallyin the context of geometric
roundingis to modify the outpu of an exad algorittm (for
examplefor computindine interse¢ionsin theplane)sothat
whensnappedo a grid, the topobgy of the arrangemenis
presered (or at leastis consistentvith the original). More
recently, algorihms have beendesignedto do the outpu
computatiorandroundigtogetherfor improvedef ciency.
All of theseapproacheassumehatthe algorithim hascon-

trol over the roundirg processtechniquedike shortest-path
roundirg[16] heavily rely onthis. However, we have nocon-
trol over the rasterizationprocess,and this is what makes
techniquedrom this areadif cult to adaptin our domain.
Moreover, our methodsheasily useoperationdn the hard-
warethatwould be very inef cient to performin software.
We also note that we are not aware of ary algoritims for
computingdepthcontourghatoperateona nite grid.

1.3 Our Results
In this paper we presenian algorithm that makesextensve
useof moderngraphicsarchitectureso computethe depth
contoursof a setof point, and allow queryingof location
depth.Ourimplementations signi cantly fasterthanthatof
Miller etal; on a datasetof size 1000,our implementation
runsin roughly secondsandour growth rateis linearin
, ascomparedo the abose mentionedmplementationsin
fact, ourimplementatioriakesonly secondgo compute
depthcontoursfor a setof 10,000points;for this size,[17]
doesnotreporttimings.

After de ning the problemin Section2, we presentan
abstractmodel of the graphicsenginein Section3. In Sec-
tion 4 we presentour hardware-basedlgorihm. Section5
de nes variousnotionsof errorthatwe thenuseto evaluate
thequality of ourresults.Section6 rst proposegnasymp-
totic costmodelfor the basichardwareoperationshasedn
experimentsconductedn varioushardwareplatforms,and
thenanalyseghe compleity of our schemen termsof this
model. We presentan experimentalevaluationof our algo-
rithm in Section7, andconcludewith someinterestingopen
guestionsn Section8.

2 ProblemDe nition

DEFINITION 2.1. (LOCATION DEPTH) Let be a set of
pointsin . Thelocation depthof a poirt (with
regpectto ) is the minimumnumberof pointsof lyingin
a closedhyperplanede nedby a line throuch

DEFINITION 2.2. (DEPTH CONTOURS) Let be a set of

pointsin . Thesetof all points in having location
depthatleast (withrespecto )is calledthedepthcontour
ofdepth (or the -hull).

The depthcontourof depth is merelythe interior of
the corvex hull of . Eachcontourof depth is a convex
polygoncontainedinside the contourof depth . For
a pointsetof size , it is known from Helly's theoremthat
therealwaysexistsa pointof depth  , andthe maximum
depthcanbe atmost

PrROBLEM 2.1. (DEPTH CONTOURS) Givena point set ,
computehesetof all depthcontours.

Depthcontourshave a naturalcharacterizationin terms
of the arrangementn the dual planeinducedby . This



propertywas usedby Matousek[15] and Miller et al [17]
in theiralgorthmsfor computing -hulls.

The mappingfrom the primal planeP to the dual plane
D is denotedby the operator isthelinein plane
D dualtothepoint , andsimilarly isthepoirt in plane
D dualto theline (we denotethe inverseoperatorby
ie. is theline in the primal planeP thatis the dual of
point inthedualplaneD). Eachpoint mapsto aline

in thedualplane.Also de ne .
The setof lines de ne the dual arrangement.n this
dualarrangementye denotethe level of a poirt  to be (in
thestandardvay)thenumberof linesof thatlie strictly
belov or passinghroudh .

The depthcontourof depth
hull of the and
The algorittm of Miller et al [17] exploits this propery by
usinga topolagical sweepin the dualto computethe setof
all depthcontours.

is relatedto the cornvex

3 The Graphics Rendering System

Thegraphicgenderingsystemis a nite statemachine con-
sistingof the pipelinedescribedasfollows. In the rst stage
of the pipeline, the usergivesthe geometricprimitivesto be
“drawn” to the evaluator The basicprimitive is a verte,
which consistof , , and coordinates.Otherprimitives
arelines, triangks, polygors andsoforth. The secondstage
performsvariousoperationsuchaslighting, clipping, pro-
jection andviewport mappingon the input primitives. The
third stagerasterizeghe primitives,i.e. producedragments
fromthegeometrigrimitiveswhichthegraphicssystenwill
be ableto drav. For our purposesthe fragmentsare just
pixels. The fourth stageis perfragmentoperationssuchas
blendingandz-huffering. Finally, thefragmentghatpasshe
perfragmentoperationf the previous stagearedravn, or
renderedin theframebuffers.

3.1 Frame Buffers

The framebuffer is a collectin of several hardwarebuffers.

Ead buffer is a uniform two dimensionalgrid, composed
of cellscalledpixels Let the numberof pixelsin eachrow

andcolumnbe and respectiely. Then,eachbufferis
essatially a uniform grid. The bufferswe makeuse
of are:

Color Buffer. The color buffer containsthe pixels
that are seenon the disphy screen. It containRGB color
informationt. Beforeafragmenis corvertedandrenderedo
aparticubr pixel in thecolorbuffer, it hasto undegovarious
perfragmentoperatios. If it passesll the operatios, it is
renderedvith theappropriatecolor.

TIt also cortains information relating to transpareng of pixes, also
calledthe -value.

levels of the dual arrangement.

Stencil Buffer. This buffer is usedfor perfragment
operationon a fragmentbeforeit is nally renderedn the
color buffer. As the namesuggestsijt is usedto restrict
drawing to certainportions of the screen. We explain this
in thenext section.

Depth Buffer. The depthbuffer storesthe depthvalue
for each pixel. Depth is usually measuredin terms of
distanceto the eye, so pixels with larger depth-liffer value
are(usually)overwrittenby pixelswith smallervalues.

Thepixelatthe -throw and -th columnof thescreeris
denotedas . The corresponding
valueof the pixel in the color buffer is denotedas ;
similarly, the corresponding/aluesin the stenciland depth
buffersaredenotedas and respectrely.

3.2 Operations

Geometric primitives are rst corverted into fragments,
(through the processof rasterization)which then pass
throughsomeperfragmentoperationsafter which they are
nally renderedn thecolorbuffer. Usingtheseperfragment
operationsye formulatea setof basichardware-basedper
ations. Onemajor restriction which makesthe designof al-

gorithmsusingthe graphicipelinechallengings thateach
operationis perfragment,i.e. eachoperationis local to a
pixel. This makesgaining globalinformationinherentlydif-

cult, andinefcient, andthe maintaskis thereforeto solve
aproblemglobally usinglocal operations.

We now give someexamplesof the perfragmentoper
ations. Eachoperationtakesasinput a fragmentand some
datafrom the frame buffer, performsan operationandthen
updategheframebuffer approprately

Morespeci cally, we aregivenaninputfragment(pixel)

with depth value and color , and a user
speci ed constant that canbe speci ed beforerendering
ary primitive (it cannotbe variedper fragmentthoudh). SB
op andDB op areary stencil buffer or depthbuffer opera-
tions. Table1 lists a subsebf the perfragmentoperatios.

I/O Operations. Theuserinteractswith the pipelineby
drawing primitivesandretrieving the renderedresults. The
main input operationis the Draw operation,which is used
to draw a givenprimitive. The mainoutputoperationis the
ReadBukr operation,which readsa speci ed buffer from
theframebuffer into themainmemoryof themachine.

4 Our Algorithm

Ouralgorithm proceedsn two phasesFirst,we computethe
dualarrangemenandstorethedepthsof all linesin thedual.
However, sinceour dual (like the primal plane)is pixelized,
we areactuallyableto computethe depthof every pixel in
the dual. We thenusethis information in the secondphase
to reconstructhedepthcontourgwithoutcomputingcornvex
hulls).



Color buffer operations: Stencil buffer operations: Depth buffer operations:
min max
, min max
If-conditio nals:
If then SBopelse SBop
If then , DB opelse DB op

Tablel: Operations

4.1 Dualsand BoundedArrangements

Without loss of generality we assume

Ead buffer consistofa uniformgrid of

pixels. Consier the standardiuality relation:

in the primal plane mapsto the line in

the dual plane. De ne the (contouj depthof a line

asthe (contour)depthof . The depthof line

is then min . The level of

pointson changeonly when intersectssomeotherline
. Therefore,to computethe depthof a line, we

needonly examine its depthat ead intersectiorpointin the

dual.

Since our screensize is bounded,it is possiblethat
an intersectionpointin the dual may lie outsde the screen
boundary(for example,whentwo linesarenearlyparallel),
whichwould introduceerrorin computinghedepthof aline
incidentonthatpoint. To remedythis problem we introduce
theideaof boundediuals

DEFINITION 4.1. (BOUNDED DUAL) Let beapointinP,

andlet . Theboundeddual of thepoint is aline
sgmentde nedas -
and

Let . De ne

similarly as the reverse mappingof a point in the
dualplaneto aline in the primal plane.
Any two line sggmentsin
within therange

mustintersect
,ornotintersecttall. The

Algorithm 1 ComputeBoundedArrang ement (PtSet )
EnableSTENCIL TEST
SetSTENCIL OPERATION
for = 1 2do

Initialize
for do
Line Segment -
DRAW HALF-PLANE
Save StencilBuffer

INCREMENT

We leave outthe completecalculationdn this extended
abstractputit canshavnthatthe and coordinatesfeach
intersectiorpointlie within theintervals for
atleastoneof the above two boundediuals.

4.2 Computing Depthsusing the Stencil Buffer
We now describehow to computethe level of ead pixel
in the dual plane. The basicideais asfollows. For each
point , we computeits boundeddual. Then, for
ead pixel , weincrementhe correspondig valuein the
Stencil Buffer, dependingon whetherit is abose or below
the boundeddual sgment for point . Algorithm 1 gives
thealgorithm with thehardwaredetails,which areexplained
later.

The notionof “above” and“below” is notwell de ned
for a line sgment. We interpretthe upperhalfspaceof a
line sgment  (denotedby ) astheintersectionof the
upperhalfspaceof theline thatsupports with thescreen

next lemmashavs thatwe cancaptureall the intersections houndimy box (Figure2).

with asmallrangeby a unionof two boundediuals.

LEMMA 4.1. (BOUNDED UNION LEMMA) Given any

point set , whee for all .

there are two bouncd duak -1 and -
2 sud that eadh intersectionpoint lies

eitherin - 1 or - 2

Proof We needandprove thelemmafor ; the

generalcasecanbe proved similarly.
Thetwo boundediualsare

Figure2: Although notvisibly belon
half-planerepresenting

, thebold dashed
is sufcient for correctness.



LEMMA 4.2. After Algorithm 1 is done, eadh pixel
value contairs ,whee

S

Proof Two key thingsneedto beexplainedhere- thestencil
testandthe methodof renderinghe half-planes.

The stencilbuffer allows stenciltestto be performedon
pixelsthatareto berenderedy ary primitive. Setthestencil
testsothatif Buffer hasthepixel - , then
the stenciltestwould incrementthe correspondingpixel in
the stencilbuffer, i.e. would become , Where

is renderedline sggment. For example, rendering
a line sggmentin the color buffer with stencil test set to
INCREMENT incrementsthe stencil buffer valuesof the
pixelscontainedn theline segment.

An imporiant thing to note is that since we are
renderinga boundeddual (a line segment), the positve
half-plane that we computeis actually a polygon which
sharesa boundarywith the boundaryof the screen(see
Figure 2), and therefore if , then
HALF-PLANE 1 HALF-PLANE 2 ,
whichimpliesthat is computedcorrectly
4.3 Computing Depth Contours
As mentionedin Section2, the depthcontourscorrespond
to corvex hulls of - and -levelsin the dual plane.
We obsere herethatit is possibleto computecorvex hulls
in a hardware-assistethshion. However, this approach
takes time for each depth contour leadingto an
overall compleity of , and hencewe will not use
this approacthere.We presenta new grid-basedmethodfor
computingthe contourregions.

LEMMA 4.3. Let in primal plare P.
Then inthedualplare D sud that ,

for some , , , and Depth(q)=
min

Proof Let be the line that realizesthe contourdepthof
Then must passthrough some other point
(we canalwaysrotatethe minimizing line until it contains
). In the dual plane, is a point, for which we have
, and . FromLemma4.1, we
know that either - or - must contain
, andtherefore

. Thedepthfollowsfrom Lemma4.2.

We now presentAlgorithm 2 thatreconstructshedepth
contoursfrom thedepthinformationcomputedn thedual.

THEOREM 4.1. Algorithm 2 computeghe contourregions
in the primal planecorredly.

Proof Take ary point in the primal plane P. From
Lemma4.3,we know thereexists in thedualplaneD such
that the depthof point is equalto

Algorithm 2 ComputeContourReg ions (BoundedAr-
rangementB)
Initialize SegmentSet
for = 1 2do
Clear ColorBuffer
for do
DRAW(  ( ))with Color .
CB = Get ColorBuffer
for do
for do
if Color =1 then

SegmentSet=SgmentSet
EnableDepth Test
SetDepthTest= LESS

for (Segment SgmentSetlo
DRAW( )with -value=cDepth
andthat for some , andeither 1 or

2 (Lemma4.1). In Algorithm 2, we renderthe dualline
segment in the primal planefor every pixel thatlies on the
boundeddual of ary point in . Therefore,we renderthe
dualline sggmentfor . Thedepthbuffer ensureghat
the minimum is nally written, which correspondso
thedepthof thepoint .

Eliminating the stencil buffer. In somecommecially
available graphicscards,the resoluton (numberof bits) of
the stencil buffer is not always sufcient to perform the
depthcomputatiorfor sufciently largeinput Howeverthe
"increment” operationthat we needfrom the stencilbuffer
can be simulatedby addingcolorsin the color buffer (as
describedin section3.2), using the blendirg function call
thatis standardn all graphicsengines.

5 Error Analysisand Output Accuracy

The output producedby our algorithm is a rasterizedset
of contous. This digitization necessaly produceserrors;
in this sectionwe analyzethe nature and magnitudeof
theseerrors,shaving that our algoritrm hasminimal error
with respectto an algorthm that outpus vector objects
(lines,poins etc) ratherthanrasterizedbijects.

As we have seenin Section4 abore, our methodfor
computingdepthcontourshastwo phases.In the rst, we
constructa map (in the dual plane)that for ead dual pixel
gives the depth of its correspondingprimal line. In the
secondphase we usethesedepthvaluesto reconstructhe
contourdn the primal plane.

There are three main sourcesof error: (1) Sub-piel
detail in the input, (2) Computng the depthof a pixel in
thedualplane,and(3) Renderinghelines(correspondig to
ead dualpixel) backin the primal.



5.1 Phasel: Computing the depths
Input points may lie within a single pixel. As a resultof
digitization, all of thesepointswill be collapsedinto one
pixel.Thus,in the sequel,we will assumethat every pixel
containsat most one point We start with a lemma that
guanti es the error incurredin snappingpointsto the grid.
Let us assumethat the world coodinates(that the inpu is
presentedn) arein the range , andthe pixel grid is
of dimension , with pixel coordinates
in the integer range . Let  denotethe value of
after roundng. A coordirate in world coordinatess
transformedo pixel coordinatedy the mapping

LEMMA 5.1. (PERTURBATION LEMMA) Let bealine in
theprimal plane,andlet = () beits dualpoint. Let

bea pointin thedualplanesud that Jf s
the (primal) line sudhthat = (), thenthe distance
between and is atmost in pixel coodinates.
Proof Lettheline bedescribedy theequation

. Thedualpoint isthus . Onesuchpoint  isthe
point . Thisyields

Thus,for a x ed , thedifference is .
Switchingto pixel coordinatesthe differencein pixels
is , whichis atmost

As noted earlier the correctnesof the depth values
computedin the dual dependson whetherwe correctly
identify all intersectiorpoints in the dual arrangementAs
a resultof pixelization,it is possiblethattwo intersections
points may collapse,or that in generalthree intersection
pointsmay collapseto one (correspondingo makingthree
almost-collineaprimal pointscollinear). We now presentl
necesaryconditon for suchaneventto happen.

5.1.1 Whenintersedion points collapse
Ead pixel in the screenis a squareof side
sider three points The three
dual lines are , and the intersec-
tion points are: _

. For the threeintersedion pointsto lie
inside the samepixel, the component-wisebsolu¢ differ-
encein the and coordinategin objectcoordinatesinust
belessthan—.

From Lemmab.1, we canthusconcludethatthe three
intersectionpoint collapseif the distancebetweenthe
correspondingprimal lines is lessthan
(pixel), thusyielding thefollowing lemma:

Con-

LEMMA 5.2. (INTERSECTION POINT COLLAPSE) Given

three points that are not collinear, our dual
mappingwill identify distinct intersectionpoints for eath
pair of dual lines if the correspondig primal lines are at
least unit (in pixel coodinates)apartfromead other

Using the sameargument,we can also derive a lower
boundon the dimensionof the pixel grid, . Let the set
of distincttriplesof pointsfrom the original point setbe
Givenanelement ,dene as

min

Then the conditon that the intersectionsof the lines
and in thedualwill notcol-
lapsebecomes . Extendingthis condition over

all elementsn ,weget

min

5.2 Phasell: Contour Reconstruction

The analysisof Section4.3 establisheghe correctnessof
Algorithm 2. However, rasterizationand pixelization may
still introduceerrorsinto therenderingof the contours.

Let beaninstanceof the depthcontourproblem,and
let beanalgoritm thatcomputesdepthcontoursexadly
(i.e usingin nit e precisiongeometry).Let  denote .
andlet bethedisplayproducedoyrendering . Let be
thedisplayproducedy our algorithm.

LEMMA 5.3. Let be a line in P drawn in the last step
of Algorithm 2. Then is at most1 pixel away from the
correspondngline in

Proof Let be the dual point correspondig to .
From Lemmab.2, we areguaranteedhatin the dual buffer
constructedby Algorithm 1, thereexistsa pixel thatcontains
. By Lemmab5.1, we know thatthetheline  drawnin the
primalis at most unitaway from .

Clearly the resultof rendering on the displaycannot
makeits distanceo  worseby morethana pixel width (by
our rasterizatiorassumption) Hence,we concludethatour
algorithm preseresthevisual delity of theidealoutput

6 Analyzing the complexity of the algorithm

Our main reasonfor usinga hardware-basedpproachis to
take advantageof the power and speedof moderngraph-
ics engines. As the resultsin Section7 will shav, we are
ableto achieve a signi cant improvementin runningtime as
comparedto known software-base@pproaches.However,
in orderto extendour techniquego otherkinds of geomet-
ric problemsit is importantto understandxactly whatop-
erationson the hardwarecostus, andwhich operationsare
cheape than others. Suchan understandingllows us to
modelthe hardware providing anabstracframeavork to an-
alyzealgorithmsthatwe may develop,andalsoprovidesin-
tuition asto how our algorihmsshouldbe designedo work
well in practice.

In Section3, we presentedhe basicoperationghatcan
be performedn the graphicsengine.In this sectionwe will



present costmodelfor theseoperationgbasednempirical
datafrom three different platforms), and will analyzethe
complity of ouralgorthm basedon this costmodel.

6.1 A CostModel for the Graphics Engine

To modelthecostof operation®ntheenginewerantestson
threedifferentplatforms:the SGI Octang(R12000300MHz
CPU, 512 MB Memory, EMXI graphicscard), the SGI
Onyx (R10000194MHzCPU,2GB Memory, In nit eReality
graphicscard), andthe LinuxPCNvidia GeForce 3 (AMD

Athlon 900MHz CPU,768MB Memory, Nvidia GeForce 2
graphicscard). We notethatthe purposeof comparinghree

differentplatformsis not to measurerelative performance,

but to establishthatthe relative compleity of operationson
a xed platformis roughlythesame.

Letthecostof rasterizingasingk pixel beoneunit. One
of the basic operatios in our algorithm is the renderinga
line of length . In Figure3(a)we plot thetime (T) takento
drav  linesversus in adisplaywindow of dimensions

, Wherethe lines have length uniformly chosen
at randombetween0 and 512 (and hencehave an average
lengthof ). As we canseein the gure, thetime to draw
a singleline is quite unifom. The time to draw a line of
averagelength is onthe Octane, onthe
Ornyx, and onthelLinux PC.Thistimewascomputed
by averaging over all thedatapointsusedin Figure3(a).

The costof drawing a line varieswith the lengthof the
line. Roughly, it takes unitsof timeto draw aline of length

. Figure3(b) shavs theresultsof plotiing thetime to draw
versusline length for the three platforms. For eachdata
point, we drew linesof the same(pixel) lengthand
measuredthe time takento draw this set. The variationin
timesis someavhat irregular, but one can concludethatthe
costof drawing aline is proportonal thenumberof pixelsin
it. Thus,if thelengthof alineis , andthesizeof a pixel is

, thecostof renderingheline is propationalto

A similar graphcan be plotted for triangles(seeFig-
ure 4(b)). Onceagain,we obsere thatthe costof draving
a triande is propotional to its area. The graphicsengine
triangulategenerakonvex polygonsbeforerenderinghem,
so therelationbetweerrenderingtime and areaholdseven
in thiscase

At variouspointsin our algorithm, we performstencil
teststo Il thebuffersin a particularway. Sincethe stencil
testis partof the pipeline, the additonal costof performing
suchatestshouldbe a smallconstant.In Figures3(c),4(c),
we plotthetime takento draw randomlineswith andwithou
stenciltestsenabled. For the Onyx, enablinga stenciltest
hasan almostnggligible effect on the renderingspeed.On
the Octane thereis a distinct difference,but the extra cost
(asmeasuredby the differencein slopesof thetwo line) is a
smallconstant.

Finally, we measurehe costof extractingan “output’

onds (T)

1.5e+06 20406
Size of buffer

ey X i
o 500000 10406 2.5+06

Figure5: Time to readbacka buffer into mainmemory

(readinga buffer from the chip into main memory). For all
threeplatforms,we measurahetime takento readthecolor
buffer of variable-sizedvindows into main memory The
resultsare shavn in Figure5. Again, we seea clearlinear
behaior; we can model the cost of readinga buffer into
main memoryas proportonal to the size of the buffer. We
summarizethe costsof variousoperations line of length :

; triangke of area : ; buffer read(sizeB): ;
stenciltest:

6.2 Complexity of Our Algorithm
We are now in a position to analyzethe compleity of the
algorithm describedn Section4. Let the pointsethave size

Recall that the buffer sizeis .
Considerthe rst phasedescribedn Algorithm 1. We drav

polygonal regions (really a clipped halfplane),at a total
costof . Sincethe stencilbuffer hasonly 8 bits per
pixel, we mayhave depthvalueover ow with morethan512
points( ). Therefore we have to readthe stencilbuffer
backinto mainmemoryandcontinue jmplyingthatwe need
readbacks

In thesecongphasedescribedn Algorithm 2, we again
renderead dualline in thedualplane,at a costof
Thenwe examineead pixel of thedual plane,andfor those
that are part of a dual line, we renderthe primal line. Let
the setof pixelsthatare containedn line be . Then
therunnirg time of Algorithm 2 is . Since

, We obtaina total costof

Thusthetotal compleity of the algorithm is

, where is a costof a singk read-
back . We do notcollapsethis with the term
toemphasizehat islargecomparedo theconstantidden
by the -notation.

As mentionedn Section4, our implementatiorelimi-
natesthe stencilbuffer by usingblendingin the color buffer.
The major effect that this modi cation hasis to reducethe
numberof readbacks in the rst stageof the algorithm.
Roughlyspeakingsincethecolorbuffer has3 8-bitchannels
(onefor ead color) we reducethe numberof readbacks
by afactorof 3to , thusyielding a signi cant perfor
mancegain.
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7 Experiments

We now presentexperimentsin supportof our algoritm.
We comparethe performanceof the algorithm on the three
different platfams describedn Section6. In all the plat-
forms, the codewaswrittenin C++ andmadeextensie use
of OpenGLlibraries.Onthe SGI machinesijt wascompiled
usingCCandontheLinux madine,with g++.

We presenttwo suitesof experiments. In the rst set,
we evaluatethe runningtime of the algorithmfor various
datasetsof differentsizes.In the secondsetof experiments,
we illustratethe zooming capability of our algorithm. As
mentionedearlier the ability to navigate a datasetin this
fashionis very usefulfor interactize visualzation,andalso
allows us to explore in more detail regions of the contour
map that may have too much detail to be displayedat the
initial screerresolutia.

7.1 Running Times
Measuringthe performanceof the algorthm is non-triial.
The OpenGLpipeline consistof two mainparts- Transfor

mationandLighting, andthe Rasterizatiorpart. The perfor
manceof the graphicsenginein mosttypical applicationss
a complicatedfunction determinedby a combinatiom of the
transformationand rasterizationparts. We reporttwo dif-
ferenttime measurerantsfor eachrun; the clock time as
reportedby clock()  andthe real time elapsed. For the
Linux PC,thetwo measurementsire closeto ead other in-
dicatingthattheclock()  routineis areliable measureof
renderingtime, but for the SGI machines thereis a large
disparity Typically, performanceneasirementson graphics
hardwareassumsthatall theprimitivesaretransferredo the
graphicssubsystenonceandits costis amortizedover sev-
eralframes.The benchmarksve describehere(theline and
triangledrawing) is differentbecauseve measuretheperfor
manceover a singk frame. Therefore the costof transfer
ring the primitivesdominatesur performance.

In this suite of experiments,we generaterandomdata
sets(akin to [17]) of differentsizesto testour algoritim.
Figure 6 plots the running time vs size of inpu on the
threeplatformsthat we experimentedon. In all cases, the
predictedinearbehaior (with respecto ) of thealgorithm
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is clearlydemonstrated.

We alsopresenthe actualrunningtimesin Table2. We
were unableto compareour implementatiordirectly to the
implementationof Miller et al [17], which appearsto be
the fastestmethodfor computingdepthcontous. However,
we useda similar methodolog to generateour input, and
we notethatthey reporta time of 22.4secondg¢o compute
the entirecontourplot for a datasetof 1000points,andthe
plot thatthey presentindicatesthe quadraticgrowth of their
algorithm.In comparisona 1000pointdatasetis processed
by our algorithm runs in secondson a SGI Onyx,
andeven for 10,000points,our algorthm takesonly
secondslt is quitelikely thatas increasesour algorithm
will exhibit muchmorethana 10-fdd improvementin speed
over theirmethod.

7.2 Zooming

Usingour approachwe canalsozoominto a depthcontour
renderingto examineareasn closedetail. Notethata mere
zoomingof the frame buffer is not sufcient; especiallyfor

highly detaileddatasets,the depthcontoursmay needto be
re-computedaswe zoomin.

Considetthedatasetandits depthcontoursetpresented
in Figure7. The softwareinterfacethatwe provide allows
us to mark rectangularareasof the depthcontourmap to
zoom into, and in Figure 7(c),(d) we shown the effect of
progressiely zoomingin closerandcloserto the pointset.

As notedin Section5, zoominghastheeffectof increas-
ing theresolutionin the de ned region, thusallowing usto
view featuresthat may have beenhiddeninsidea pixel at a
lower resolution

8 Conclusions

Theimprovementsachievedby usinggraphicshardwaresug-
gestthatthegeneralparadigmof hardware-assistegeomet-
ric computatioris very useful. We planto pursuethemodel-
ing work startedin Section6 to developanaccurateabstract
costmodelof thegraphicengine.Thiswill hopefullyenable
us (andothers)to achieve a bettertheoreticalunderstanaig
of theperformanceof suchalgoritims.

The speedf ourimplementatioralsomakesit possibé
to think of further applicatims,themosttantalizingof which
is computinghedepthcontoursf movingpoints. In fact,we
do notknow of ary algoritym in the kinetic framevork [1]
for computingcontous of moving points; suchanalgorithm
wouldbeinterestingfor theabove reasons.
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