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Abstract

The mass formula expresses the sum of the reciprocals of the group orders of the

lattices in a genus in terms of the properties of any of them. We restate the formula so as

to make it easier to compute. In particular we give a simple and reliable way to evaluate

the 2-adic contribution. Our version, unlike earlier ones, is visibly invariant under scale

changes and dualizing. We use the formula to check the enumeration of lattices of

determinantd £ 25 given in the ®rst paper in this series. We also give tables of the

``standard mass'', theL-series S (n / m) m- s (m odd), and genera of lattices of

determinantd £ 25.

1. Introduction

The ``mass formula'' gives the sum of the reciprocals of the group orders of all

inequivalent quadratic forms in a genus. More precisely, letf be ann-dimensional

positive de®nite integral quadratic form (or lattice), and letf ( 1 ) = f , . . . , f (h) be the

integrally inequivalent forms in the genus off. Themassof this genus is de®ned to be
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m( f ) =
i =1
S
h

ï Aut ( f (i ) )ï

1__________, (1)

where Aut ( f (i ) ) is the automorphism group off (i ) (h is called theclass number). The

mass formulaexpressesm( f ) in terms of properties off alone.

In this paper, the fourth of a series dealing with low-dimensional lattices (see Conway

& Sloane, 1988b,c,d) we give a version of the mass formula (see Eq. (2)) which we

believe is easier to evaluate than previous versions.

A brief description of the history of the mass formula appears in §2. H. J. S. Smith's

important 1867 contribution (in volume 16 of this journal) is usually overlooked.

Published versions of the formula have often been incorrect (see §3). We pay particular

attention to the 2-adic contribution to the mass, which is notoriously prone to error.

The formula is described in §§4-6. It is expressed in terms of what we call thep-

massesmp ( f ) of the lattice or form (see Eq. (3)), wherep is any prime, rather than in

terms of the usualp-adic densitiesa p ( f ). Thep-massmp ( f ) appears as the product of

thediagonal factors Mp ( f q ), thecross termsand thetype factor.

The calculation of the diagonal factors, made routine by the use of Tables 1 and 2, is

described in §5. The mass is found as a simple rational multiple of thestandard mass,

de®ned in §7 (see Table 3). For a form of determinantd and even dimensionn = 2s the

standard mass involves theL-series

z D (s) =
m=1 , 3 , 5 ,...

S
ì
ï
î m

D_ __ü
ï
þ ms

1_ ___ ,

whereD = ( - 1 )sd and (D / m) is a Jacobi symbol. Table 6 givesz D (s) for d £ 25,
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s £ 12. This table provides an extensive generalization of such familiar identities as

1 -
5
1_ _ +

7
1_ _ -

11
1_ __ +

13
1_ __ - . . . =

2Ö` 3̀

p_ ____

(the cased = 3, s = 1, D = - 3), and

1 +
34
1_ __ +

54
1_ __ +

74
1_ __ + . . . =

96
p4
_ __

(the cased = D = 1, s = 4, cf. (Abramowitz and Stegun, 1966, p. 808) and Eq. (15),

(16) below). For example whend = D = 2, s = 6, we ®nd

1 -
36
1_ __ -

56
1_ __ +

76
1_ __ +

96
1_ __ -

116
1_ ___ -

136
1_ ___ +

156
1_ ___ + . . . =

245760Ö` 2̀

361 p6
_ __________.

Examples of mass formula calculations are given in §§9,10. One of the main aims of

this paper was to check the enumeration of lattices of determinantd £ 25 (up to various

dimensions) given in the ®rst paper in this series (Conway & Sloane, 1988b, henceforth

abbreviated as Part I). These calculations, which also provided a stringent check on our

formula, are described in §10. The lattices (or more precisely their genera) may be

conveniently arranged into ``vines'', formed by joining any two genera containing

latticesL andL Å I 1 (see for example Fig. 1). Table 7 illustrates how the mass formula

was used to check the results of Part I. Table 8 then displays the vines containing the

lattices enumerated in Part I. The glue group ordersg1 andg2 for most of these lattices

were given in Part I. Table 9 supplies this information for the remaining lattices.

The theoretical justi®cation for the division of genera into vines is provided by

Lemma 3 of §11. Lemmas 1, 2 and 4 of §11 give other properties of the genus which can

often be used to simplify calculations. In particular, Lemmas 2 and 4 can serve as
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operational de®nitions of the genus.

The relation between ourp-masses and the more usualp-adic densities is described in

§12, and the ®nal section (§13) gives a heuristic justi®cation for the structure of the mass

formula.

2. History

The mass formula has a long history. The two-dimensional version gives the

celebrated class number formula of Gauss and Dirichlet (see (Cresse, 1919), (Landau,

1927, vol. I, pp. 127-180), (Cassels, 1978, pp. 370-374)).

Although the general formula is usually referred to as the Minkowski-Siegel mass

formula, the version given by H. J. S. Smith (1867) in this journal over 120 years (and

400 volumes) ago is already very close to the modern version. Partial results (mostly for

n = 3) had previously been given by Eisenstein. Smith gave certain invariants for

quadratic forms, and asserted that he could prove that two forms with the same invariants

are equivalent under a rational transformation with inessential denominator. In particular

this implies that these invariants are a complete system of invariants for the genus. We

have not checked (but have no reason to doubt) that Smith's solution to this problem is

equivalent to the solutions given almost 80 years later by (Jones, 1944) and (Pall, 1945).

Smith also gives a complete statement of the mass formula in the case when the

determinant is odd, and asserts that the same methods work in the general case, which

``presents no theoretical dif®culty but [requires a] multiplicity of cases to be

considered.''
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Minkowski (1885) in his inaugural dissertation gives a formula that sums the mass

over any genus. Siegel (1935) found and corrected an error in Minkowski's formula. He

also gave a formula for the weighted average of the theta series over the genus, and even

more generally a formula for the weighted number of times any given form is represented

by the forms of a genus.

Siegel later gave further generalizations Ð see the papers reprinted in (Siegel, 1966).

From among other works dealing with the mass formula we mention van der Blij (1949),

Braun (1941), Cassels (1978), Conway & Sloane (1982a,b), Ko (1938, 1939), Magnus

(1937), Milnor & Husemoller (1973), O'Meara (1976), Pfeuffer (1969, 1971a,b), and

(SLG, Chap. 16). The latter reference also cites coding-theoretic analogs of the mass

formula. The papers by Carlitz (1954), Carlitz & Hodges (1955), Hodges (1955), Pall

(1965), Reiner (1956) and Watson (1976) are concerned with the calculation of thep-adic

density a p. For the interpretation of the mass formula in terms of ``Tamagawa

numbers'' see (Cassels, 1978), (Kneser, 1967), (O'Meara, 1976), (Serre, 1983),

(Tamagawa, 1966) and (Weil, 1962).

Henry John Steven Smith's 1867 paper was neglected even in his lifetime. Although

Smith gives an explicit formula for the number of representations of a number as the sum

of ®ve squares, this problem was proposed in 1882 by the French Academy for the Grand

Prix des Sciences Mathe Â matiques. Smith stated his formula without proof, but as he

wrote to Glaisher, he gives in (Smith, 1867) ``the general theory from which this theorem

is a corollary with some fullness of detail'' (Glaisher, 1894, p. lxvi). He submitted a

solution (Smith, 1884) to the French Academy and, shortly after his death at the age of

56, was awarded the prize jointly with the 19-year-old Hermann Minkowski (see



- 6 -

(Minkowski, 1884)). When awarding the prizes the French Academy made no mention

of the fact that Smith had solved the problem more than ®fteen years before, nor that

``any competitor might have availed himself of the indications contained in his published

writings'' (Glaisher, op. cit., p. lxx), a circumstance which gave rise to a good deal of

comment at the time.

Two further quotations are pertinent. ``The name of Minkowski is familiar today to

many, even at Oxford, who have certainly never read a line of Smith. It is curious to

contemplate at a distance the storm of indignation which convulsed the mathematical

circles of England when Smith, bracketed after his death with the then unknown German

mathematician, received a greater honour than any that had been paid to him in life''

(Hardy, 1920).

From Jowett's memoir (Jowett, 1894): ``I have endeavoured ... to give a sketch of ...

one of the most remarkable persons of his time. Yet he lived and died almost unknown

to the world at large ... His mathematical writings ... await the judgment of time.''

Like most other authors, we have hitherto referred to the ``Minkowski-Siegel''

formula. We now feel that it is more appropriately called the Smith-Minkowski-Siegel

mass formula.

3. Errors

There is also a long tradition of errors in the mass formula. Minkowski's version

(Minkowski, 1885) contained an incorrect power of 2, apparently ®rst noticed by Siegel

in 1935. As Smith already remarked in 1867, ``It is easy to apply the general formulae to

particular examples; but our imperfect knowledge of quadratic forms containing many
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indeterminates renders it practically impossible to test the results by any independent

process. The demonstrations are simple in principle, but require attention to a great

number of details with respect to which it is very easy to fall into error.''

The details are complicated, so that minor errors and misprints are almost inevitable.

There are also two other main sources of error. First, the formula as normally stated only

applies to dimensionsn ³ 2, and the answers produced forn = 0 and 1 are often

incorrect (not just unde®ned). We comment further on this in §6. Second, the 2-adic

densities are extremely dif®cult to evaluate correctly.

Watson (1976) points out some small errors and a missing case in Pall's (1965)

formula for the 2-adic density. The formula for the 2-mass in the present paper is

ultimately derived by translation and simpli®cation of Watson's formula, which seems to

us to be essentially correct.( 1 )

The errors extend also to the published values for particular cases. For example

Magnus (1937) gives incorrect values for the masses of the genera I9, I 10 and I11 of odd

unimodular forms. (Two of these are quoted by Cassels (1978).) When we were

preparing Chapter 16 of (Conway & Sloane, 1988a, henceforth abbreviated SLG) we

were unable to locate complete and correct formulae for the mass of the genus I n

anywhere in the literature. The version in (Sloane, 1979) contains misprints, and even

the version in (Conway & Sloane, 1982b) is incorrect forn = 1. It seems that the entire

set of formulae for the mass of the genus In are ®rst correctly stated in SLG (Chap. 16,

Theorem 1). Serre (1970) gives the correct formula for the genus IIn of even unimodular

forms (see SLG, Chap. 16, Theorem 2). See also §9 (iv) below.
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The reader may be con®dent that our version of the general mass formula (given in

the next section) is correct. The enumeration of forms of small determinant given in Part

I of this paper has increased our ``knowledge of quadratic forms containing many

indeterminates,'' and has enabled us to test the formula very stringently.

4. The Mass Formula

Our version differs from the classical one in that we use thep-massesmp ( f ) of the

form rather than the usualp-adic densitiesa p ( f ) (see §12 below). The mass formula

expresses the massm( f ) (see Eq. (1)) of a genus of positive de®nite quadratic forms of

dimensionn ³ 2 in terms of thep-masses of any form in that genus:

m( f ) = 2p - n(n +1 ) / 4 .
j =1
P
n

G
ì
ï
î 2

j_ _ü
ï
þ

.
p
P ( 2mp ( f ) ) , (n ³ 2 ) , (2)

wherep runs through all primes 2 , 3 ,... . (Forn = 0 and 1 see §6.)

The p-mass is the reciprocal of the number of automorphisms off modulo a

suf®ciently large powerpr of p, multiplied by a normalizing power ofp (for the precise

de®nition see §12). If f has ap-adic Jordan decomposition

f = S q fq ,

where detf q is prime toq (see §5), then itsp-massmp ( f ) is given by

mp ( f ) =
q
P M p ( f q ) .

q < q¢
q, q¢
P

ì
ï
î q

q¢_ __ü
ï
þ

1¤2 n(q) n(q¢)
. 2n( I , I ) - n( II ) . (3)

Hereq ranges over all powersp t of p (including those with negative exponentt).

The factorM p ( f q ) is called a diagonal factor, and its value can be read from
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Tables 1 and 2 (see §5). The productP q M p ( f q ) is called thediagonal product.

The factor (q¢/ q) n(q) n(q¢) / 2, in which n(q) = dim f q, n(q¢) = dim f q¢, is

called across-term, and the product of all such terms over pairs of distinct powers

q < q¢of p is called thecross-product.

The last factor in (3) is called thetype factor, and is present only forp = 2, in which

casen( II ) is thesum of the dimensionsof all Jordan constituentsf q that have Type II,

while n( I , I ) is thetotal number of pairsof adjacent constituentsf q, f 2q that are both of

Type I.

5. Computing the Diagonal Factors M
p
(f

q
)

In this section we show how to compute the diagonal factorsM p ( f q ). Over the p-

adic integers a rational quadratic formf has a Jordan decomposition as a direct sum

f = . . . Å
p
1_ _ f 1 / p Å 1 f 1 Å p fp Å p2 f p2 Å . . . =

q
S q fq , (4)

whereq ranges over all powers ofp (including those with negative exponent), and each

f q is ap-adicunit form, that is, ap-adically integral form whose determinant is prime to

p. Of course the sum in (4) is really ®nite, since all but ®nitely many of thef q arelove

forms (i.e. have dimension zero, see §6).

Apart from a normalizing power ofp, the diagonal factorM p ( f q ) is the reciprocal of

the order of a certain orthogonal group overF p associated with the constituentf q. The

classi®cation of orthogonal groups overF p is well known: when the dimensionN is odd

there is just one such groupON (p), and whenN is even there are two,ON + (p) and

ON - (p). We call the subscript (N, N + or N - ) thespeciesof the group.



- 10 -

The species of the orthogonal group associated withf q is given by Table 1. Then

M p ( f q ) = M p (N), M p (N +) or M p (N - ) depends just on this species, and is given by

Table 2.

The species table.We see in the bottom half of Table 1 that whenp is odd all that

matters aboutf q is its dimensionn(q) and whether its determinantdq is or is not a

quadratic residue modulop.

For p = 2 other invariants off q must also be considered. If f q represents an odd 2-

adic integer it is calledoddor of TypeI, otherwise it isevenor of TypeII. There is also

an invariant off q taking values modulo 8, which we call (for want of a better name) its

octane value. This may be computed as follows. If f q has Type II its octane value is 0 or

4 according as its determinant is±1 or ±3 (mod 8). If f q has Type I it may be

diagonalized, to say diag{ a1 , a2 , . . .}, where thea i are odd 2-adic integers. Then the

octane value off q is the number ofa i that are congruent to 1 (mod 4) minus the number

of a i that are congruent to- 1 (mod 4). [In the notation of (SLG, Chap. 15), the octane

value off q is equal to the oddity off q if the sign off q is + , or the oddity + 4 if the

sign is- .]

Unfortunately the formf can have several essentially different 2-adic Jordan

decompositions (see SLG, Chap. 15). As a result the different Jordan constituentsf q

interact, and the species associated with any particularf q may depend on other

constituents. In our analysis we express this dependence by saying thatf q is boundif

either (or both) of the adjacent constituentsf q / 2 or f 2q is of Type I, and otherwise that

f q is free.
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The top half of Table 1 then gives the species off q in terms of its Type, dimension,

octane value, and its free or bound status.

The diagonal factors. The diagonal factorM p ( f q ) is determined by the species off q as

follows:

M p ( 2s - 1 ) =
2 ( 1- p- 2 ) ( 1- p- 4 ) . . . ( 1- p2- 2s)

1_ ______________________________,

(5)

M p ( 2s±) =
2 ( 1- p- 2 ) ( 1- p- 4 ) . . . ( 1- p2- 2s) . ( 1 - + p- s)

1_ __________________________________________.

The ®rst few values are given in Table 2. Whenp is odd, or whenp = 2 andf q is free,

M p ( f q ) is just thep-mass off q considered as a form in its own right.

6. A Note on Love Forms. The Mass Formula in Dimensions 0 and 1.

The sum in (4) extends over all powersq of p, including those of negative exponent.

For almost allq, f q will be what we call alove form, i.e. have dimension zero. We gain

considerable clarity by explicitly including these love forms in the discussion. Although

the value of a love form is 0, its determinant is 1.

In the Jordan decomposition for an odd primep, a love form can be ignored, since it

contributes a factor 1 to the mass. However, for p = 2 there are two types of love forms:

free love forms, which can still be ignored (free love really is free!), and bound love

forms which must be taken into account since they each contribute a factor of 1¤2 to the

mass.

The initial 2 in the mass formula (Eq. (2)) is the ``Tamagawa number'' of the special

orthogonal groupSOn (see (Cassels, 1978), (O'Meara, 1976), (Serre, 1983)). It may be
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regarded as expressing the fact that if we specifyp-adic forms of determinantd for each

p, then the chance is precisely 1 in 2 that there is a global form of which they are the

localizations. This 2 should therefore be replaced by 1 in dimensions 0 and 1, since then

both the local and global forms of determinantd are unique (it being understood as above

thatd = 1 in dimension 0).

Our ` p̀-mass'' mp ( f ) was de®ned in terms of the general orthogonal groupOn. The

factor 2mp ( f ) in Eq. (2) is really the ` p̀roper p-mass'', corresponding to the special

orthogonal group. The factor 2 in 2mp ( f ) is the index ofSOn in On. It should therefore

be replaced by 1 in dimension 0, where the two groups coincide and all forms are love

forms.

7. The Standard p-Masses and the Standard Mass

Let f be a form of given determinantd and dimensionn = 2s or 2s - 1. Then for all

but ®nitely many primesp thep-massmp ( f ) takes what we shall call itsstandard value

stdp ( f ) =
2 ( 1- p- 2 ) ( 1- p- 4 ) . . . ( 1- p2- 2s) . ( 1- e p- s)

1_ _________________________________________, (6)

wheree is 0 forn odd and is otherwise the Legendre symbol

ì
ï
î p

D_ __ü
ï
þ

, whereD = ( - 1 )sd ,

which we interpret as 0 ifp ï 2d.

If all thep-masses took their standard values, the massm( f ) of f would take its own

standard value
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std (f ) = 2p - n(n +1 ) / 4 .
j =1
P
n

G
ì
ï
î 2

j_ _ü
ï
þ

. z( 2 )z( 4 ) . . . z( 2s - 2 ) . z D (s) , (7)

where the last factorz D (s) is omitted whenn is odd, and otherwise has the value

z D (s) =
p
P

ì
ï
ï
î

1-
ì
ï
î p

D_ __ü
ï
þ ps

1_ __
ü
ï
ï
þ

- 1

(8)

=
m=1 , 3 , 5 ,...

S
ì
ï
î m

D_ __ü
ï
þ ms

1_ ___ , (9)

where (D / m) is a Jacobi symbol. (z(s) is the Riemann zeta function.) We call std ( f )

thestandard mass; the actual massm( f ) will be a simple rational multiple of this.

Table 3 gives the standard mass (as a multiple ofz D (s) when n is even) for

dimensionsn £ 25.

8. Calculation of z
D(s)

Smith (1867) uses results of Dirichlet and Cauchy to evaluatez D (s) (see Eq. (8)) in

terms of Bernoulli polynomials. We use a similar method, following (Apostol, 1976).

We assumes ³ 1 is an integer.

The sum (9) is theL-seriesL(s, c ), wherec is the Dirichlet character

c (m) = 0 if m even , =
ì
ï
î m

D_ __ü
ï
þ

if m odd .

We ®nd the modulusk and conductork1 of this character, and write

c = c 1
. y ,

wherec 1 is the principal character modulok andy is a primitive character modulok1
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(cf. Apostol, 1976, Th. 8.18). Then

z D (s) = L(s, c ) = L(s, y )
p ï k
P

ì
ï
î
1-

ps
y (p)_ ____üï

þ
(10)

(op. cit., Th. 12.9). From the functional equation for DirichletL-series,

L( 1- s, y ) =
( 2p) s

k1
s - 1 G(s)_ ________(i - s + y ( - 1 )i s) G(y ) L(s, y ) , (11)

where

G(y ) =
r =1
S
k1

y (r ) e2pir / k1

(op. cit., Th. 12.11). Now 1- s is a nonpositive integer, so

L( 1- s, y ) = -
s

k1
s - 1

_ ____
r =1
S
k1

y (r ) Bs
ì
ï
î k1

r_ __ü
ï
þ

(12)

whereBs(x) is a Bernoulli polynomial (op. cit., p. 249 and Th. 12.13). By combining

(10)-(12) we obtain

z D (s) =
p ï k
P

ì
ï
î
1 -

ps
y (p)_ ____üï

þ
.

s! ( i - s + y ( - 1 )i s)

- ( 2p) s
_ _________________.

r =1
S
k1

y (r ) e2pir / k1

r =1
S
k1

y (r ) Bs
ì
ï
î k1

r_ __ü
ï
þ_ ________________. (13)

If k = k1 the initial product in (13) is 1 and can be omitted. Note that (from the

de®nition)

z 4D (s) = z D (s) , z p3 D (s) = z pD (s) , (14)

wherep is an odd prime andD is arbitrary.
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For d = 1 we have

z1 (s) = ( 1 - 2- s) z(s) (s even )

= ( 1 - 2- s)
2 . s!
( 2p) s
_ _____ï Bs ï , (s even ) (15)

z - 1 (s) =
2 . (s - 1 ) !

(p / 2 )s
_ __________ï Es - 1 ï (s odd ) (16)

where Bs and Es - 1 are Bernoulli and Euler numbers respectively (Abramowitz and

Stegun, 1966, Chap. 23).

Table 4 gives some initial values ofk and k1, and Table 5 the values of y (m) for

1 £ m £ k1 andï D ï £ 9. Table 6 gives the values of

ps
ds - 1Ö` d̀_ _______z D (s) =

ps
ds - 1Ö` d̀_ _______

m=1 , 3 , 5 ,...
S

ì
ï
î m

( - 1 )sd_ ______
ü
ï
þ ms

1_ ___ ,

for d £ 25,s £ 12.

9. Examples of Mass Calculations

(i) As a ®rst example we exhibit the calculations for the mass of the genus containing

the formf = diag{ 7 , 1 , 1}. Forp = 2 the Jordan constituentsf q are love forms except

for q = 1, whenf 1 = f, of Type I, dimension 3 and octane value- 1+1+1 = 1. All f q

are free exceptf 1¤2 andf 2, which are bound. For p = 7 the constituents are love forms

except for q = 1 (when f 1 = diag{ 1 , 1}) and q = 7 (when f 7 = diag{ 1}). The

calculations are shown in the following tableau (explained in more detail below).
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diag. diag. cross type p-mass
p q fq spec. fact. prod. terms fact. mp ( f )

2 1¤2 II 0 : 0* 1 1 / 2
1 I3 : 1 2+ 1
2 II 0 : 0* 1 1 / 2 1 / 4 1 20- 0 1 / 4 = 3 / 8 std2 ( f )

7 1 R2 2- 7 / 16
7 R1 1 1 / 2 7 / 32 Ö` 7̀ 2 ´ 1 Ð 49 / 32 = 3 std7 ( f )

For all otherp thep-mass is stdp ( f ), and so for this form we have

m( f ) =
8
3_ _ ´ 3 ´ std (f ) =

8
9_ _ std (f ) =

8
9_ _ .

6
1_ _ =

16
3_ __ .

Here std ( f ) can either be read from Table 3, or evaluated directly as

std (f ) = 2 p - 3 G( 1 / 2 ) G( 2 / 2 ) G( 3 / 2 ) z( 2 ) = 1 / 6 .

In the tableau, forp = 2, In : v or II n : v indicates ann-dimensional Jordan

constituentf q of Type I or II and octane valuev, with asterisks for bound forms. For odd

p, Rn or Nn indicates anf q of dimensionn whose determinant is a quadratic residue or

nonresidue (mod p) respectively. The species are read from Table 1, the diagonal factors

from Table 2, and their product is the diagonal product.

The p-massmp ( f ) is then found by multiplying the diagonal product by the cross-

terms (written in the formÖ` ̀```q¢/ q n(q) ´ n(q¢)), and the type factor if any (written in the

form 2j - k, wherej = n( I , I ), k = n( II ) ). We ®nally express it as a fraction of the

standardp-mass stdp ( f ) (see Eq. (6)), whose values can also be read from Table 2, using

the fact that, whenp divides 2d,

stdp ( f ) =
ì
í
î M p (n - 1 ) if n is even.

M p (n) if n is odd
(17)
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In this example we verify that the mass of 3 / 16 is correct, by observing (from Part I,

or from the 7+ vine of Table 7 below) that there are two forms in the genus off, namely

71 Å I 2 = f itself and 72 Å I 1 = g. These forms have automorphism groups of

orders 16 and 8 respectively, and indeed

16
1_ __ +

8
1_ _ =

16
3_ __ .

(ii) As a second example we calculate the mass of the genus containing the four-

dimensional formf = a3 Å I 1, of determinant 24, wherea3 = A1
2241 [ 1 1 1¤2 ], with

Gram matrix

ì
ï
ï
î 1
1
7

0
2
1

2
0
1ü
ï
ï
þ

,

is the ®rst three-dimensional form in the table at the end of §5 of Part I. This form can be

diagonalized to

diag{ 7 , 13 / 7 , 24 / 13}

by a transformation not involving divisions by 2 or 7, so its 2-adic decomposition is

diag{ 7 , 13 / 7} Å 8 diag{ 3 / 13} and its 3-adic decomposition is diag{ 7 , 13 / 7} Å

3 diag{ 8 / 13}. The tableau for the mass off is then:
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diag. diag. cross type p-mass
p q fq spec. fact. prod. terms fact. mp ( f )

2 1¤2 II 0 : 0* 1 1 / 2
1 I3 : - 1 2+ 1
2 II 0 : 0* 1 1 / 2
4 II 0 : 0* 1 1 / 2
8 I1 : - 1 0+ 1
16 II0 : 0* 1 1 / 2 1 / 16 Ö` 8̀ 3´ 1 20- 0 Ö` 2̀ = 3 / Ö` 2̀ . std2 ( f )

3 1 R3 3 9 / 16
3 N1 1 1 / 2 9 / 32 Ö` 3̀ 3´ 1 Ð 27Ö` 3̀ / 32 = 3Ö` 3̀ / 2 . std3 ( f )

Thus the massm( f ) is

Ö` 2̀

3_ ___ ´
2

3Ö` 3̀_ ____ . std (f ) =
2Ö` 2̀

9Ö` 3̀_ ____ .
6p2

z 24( 2 )_ ______ =
32
3_ __ ,

(by using Table 3 for std ( f ) and Table 6 forz 24( 2 ) = z 6 ( 2 ) =
2
3_ _ .

6Ö` 6̀

p2
_ ____).

In fact, from Part I (or the 24-
- + vine of Table 7 below) there are two forms in the

genus off, namely

f = a3 Å I 1 = A1
2241 [ 1 1 1¤2 ] Å I 1 and g = c4 = A1 61 ( 313 )2 [ 1 1¤2 1¤2 1¤2 ] .

Their total mass is indeed

22 . 2 . 2 . 2

1_ ____________+
2 . 8 . 1

1_ _______=
32
3_ __

(iii) An abbreviated tableau. Since each bound love form contributes a factor of1¤2

(see §6), the tableaux may be simpli®ed by omitting the love forms and replacing the

type factor 2i - j by 2i - j - l , wherel is the number of bound love forms.

The abbreviated tableaux for our examples are



- 19 -

diag. diag. cross type p-mass
p q fq spec. fact. prod. terms fact. mp ( f )

2 1 I3 : 1 2+ 1 1 / 4 1 20- 0- 2 1 / 4 = 3 / 8 std2 ( f )

7 1 R2 2- 7 / 16
7 R1 1 1 / 2 7 / 32 Ö` 7̀ 2 ´ 1 Ð 49 / 32 = 3 std7 ( f )

and

diag. diag. cross type p-mass
p q fq spec. fact. prod. terms fact. mp ( f )

2 1 I3 : - 1 2+ 1
8 I1 : - 1 0+ 1 1 / 16 Ö` 8̀ 3´ 1 20- 0- 4 Ö` 2̀ = 3 / Ö` 2̀ . std2 ( f )

3 1 R3 3 9 / 16
3 N1 1 1 / 2 9 / 32 Ö` 3̀ 3´ 1 Ð 27Ö` 3̀ / 32 = 3Ö` 3̀ / 2 . std3 ( f )

(iv) Unimodular lattices. For d = 1 Eq. (2) easily yields the expressions for the

mass of unimodular lattices given in Theorems 1 and 2 of (SLG, Chap. 16). (For the odd

genera,z ±1 (s) is given by Eqs. (15), (16).)

10. Veri®cation of the Results of Part I

In this section we describe how the mass formula was used to check the enumeration

of lattices of small determinant given in Part I. Tables 8 and 9 supply additional

information about these lattices.

The lattices may be arranged into ``vines'' (such as that shown in Fig. 1) as follows.

We form a graph, in which each node represents a genus, and nodes for genera containing

latticesL andL Å I 1 are joined by an edge.

In view of Lemma 3 of §13, this graph has the following structure. Each connected

component of the graph is a tree consisting of a single path (the ``stem''), the nodes of
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which represent odd genera, together with other nodes representing even genera that are

joined to the stem by single edges (the ``twigs''). There is at most one twig at any stem

node. We call such a tree a ``vine''.

Figure 1 shows the beginning of the vine containing the determinant 11 lattices of

genera In ( 11+ ) (the stem) and IIn ( 11+ ) (the twigs). Only lattices containing no vectors

of norm 1 are shown. The complete set ofn-dimensional lattices in a given vine then

consists of all direct sumsL r Å I n - r , whereL r is anyr-dimensional lattice (r £ n) that

is marked on the vine.

We illustrate by displaying (in Table 7) the calculations for the determinant 11+ vine

shown in Fig. 1. The 2-adic decomposition of any formf in I n ( 11+ ) (for example

f = diag{ 11} Å I n - 1) has f 1 = f, of Type I, dimensionn and octane valuen - 2,

while the otherf q are love forms, of whichf 1 / 2 and f 2 are bound. In the 11-adic

decomposition, dimf 1 = n - 1, dim f 11 = 1, and both determinants are residues.

The total mass of In ( 11+ ) as given by (2) is shown in the second column of Table 7.

The remaining columns of Table 7 give the contributions to the mass from each

family L k Å I n - k, whereL k contains no vectors of norm 1. The mass ofL k Å I r is

obtained by dividing the mass ofL k Å I r - 1 by 2r as indicated. SinceL 6 = 116 is

even, its mass {enclosed in curly brackets} only contributes to the odd genera in

dimensions 7 onwards. As can be seen, the masses do sum to the predicted values.

Similar calculations were performed for all the vines in Table 8 below. Once the

lattices were placed in the appropriate vines, we veri®ed that the total mass

S ï Aut ( f (i ) )ï - 1 of the latticesf ( 1 ) , . . . , f (h) at each node was equal to the value
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m( f ( 1 )) given by Eq. (2). This was now essentially a simple and routine arithmetical

calculation, since the group orders are fully speci®ed by Table 1 of Part I and Table 9

below.

The calculations were automated to a certain extent. Inevitably we found a few errors

in the manuscript of Part I, which of course we corrected. But most of the time it was

quite astonishing to watch the miraculous agreement of the two calculations!

Description of Tables 8 and 9

In Part I we enumerated lattices of determinantd £ 25 up to various dimensions

(ranging from dimension 18 ford = 1 to dimension 7 ford = 25). The vines containing

these lattices are given in Table 8.

Each line of Table 8 represents one vine. The genera (i.e. the nodes) are separated by

semicolons, while the lattices in a genus are separated by commas. Even genera (or twig

nodes) are enclosed in curly brackets { },  the other genera being odd (or stem nodes).

Only lattices containing no vectors of norm 1 are shown. In the majority of cases the

names of the lattices are taken from Table 1 of Part I. That table also gives the Witt

components, glue vectors, genus symbol and group ordersg1 andg2 for those lattices.

Lattices that appear in the supplementary table (Table 2) of Part I have been named in

Table 8 as follows. The lattices of determinantd and dimensionn in the supplementary

table have been labeledan, bn, cn , . . . reading from left to right. A similar notation

has been used for the lattices of determinants 19, 23, 24 and 25 that are described in the

text of Part I.
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The group ordersg1 and g2 (de®ned in Part I) for the lattices described in the

preceding paragraph were omitted from Part I, and this information is now given in Table

9. For eachn-dimensional lattice of determinantd, Table 9 givesdn, the name of the

lattice, its Witt components, and the values ofg1 andg2.

11. Properties of the Genus

In this section we state without proof some properties of the genus, which can

sometimes be used to simplify the calculations. (These results also follow from Kneser

and Puppe, 1953.) Lemmas 2 and 4 also serve as operational de®nitions of the genus.

Lemma 1.Two formsf andg are in the same genus if and only if the inde®nite forms

f Å
ì
ï
î 1
0

0
1ü
ï
þ

and g Å
ì
ï
î 1
0

0
1ü
ï
þ

are integrally equivalent.

This follows from properties of the spinor genus (see SLG, Chap. 15).

The other lemmas are best stated in terms of lattices rather than quadratic forms. Let

L be an integral lattice, andL * / L the dual quotient group. The norms of all vectors in

any given cosetu + L of L * / L are congruent modulo 1 (or modulo 2 if L is even), and

so the norm de®nes a quadratic form onL * / L which takes values inQ / Z (or Q / 2Z

if L is even).

Lemma 2. Two latticesL andM are in the same genus if and only if they have the same

dimensionn and TypeT (whereT = 1 for Type I,T = 2 for Type II) and there is an

isomorphism between the dual quotientsL * / L and M * / M which preserves norms
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moduloT.

Lemma 3. If two latticesL Å I 1 andM Å I 1 are in the same genus, then so areL and

M provided they have the same TypeT (= 1 or 2).

Lemmas 2 and 3 are proved by verifying that the given information is enough to

determine the invariants of their Jordan decompositions. This is trivial except when

p = 2.

By combining Lemmas 2 and 3 we can strengthen Lemma 2:

Lemma 4. Two latticesL andM are in the same genus if and only if they have the same

dimension and Type and there is an isomorphism betweenL * / L and M * / M which

preserves norms modulo 1.

For the proof we apply Lemma 2 to L Å I 1 and M Å I 1, and then use Lemma 3.

However, Lemma 2 has a categorical character not shared by Lemma 4. In Lemma 4

there need not be a 2-adically integral equivalence betweenL and M that induces the

given isomorphism between their dual quotientsL * / L andM * / M.

We demonstrate one possible application of these lemmas by ®nding the possible

genera of lattices of various small determinants. If L has determinantd = 2, andv2 is a

vector that generatesL * moduloL, thenv2
. v2 must be congruent to1¤2 (mod 1) (for if

v2
. v2 were an integer then< L, v2 > would be an integral lattice of determinant1¤2).

Lemma 4 now implies thatL has one of two possible genera, namely In ( 2 ) if L is odd or

II n ( 2 ) if L is even. These genera form a single vine (cf. §10).
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Similarly, if d = p is an odd prime, andvp generatesL * modulo L, then

vp
. vp = a / p where a ¹ 0 is an integer. Since N(kvp ) = k2 N(vp ), only the

quadratic residuacity ofa modulo p is important, and (by Lemma 4) there are four

possible genera in two vines, belonging to

I n (p+ ) and II n (p+ ) , I n (p- ) and II n (p- )

(the+ sign if a is a residue, the- sign for a nonresidue).

Distinct primes can be treated independently. Thus in the case of determinant

d = 2p, L * is generated moduloL by vectorsv2 andvp, of orders 2 andp respectively.

The preceding argument shows that there is only one choice for the norm ofv2 (mod 1),

and two choices for the norm ofvp (mod 1), so that again there are four genera in two

vines:

I n (d+ ) and II n (d+ ) , I n (d- ) and II n (d- ) ,

where In (d+ ) abbreviates In (p+ . 2 ), etc. as in Part I.

12. Thep-adic Density and thep-Mass

The mass is traditionally expressed in terms of certain constantsa p ( f ) called thep-

adic densities (cf. Siegel, 1935). Our idea of giving the same information in terms of the

p-massesmp ( f ) was prompted by Watson's suggestion (1976, p. 106) of a ``more

modern form'' for the mass. However, our formula improves on Watson in that it is

visibly invariant under duality as well as scale changes.

Let N(pr ) be the number ofn ´ n matricesX, with entries which are integers modulo

pr , that satisfy
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X tr A X º A ( mod pr ) , (18)

whereA is the Gram matrix of the formf. Then for all suf®ciently larger, the p-adic

density

a p ( f ) =
prn(n - 1 ) / 2

N(pr )_ __________

is independent ofr. If ps is the highest power ofp dividing the determinant

det f = det A, then thep-mass is given by

mp ( f ) =
a p ( f )

ps(n +1 ) / 2
_ _________=

N(pr )

p{ rn (n - 1 )+s(n +1 )} / 2
_ _________________.

Thus thep-mass is the reciprocal of the order of the automorphism group of the form

modulopr , multiplied by a normalizing power ofp.

The p-adic densitya p ( f ) seems inappropriate for several reasons. First, it is

embarrassing that the mass of a form varies inversely with the density! Also thep-mass,

unlike thep-adic density, is invariant under changing the scale of the form.

13. The Structure of the Mass Formula

We shall neither prove the mass formula (Eq. (2), (3)) nor justify our evaluation of

thep-masses (§5). However the following remarks may make the formulae plausible.

The approximation theorem (cf. Cassels, 1978, Chap. 3) tells us that a determinant 1

automorphism of f is adequately speci®ed by the corresponding determinant 1

automorphisms of thep-adic localizations off. This explains why we should expect

m( f ) to be proportional to the productP p ( 2mp ( f ) ) (see Eq. (2)). The precise factor of

proportionality is determined by an integration overSO(n) (cf. Siegel, 1935).



- 26 -

We next discuss the form of (3), supposing ®rst thatp is odd. The typical matrixX in

Eq. (18) has the form shown in Fig. 1. The typical diagonal blockXq, when read modulo

p, is an automorphism off q (mod p). If f q has dimensionn(q) = N, such

automorphisms form the orthogonal group overF p of speciesN, N +, orN - (see §5).

Again, if q < q¢(but not ifq > q¢) we can add multiples of the basis vectors forf q¢

to those forf q without changing their norms and inner products modulop. When the

normalizing powers ofp are taken into account these transformations explain the cross-

terms in (3).

Whenp = 2 the situation is more complicated: the quadratic form corresponding to

f q may not have the same dimension asf q. For instance if f q is x1
2 + . . . + x4

2, the

appropriate quadratic form is de®ned only on the 2-space of binary vectors

(x1 , x2 , x3 , x4 ) with an even number of 1's, taken modulo ( 1 , 1 , 1 , 1 ), and its value

is half the number of 1's in such a vector. This is a quadratic form of species 2- . This

explains the entry 2- corresponding to I4 : 4 in Table 1.

The dimensionN of the orthogonal group in Table 1 may even be greater than the

dimension off q! We explain this, and also the relevance of the free or bound status of

f q, by considering the formsf andg with Gram matrices

e2

e1 ì
ï
î 1 2
2 1ü

ï
þ

,

e3

e2

e1 ì
ï
ï
î 0
1
2

0
2
1

2
0
0ü
ï
ï
þ

respectively. Bothf and g have the same Jordan constituents forq = 1, namely

f 1 = g1 = 2 (x2 + xy + y2 ), of dimension 2 and octane value 4 (corresponding to

II 2 : 4 in Table 1), but this is free forf and bound forg.
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The matrixX of Eq. (18) forf, when read modulo 2, must be an automorphism of

x2 + xy + y2. Such automorphisms form the orthogonal group of species 2- overF 2.

This explains the entry 2- for free forms II2 : 4 in Table 1.

However, in the typical matrix

X =
ì
ï
ï
î *

c
a

*

d
b

X2

*

* ü
ï
ï
þ

(19)

for the form g, the leading 2́ 2 block X1 =
ì
ï
î c
a

d
bü
ï
þ

need not correspond to an

automorphism of the constituentg1. This is becauseg has other Jordan decompositions.

For exampleg is 2-adically equivalent to the formh with Gram matrix

e3¢ = . . .

e2¢ = e2 + e3

e1¢ = e1 ì
ï
ï
î 0
1
2

0
4
1

6 / 7
0
0 ü

ï
ï
þ

,

for which h1 is the form 2 (x2 + xy + 2y2 ) with octane value 0 (so II2 : 0). Note that

the transformation

ì
ï
ï
î 4 / 7
0
1

- 2 / 7
1
0

3 / 7
1
0 ü

ï
ï
þ

=
ì
ï
ï
î *

0
1

*

1
0

3 / 7
*

* ü
ï
ï
þ

(20)

betweeng andh has the identity matrix forX1. Consider now the generalX of (18), (19)

for g. The X1 block need not correspond to an automorphism ofg1. It could for

example transformg1 to h1 with matrix

ì
ï
î 1
2

4
1ü
ï
þ

,
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since this can be cured by dividing by (20).

However, for anyX, the matrixX1 (modulo 2) must preserve the symplectic form

with matrix

ì
ï
î 1
0

0
1ü
ï
þ

obtained by readingg1 or h1 modulo 2, and the group of such matrices is the two-

dimensional symplectic group over F 2. It is well-known that the 2m-dimensional

symplectic group overF 2 is isomorphic to the ( 2m+1 )-dimensional orthogonal group.

This explains the entry 3 for bound forms II2: in Table 1. The equivalence betweeng

andh in this example is a case of ``sign-walking'' (see SLG, Chap. 15).

In a similar way, every multiplicity of ``canonical forms'' forf (see SLG, Chap. 15,

§7) has its effect on the mass formula. If f q andf 2q are both of Type I we can increase

the octane value off q by any even numberv while decreasing that off 2q by v. However,

if v is a multiple of 4, this can also be done by sign-walking, so we have just one extra

factor of 2 for each adjacent pairf q, f 2q of Type I forms. This explains the portion

2n( I , I ) of the type factor (see (3)).

The invariants for a Type I summandf q are its sign

eq =
ì
ï
î det f q

2_ _____üï
þ

and its octane value, whereas for a Type II summand the octane value is already

determined byeq. What amount of information about the canonical form for a Type I

summand f q = diag{ a1 , . . . , an(q) } is required to compute the octane value?
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Answer: n(q) bits, specifying the 2n(q) signs in a i º ± 1 (mod 4). Each Type II

summandf q loses this much information. This explains the portion 2- n( II ) of the type

factor.

It should now be apparent that a real understanding of the 2-adic contribution requires

knowledge of the possible 2-adic structures of the form and of a suitable parametrization

of orthogonal groups in characteristic 2. It is therefore not surprising that the 2-adic part

of the mass caused so much dif®culty, since (after Smith) the 2-adic structure was ®rst

completely described by Jones (1944) and Pall (1945), and the correct parametrization of

the orthogonal groups only emerged after the work of Chevalley (1955) and Dieudonne Â

(1955).

We caution the reader that our brief ``explanations'' conceal as much as they reveal.

We have explained the mass in terms of matrices that take one ``canonical form'' off to a

distinct one. When expressed instead in terms of the matricesX that preservef, the

explanation to some extent depends on the fact that the Hensel lifting process forp = 2

sometimes demands initial terms of greater accuracy than it does for oddp.

It is a remarkable instance of the principle of permanence of form that the diagonal

product forp = 2 looks so similar to that for oddp, since the explanations differ in so

many details.
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List of Footnotes

(1) In fact we could notquite reconcile Watson's version with ours Ð they appear to

differ by a factor of 2n for n-dimensional forms. This is almost certainly due to our

misunderstanding of Watson's conventions, which differ considerably from ours.
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List of Figure Captions

Figure 1. Vine showing lattices of determinant 11 and genera In ( 11+ ) (the stem) and

II n ( 11+ ) (the twigs). Only lattices with no vectors of norm 1 are shown.

Figure 2. Structure of matrixX satisfying Eq. (18).
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List of Table Captions

Table 1. Determining the species off q.

Table 2. Diagonal factorM p as a function of the species. This is also stdp ( f ) for a form

f of one of the dimensions given in the last column.

Table 3. Standard mass std ( f ) of ann-dimensional form of determinantd. For n = 2s

this involvesz D (s), whereD = ( - 1 )sd Ð see Eqs. (7), (8).

Table 4. Modulusk and conductork1 of the Dirichlet characterc, for ï Dï £ 11.

Table 5. Values of the primitive charactery (m) for 1 £ m £ k1 andï Dï £ 9.

Table 6. Values of z D (s) ds - 1 Ö` d̀ / ps, (D = ( - 1 )ds), for d £ 25, s £ 12. Note

thatz 4D = z D , z p3 D = z pD for p an odd prime.

Table 7. Veri®cation of masses for lattices shown in the determinant 11+ vine of

Figure 1.

Table 8. Vines showing the classi®cation of the lattices of Part I into genera.

Semicolons separate genera, commas separate individual lattices, and Type II lattices are

enclosed by curly brackets. Only lattices containing no vectors of norm 1 are shown.

Table 9. For most lattices in Table 8, the group ordersg1 andg2 were given in (Part I,

Table 1). The Witt components andg1, g2 for the remaining lattices are given here.
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Table 1

_ ___________________________________________________________________________

p = 2 {Octane values}, free or bound status
Typedim : { 0 , ±1} andfree { ±2} or bound { ±3 , 4} andfree_ ___________________________________________________________________________

II 0 : or I 1 : or I 2 : 0+ 1

II 2 : or I 3 : or I 4 : 2+ 3 2-

II 4 : or I 5 : or I 6 : 4+ 5 4-

. . . . . .

II 2t : or I 2t +1 : or I 2t +2 : 2t + 2t +1 2t -
_ ___________________________________________________________________________ çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

_ _________________________________________________________________________

p odd p = 3 , 7 , 11 , . . . , 4k - 1 , . . . p = 5 , 13 , 17 , . . . , 4k +1 , . . .
Dim dq = residue dq = nonresidue dq = residue dq = nonresidue

_ _________________________________________________________________________

0 0+ 0+
1 1 1 1 1
2 2- 2+ 2+ 2-
3 3 3 3 3
4 4+ 4- 4+ 4-
. . . . . . .

n odd n n n n
n º 0 (mod 4) n + n - n + n -
n º 2 (mod 4) n - n + n + n -

_ _________________________________________________________________________ çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
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Table 2

Species p = 2 p = 3 p = 5 p = 7 p Dims._ ___________________________________________________________________

0+ 1 1 1 1 1

1
2
1_ _

2
1_ _

2
1_ _

2
1_ _

2
1_ _ 1,2

2-
3
1_ _

8
3_ _

12
5_ __

16
7_ __

2p +2
p_ _____

2+ 1
4
3_ _

8
5_ _

12
7_ __

2p - 2
p_ _____

3
3
2_ _

16
9_ __

48
25_ __

96
49_ __

2 (p2 - 1 )

p2
_ ________ 3,4

4-
15
8_ __

160
81_ ___

1248
625_ ____

4800
2401_ ____

2 (p4 - 1 )

p4
_ ________

4+
9
8_ _

128
81_ ___

1152
625_ ____

4608
2401_ ____

2 (p2 - 1 )2
p4

_ _________

5
45
32_ __

1280
729_ ____

29952
15625_ _____

230400
117649_ ______

2 (p2 - 1 ) (p4 - 1 )

p6
_ _______________ 5,6

çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
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Table 3
_ ____________________________________________

n std (f )_ ____________________________________________

1 2_ ____________________________________________

2
p

2 z D ( 1 )_ ________
_ ____________________________________________

3
6
1_ _

_ ____________________________________________

4
6 p2

z D ( 2 )_ ______
_ ____________________________________________

5
720
1_ ___

_ ____________________________________________

6
360 p3

z D ( 3 )_ ______
_ ____________________________________________

7
181440

1_ ______
_ ____________________________________________

8
30240p4

z D ( 4 )_ ________
_ ____________________________________________

9
43545600

1_ ________
_ ____________________________________________

10
1814400p5

z D ( 5 )_ __________
_ ____________________________________________

11
5748019200

1_ __________
_ ____________________________________________

12
47900160p6

z D ( 6 )_ ___________
_ ____________________________________________

13
188305108992000

691_ _______________
_ ____________________________________________ ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
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Table 3 (cont.)
___________________________________________

n std (f )___________________________________________

14
261534873600p7

691 z D ( 7 )_ _______________
___________________________________________

15
2259661307904000

691_ ________________
___________________________________________

16
448345497600p8

691 z D ( 8 )_ _______________
___________________________________________

17
18438836272496640000

2499347_ ____________________
___________________________________________

18
457312407552000p9

2499347z D ( 9 )_ __________________
___________________________________________

19
264855444218141736960000

109638854849_ ________________________
___________________________________________

20
729870602452992000p10

109638854849z D ( 10 )_ ______________________
___________________________________________

21
1748045931839735463936000000

19144150084038739_ ____________________________
___________________________________________

22
481714597618974720000p11

19144150084038739z D ( 11 )_ _________________________
___________________________________________

23
482460677187766988046336000000

1487175010978381361737_ ______________________________
___________________________________________

24
12086657176621547520000p12

1487175010978381361737z D ( 12 )_ ______________________________
___________________________________________

25
31610823569342493056795934720000000

351514769627820131218308186067_ ___________________________________
___________________________________________ çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
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Table 4

D 1 2 3 5 6 7 9 10 11

k 2 8 12 10 24 28 6 40 44

k1 1 8 12 5 24 28 1 40 44

D - 1 - 2 - 3 - 5 - 6 - 7 - 9 - 10 - 11

k 4 8 6 20 24 14 12 40 22

k1 4 8 3 20 24 7 4 40 11
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Table 5

D\n 1 2 3 4 5 6 7 8 9 10 11 12 13 14_________________________________________________________________

1 +
- 1 + 0 - 0
2 + 0 - 0 - 0 + 0

- 2 + 0 + 0 - 0 - 0
3 + 0 0 0 - 0 - 0 0 0 + 0

- 3 + - 0
5 + - - + 0

- 5 + 0 + 0 0 0 + 0 + 0 - 0 - 0
6 + 0 0 0 + 0 - 0 0 0 - 0 - 0

- 6 + 0 0 0 + 0 + 0 0 0 + 0 - 0
7 + 0 + 0 - 0 0 0 + 0 - 0 - 0

- 7 + + - + - - 0
9 +

- 9 + 0 - 0çç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç

Table 5 (cont.)

D\n 15 16 17 18 19 20 21 22 23 24 25 26 27 28_ _________________________________________________________________________

1
- 1
2

- 2
3

- 3
5

- 5 0 0 - 0 - 0
6 0 0 - 0 + 0 0 0 + 0

- 6 0 0 - 0 - 0 0 0 - 0
7 - 0 - 0 + 0 0 0 - 0 + 0 + 0ç

ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
ç
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Table 6 (i)

d\s 1 2 3 4 5 6 7 8_ _______________________________________________________________________

1
4
1_ _

8
1_ _

32
1_ __

96
1_ __

1536
5_ ____

960
1_ ___

184320
61_ ______

161280
17_ ______

2
2
1_ _

4
1_ _

16
3_ __

96
11_ __

256
19_ ___

7680
361_ ____

10240
307_ _____

1290240
24611_ _______

3
2
1_ _

2
1_ _

2
1_ _

48
23_ __

24
11_ __

3840
1681_ ____

720
301_ ___

645120
257543_ ______

5 1 1
8
15_ __

6
17_ __

128
587_ ___

120
871_ ___

1024
11851_ _____

5040
92777_ _____

6 1
2
3_ _

8
23_ __

16
87_ __

384
3985_ ____

1280
25361_ _____

46080
1743623_ _______

215040
15540167_ ________

7
2
1_ _ 2 4

12
113_ ___

3
62_ __

960
44461_ _____

90
9271_ ____

161280
37040933_ ________

9 1 3
8
63_ __

2
45_ __

128
8235_ ____

40
7371_ ____

5120
2702727_ _______

112
169371_ ______

10 1
2
7_ _

8
79_ __

48
1577_ ____

384
39521_ _____

3840
1264807_ _______

46080
48224239_ ________

92160
307191791_ _________

11
2
3_ _

2
7_ _

2
27_ __

48
2153_ ____

8
1275_ ____

3840
2130727_ _______

80
155703_ ______

92160
627658799_ _________



- 40 -

Table 6 (ii)

d\s 9 10 11 12

1
8257536

277_ _______
2903040

31_ _______
14863564800

50521_ ___________
638668800

691_ _________

2
6881280
83579_ _______

371589120
2873041_ _________

2477260800
12193841_ __________

163499212800
512343611_ ____________

3
40320
15371_ _____

185794560
67637281_ _________

3628800
1261501_ _______

81749606400
27138236663_ ___________

5
3440640

100822507_ _________
362880

16922791_ ________
49545216

3677397901_ __________
39916800

4715323337_ __________

6
2064384

284922989_ _________
6881280

1813875289_ __________
3715891200

1870693029623_ _____________
3892838400

3742891901521_ _____________

7
1260

644663_ ______
46448640

52955730841_ ___________
453600

1152262441_ __________
20437401600

115679254803353_ _______________

9
32768

141958899_ _________
4480

55601073_ ________
45875200

1631081751183_ _____________
14080

1434144933_ __________

10
10321920

109493813441_ ____________
185794560

6273958190407_ _____________
3715891200

399403566400399_ _______________
81749606400

27969713330033897_ _________________

11
896

21370725_ ________
185794560

15515203176007_ ______________
403200

117895594903_ ____________
81749606400

83695529627822633_ _________________
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Table 6 (iii)

d\s 1 2 3 4 5 6 7 8

13 1 5
8

151_ ___
6

493_ ___
384

128657_ ______
24

33463_ _____
46080

265394311_ _________
5040

120190933_ _________

14 2 5
4
99_ __

24
2503_ ____

64
30195_ _____

384
802729_ ______

2560
23890611_ ________

322560
13406231743_ ___________

15 1 6 28
4

537_ ___
3

1922_ ____
320

978941_ ______
90

1314577_ _______
53760

3749253437_ __________

17 2 6
4

159_ ___ 205
64

72299_ _____
20

121611_ ______
2560

84392231_ ________
168

29950897_ ________

18 1
2
15_ __

8
351_ ___

16
4059_ ____

128
186219_ ______

256
2134593_ _______

5120
244616679_ _________

71680
19621931913_ ___________

19
2
3_ _

2
19_ __

2
99_ __

48
14933_ _____

8
14795_ _____

3840
43171459_ ________

240
16288013_ ________

645120
264948072293_ ____________

21 2 10
4

263_ ___
3

1309_ ____
192

559345_ ______
12

233623_ ______
23040

2998225943_ __________
2520

2192034469_ __________

22 1
2
23_ __

8
559_ ___

48
24889_ _____

384
1372577_ _______

3840
96678263_ ________

46080
8109725839_ __________

645120
795567059929_ ____________

23
2
3_ _ 10 84

12
7093_ ____ 4402

192
6155821_ _______

10
2351659_ _______

161280
277506449593_ ____________

25 1 15
8

775_ ___
2

1625_ ____
384

2440625_ _______
8

406875_ ______
9216

3723096875_ __________
336

1080828125_ __________
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Table 6 (iv)

d\s 9 10 11 12

13
10321920

101837529137_ ____________
72576

29632170055_ ___________
3715891200

6277939539153271_ ________________
39916800

279065797700773_ _______________

14
114688

21246124181_ ___________
18579456

15337101636817_ ______________
68812800

253143899134537_ _______________
40874803200

670083304256329783_ __________________

15
180

59937599_ ________
1720320

2735126857009_ _____________
453600

3443361870847_ _____________
6812467200

246919524028587937_ __________________

17
1720320

1659961706539_ _____________
60480

315769666091_ ____________
619315200

17497631131594933_ _________________
63360

9686758513133_ _____________

18
1146880

1798809553593_ _____________
458752

4122569626515_ _____________
45875200

2362058587538991_ ________________
1009254400

297739178712207297_ __________________

19
896

2225066181_ __________
185794560

2790621100831219_ ________________
1209600

109876178454493_ _______________
81749606400

44911176071936980853_ ____________________

21
1032192

6001721823533_ _____________
5184

201488196865_ ____________
1857945600

482710780150102823_ __________________
19958400

34661642709351829_ _________________

22
10321920

89121425517377_ ______________
185794560

11234585316623063_ _________________
3715891200

1573439605792110319_ ___________________
81749606400

242409057451908699769_ _____________________

23
60

755980919_ _________
9289728

856862853365401_ _______________
151200

102105212194847_ _______________
2919628800

14434390886810961499_ ____________________

25
2064384

52833530078125_ ______________
24192

4927316796875_ _____________
148635648

240902895762109375_ __________________
25344

326879439453125_ _______________
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Table 7

n Total 111 ⊕ I n − 1 112
+ ⊕ I n − 2 115 ⊕ I n − 5 116 ⊕ I n − 6 117

+ ⊕ I n − 7

1 1 / 2 = 1 / 2

(÷2)

2 3 / 4 = 1 / 4 + 1 / 2

(÷4) (÷2)

3 5 / 16 = 1 / 16 + 1 / 4
(÷6) (÷4)

4 7 / 96 = 1 / 96 + 1 / 16

(÷8) (÷6)

5 61 / 3840 = 1 / 768 + 1 / 96 + 1 / 240

(÷10) (÷8) (÷2)

6 9 / 2560 = 1 / 7680 + 1 / 768 + 1 / 480 {1 / 3840}

(÷12) (÷10) (÷4) (÷2)

7 133 / 165888= 1 / 92160 + 1 / 7680 + 1 / 1920 + 1 / 7680 + 1 / 103680
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Table 8 (i)

Det Lattices

1 {1 0}; {1 8}; 1 12; 114; 115; 116′ , {18
2 , 116′ ′ }; 1 17; a18, b18, c18, d18

2 {2 1}; {2 7}; {2 1 18}; 2 11; 21 112, 213; 214; 21 114, 215′ , {2 7 18, 215′ ′ };

21 115, a15, b15

3+ 31; {3 6}; 3 1 18; 310; 312
+ ; 31 112, 313

+ ; d14, {3 6 18 , a14}

3− {3 2}; 3 8; {3 2 18}; 3 11; 312
− ; 313

− ; 32 112, b14, c14

4+ {4 1}; {4 5}; 4 + 9′ , {4 1 18 , 49′ ′}; 4 + 11′ ; b12

4− {4 3}; {4 7}; 4 − 9′ ; 4− 11′ , {4 3 18 , 411′ ′ }; c12

2 . 2 {21
2}; {4 6}; {2 7 21}; (  2 . 2 )10, {21

218 , 410′ ′ }; 2 1121, d12, e12

22 {4 4}; {4 8}; (  22 ) 10; f 12, {4 4 18 , a12}

5+ 51; {5 4}; 58
+ ; 51 18; 510

+ ; 511
+ ; d12, {5 4 18 , a12}

5− 52; 57; {58
−}; 5 2 18, 510

− ; 511
− ; b12, c12

6+ 31 21; {6 5}; {3 6 21}; 3 1 27; 69; 31 21 18; 31021, c11, d11

6− {6 1}; {3 2 21}; 6 7; 38 21, {3 2 27 , 61 18}; 6 10; b11, {3 2 21 18 , a11}
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Table 8 (ii)

Det Lattices

7+ 71; {7 2}; 76
+ ; 78

+ ; 71 18; 79
+ ; ( 7+ )10′ , {7 2 18 , 710′ ′ };

711
+ ; e12, f 12, g12, h12

7− 73; {76
−}; 78

− ; 79
− ; ( 7− )10′ ; 73 18, 711

− ; a12, b12, c12, d12

8+
+ {8 1}; 8 5; 8+ 8

+ ; ( 8+
+ )9′ , {8 1 18, ( 8+ )9′ ′}; e10

8+
− 83; 87′ ; 8+ 8

− ; {(  8− )9′ ′}; d10

8−
+ 84; {8 − 7

+ }; 8 − 8
+ ; ( 8−

+ )9′ ; c10

8−
− 82; 86; {8 − 7

− }; (  8−
− )9′ ; 82 18, a10, b10

4 . 2 {4 1 21}; {4 3 21}; {4 5 21}; (  4 . 2 )8, {4 1 27, 47 21};

4+ 9′ 21, 4− 9′ 21, f 10, {4 1 21 18, 43 27, 49′ ′ 21}

2 . 2 . 2 {21
3}; {4 4 21}; {4 6 21}; (  2 . 2 . 2 )9, {2 7 21

2, 48 21}

9+ 91; 94; 97; {c8}

9− 92; 95; d8, {a8, b8}

32+ 31
2; {32

2}; 3 6 31; e8

32− 32 31; 96; {3 6 32}

10+ 51 21; {10 3}; {5 4 21}; 107′ ; 51 27; 58
+ 21, b9, c9

10− {10 1}; 5 2 21; 106; {107′ ′}; 5 7 21; 52 27, d9, {58
− 21, 101 18, a9}

11+ 111; 112
+ ; 115; {11 6}; 117

+ ; c8

11− {112
−}; 11 4; 117

− ; a8, b8
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Table 8 (iii)

Det Lattices

12+
+ 41 31; {123′ ′}; 4 5 31; 12+ 7

+ , {4 1 36, 127′ ′}; d9, e9

12+
− {4 1 32}; 125′ ; {4 5 32}; 12+ 8

− ; 41 38, g9, h9

12−
+ {12 1}; 4 3 31; {125′ ′}; 12− 7

+ ; 47 31; a9, b9, {4 3 36, 121 18, c9}

12−
− 123′ ; {4 3 32}; 12− 7

− ; 12− 8
− ; k9, {4 7 32 , f 9}

6+ . 2 31 21
2; {124′ ′}; {6 5 21}; 4 6 31; ( 3 . 2 . 2 )8′ , {3 6 21

2, 128′ ′}; 3 1 27 21

6− . 2 {6 1 21}; {3 2 21
2}; 126′ ; 67 21, {4 6 32 , 61 27}; i 9

3+ . 22 {12 2}; 4 4 31; {126′ ′}; (  3+ . 22 ) 8; 48 31

3− . 22 124′ ; {4 4 32}; (  3− . 22 ) 8; j 9

13+ 131; 133
+ ; {13 4}; 136

+ ; c8, d8

13− 132; 133
− ; 136

− ; 137; e8, {a8 , b8}

14+ {14 1}; 7 1 21; {7 2 21}; 145′ ; 76
+ 21, ( 14+ )7′ ; 71 27, 148

+ ;
78

+ 21, d8, {7 2 27 , 141 18 , a9}

14− 142; 73 21; {145′ ′}; (  14− )7′ , {76
− 21 , 147′ ′}; 148

− ; 78
− 21, b9, c9

15+ + 51 31, {152
+ +}; 5 4 31; 156

+ +; 51 36; a8, b8

15+ − 51 32; 154; {5 4 32}; 157
+ −; e8

15− + 52 31; 155; {156′ ′}; 5 2 36, 57 31, d8

15− − 151; {152
− −}; 5 2 32; 156

− −; 157
− −; c8
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Table 8 (iv)

Det Lattices

16+
+ {16 1}; 16+ 3

+ ; 16+ 5
+ ; 16+ 6

+ ; 16+ 7
+ ; l 8

16+
− 162; 16+ 4

− ; {16+ 5
− }; 16+ 6

− ; 16+ 7
− ; a8

16−
+ 16− 4

+ ; 16− 6
+ ; {16− 7

+ }; h8

16−
− {163′ ′}; 16− 5

− ; 16− 7
− ; g8

8+
. 2 {8 1 21}; 8 3 21; 85 21; ( 8 . 2 )7; 87′ 21, {8 1 27 , d8}

8−
. 2 82 21; 84 21; {166′ ′}; 8 6 21; i 8, {8− 7

+ 21 , 8− 7
− 21}

42+ ( 42 ) 5; ( 42+ ) 7; {b8}

42− ( 42 ) 3; ( 42− ) 7; {c8}

4+
. 4+ {4 1

2}; (  4+
. 4+ ) 6, {4 5 41}; m8

4+
. 4− {4 3 41}; (  4+

. 4− ) 6; j 8, {4 5 43 , 47 41}

4−
. 4− ( 4 . 4 )4; {43

2}; e8, f 8

4+
. 22 {4 4 41}; (  4 . 22 ) 7

4−
. 22 ( 4 . 22 ) 5; {4 4 43}

4 . 2 . 2 {4 1 21
2}; {4 3 21

2}; (  4 . 2 . 2 )7, {4 5 21
2 , 46 41}

24 ( 24 ) 6; {44
2}

2 . 2 . 2 . 2 {21
4}; {4 4 21

2}; k8, {4 6 21
2}
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Table 8 (v)

Det Lattices

17+ 171; 172
+ ; 174

+ ; 175
+ ; c7

17− 172
− ; 173

− ; {174
−}; 17 6; a7, b7

18+ 91 21; 183; 94 21; 186; {c7}

18− {18 1}; 9 2 21; 184; 95 21; d7, {a7 , b7}

32+ . 2 31
221, {6 1 32}; {3 2

221}; 6 5 31; e7

32− . 2 61 31; 32 31 21; 185; 96 21, {6 1 36 , 65 32}

19+ 191; 192
+ ; 193

+ ; 195; c6, {a6 , b6}; 197
+

19− {192
−}; 193

− ; 194; d6; 197
−

20+
+ {20 1}; 5 1 41; ( 20+ )5′ , {5 4 41, ( 20+ )5′ ′}; 5 1 45; h7

20+
− 52 41; 204′ ; {(  20− )5′ ′}; 5 2 45, f 7

20−
+ {203

+}; 5 1 43; ( 20− )5′ ; g7, {5 4 43 , c7}

20−
− 202′ ; {203

−}; 5 2 43; ( 5 . 4 )6′ ; e7, {a7 , b7}

5+ . 22 {( 5 + . 22 ) 4}; 5 1 44; ( 5 . 22 )6′

5− . 22 203′ ; {(  5− . 22 ) 4}; 5 2 44; d7

5+ . 2 . 2 {202′ ′}; 5 1 21
2; {10 3 21}; (  5 . 2 . 2 )6′ , {5 4 21

2, ( 5+ . 2 . 2 )6′ ′}; 5 1 46

5− . 2 . 2 {101 21}; 5 2 21
2; ( 5 . 2 . 2 )5; {(  5− . 2 . 2 )6′ ′}; 10 6 21

21+ + 71 31; 72 31; 214′ ; 216
+ +; 71 36, 76

+ 31, 217
+ +; j 8, {7 2 36 , i 8}

21+ − 212
+ −; 71 32; {7 2 32}; 21 5; 216

+ −; 76
+ 32, g8, h8

21− + 211; 73 31, {214′ ′}; 216
− +; 76

− 31, 217
− +; a8, b8

21− − 212
− −; 213; 73 32; 216

− −; 217
− −; c8, d8, {76

− 32 , e8 , f 8}

22+ 111 21; 112
+ 21; 224; {22 5}; 11 5 21, 226

+ ; d7, {116 21 , c7}

22− {22 1}; 223′ , {112
− 21, 223′ ′}; 11 4 21; 226

− ; a7, b7

23+ 231; c2, {a2 , b2}; a4; a5; b6, c6; a7, d7

23− a3; b4; b5; {a6}; b7, c7
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Table 8 (vi)

Det Lattices

24+
+ + 81 31; c3; 85 31, c6; d7, {8 1 36 , c7}

24+
− + {3 2 81}; a4; e5; 85 32, k7

24+
+ − 83 31; c5; f 6; {e7}

24+
− − a2; {b3}; 8 3 32; a6; b7, i 7

24−
+ + b2; 84 31, {b5}; b6; m7

24−
− + a3; c4; 84 32; a7, g7

24−
+ − 82 31; b4; {d5}; 8 6 31, j 7

24−
− − {24 1}; 8 2 32; a5; e6; h7

3+ . 4 . 2 {121 21}; 4 1 31 21; {123′ ′ 21}; 4 3 31 21; d6, {6 5 41, 125′ ′ 21}; 4 5 31 21

3− . 4 . 2 {6 1 41}; 123′ 21, {4 1 32 21 , 43 61}; 125′ 21, {4 3 32 21, 61 45}; f 7

3+ . 2 . 2 . 2 {122 21}; 3 1 21
3; {124′ ′ 21}; 4 4 31 21; l 7, {6 5 21

2, 126′ ′ 21}

3− . 2 . 2 . 2 {6 1 21
2}; 124′ 21, {3 2 21

3, 61 44}; 126′ 21, {4 4 32 21, 61 46}

25+ Ψ 1; Ψ 21; Ψ 4; Ψ 32; Ψ 51, Ψ 6; Ψ 43

25− Ψ 2; Ψ 3; Ψ 31; Ψ 41; Ψ 42; Ψ 52, Ψ 7

52+ 51
2; 52

2; 54 51; Ψ 33; Ψ 61

52− 52 51; {c4}; 5 4 52; c7
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Table 9 (i)

dn Name Lattice g1
. g2

118 a18 A17A1 [ 31 ] 2 . 1
b18 D10E7 A1 [ 110 , 301 ] 1 . 1
c18 A9

2 [ 13 ] 2 . 2
d18 D6

3 [ ( 211 ) ] 1 . 6

216 a16 A11A5 [ 22 ] 2 . 1
b16 A9 E6 151 [ 2 1 1/15] 2 . 1

314 a14 D13121 [ 1 1/4] 2 . 1
b14 A11A3 [ 31 ] 2 . 1
c14 E7 D6 61 [ 110 , 0 3 1/2] 2 . 1
d14 D8 D5 121 [ 120 , 3 3 1/4] 2 . 1

412 a12 D12 2 . 1
b12 A1131 [ 4 1/3] 2 . 1
c12 A11121 [ 2 1/3] 2 . 1
d12 E7 D4 A1 [ 111 ] 2 . 1
e12 D6

2 [ 11 ] 1 . 2
f 12 D8 D4 [ 11 ] 2 . 1

512 a12 D11201 [ 1 1/4] 2 . 1
b12 D10A1 101 [ 110 , 30 1/2] 2 . 1
c12 E6 D5 601 [ 11 1/12] 2 . 1
d12 D8 A3 201 [ 320 , 1 11/4] 2 . 1

611 a11 D1061 [ 1 1/2] 2 . 1
b11 D8 A1

261 [ 1110 , 2011/2] 2 . 1
c11 E7 A3 121 [ 1 1 1/4] 2 . 1
d11 D6 A5 [ 13 ] 2 . 1
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Table 9 (ii)

dn Name Lattice g1
. g2

712 a12 A11211 [ 2 1/3] 2 . 1
b12 D9 A1 ( 6210 )2 [ 010 1/2 , 1 11/4 1/4] 2 . 1
c12 E7 A4 701 [ 1 1 1/10] 2 . 1
d12 D6 A5 421 [ 330 , 12 1/6] 2 . 1
e12 D10A1 141 [ 110 , 30 1/2] 2 . 1
f 12 A10A1 1541 [ 3 1 1/22] 2 . 1
g12 A9 A2 2101 [ 3 1 1/30] 2 . 1
h12 E7 A3 A1 281 [ 1210 , 011 1/4] 2 . 1

810 a10 D9 81 [ 2 1/2] 4 . 1
b10 D8 ( 313 )2 [ 1 1/2 1/2] 4 . 1
c10 E7 A1 ( 313 )2 [ 1 1 1/2 1/2] 4 . 1
d10 A7 A3 [ 4 2 ] 4 . 1
e10 E6 A3 241 [ 1 2 1/6] 4 . 1
f 10 D6 A3 A1 [ 1 2 1 ] 2 . 1

98 a8 A8 2 . 1
b8 E7 181 [ 1 1/2] 2 . 1
c8 D7 361 [ 1 1/4] 2 . 1
d8 A7 721 [ 3 1/8] 2 . 1
e8 D6 61

2 [ 1 1/2 0 , 3 0 1/2] 4 . 2

109 a9 A9 2 . 1
b9 E7 ( 426 )2 [ 10 1/2] 2 . 1
c9 D6 A2 301 [ 1 1 1/6] 2 . 1
d9 A7 A1 401 [ 3 1 1/8] 2 . 1

118 a8 E7 221 [ 1 1/2] 2 . 1
b8 D6 ( 628 )2 [ 11/2 0 , 20 1/2] 2 . 1
c8 A6 A1 1541 [ 3 1 1/14] 2 . 1



- 52 -

Table 9 (iii)

dn Name Lattice g1 . g2

129 a9 D8 121 [ 1 1/2] 2 . 1
b9 D5 A3 121 [ 1 2 1/4] 4 . 1
c9 D8 121 [ 2 1/2] 4 . 1
d9 E7 A1 121 [ 1 1 1/2] 2 . 1
e9 A5 A3 A1 [ 3 2 1 ] 4 . 1
f 9 E7 41 61 [ 1 1/2 1/2] 4 . 1
g9 D7 A1 61 [ 2 1 1/2] 4 . 1
h9 D6 A1 41 61 [ 1 1 1/2 0 , 2 1 0 1/2] 4 . 1
i 9 A7 ( 427 )2 [ 2 1/4 1/2] 4 . 1
j 9 E6 31 ( 424 )2 [ 1 1/3 1/3 1/3] 12 . 1
k9 D6 A1 41 61 [ 1 1 1/2 0 , 2 1 1/2 1/2] 4 . 1

138 a8 E7 261 [ 1 1/2] 2 . 1
b8 E6 A1 781 [ 1 1 1/6] 2 . 1
c8 D7 521 [ 1 1/4] 2 . 1
d8 D5 A2 1561 [ 1 1 1/12] 2 . 1
e8 E6 ( 518 )2 [ 1 1/3 1/3] 2 . 1

149 a9 D7 A1 281 [ 1 1 1/4] 2 . 1
b9 D7 ( 6210 )2 [ 1 1/4 1/4] 2 . 1
c9 D5 A2 A1 841 [ 1 1 1 1/12] 2 . 1
d9 D6 A1 ( 428 )2 [ 1 1 1/2 0 , 2 0 0 1/2] 2 . 1

158 a8 E7 301 [ 1 1/2] 2 . 1
b8 A5 A2 301 [ 3 1 1/6] 4 . 1
c8 D6 61 101 [ 1 1/2 0 , 3 0 1/2] 4 . 1
d8 A6 A1 2101 [ 2 1 1/14] 2 . 1
e8 D5 A1 61 201 [ 1 1 0 1/4, 2 1 1/2 0 ] 4 . 1
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Table 9 (iv)

dn Name Lattice g1 . g2

168 a8 D7 161 [ 2 1/2] 4 . 1
b8 A7 81 [ 4 1/2] 4 . 1
c8 E6 ( 848 )2 [ 1 1/3 1/3] 12 . 1
d8 D6 A1 81 [ 1 1 1/2] 2 . 1
e8 D6 41

2 [ 2 1/2 1/2] 8 . 2
f 8 D5 A1

241 [ 2 1 11/2] 4 . 2
g8 A6 ( 4229 )2 [ 2 3/7 1/7] 4 . 1
h8 D5 A2 481 [ 2 1 1/6] 4 . 1
i 8 A5 A1

2241 [ 2 1 1 1/6] 2 . 2
j 8 D4 A3 41 [ 2 2 1/2] 8 . 1
k8 D4 A1

4 [ 2 1 1 1 1 ] 2 . 4 !
l 8 A4 A3 801 [ 2 2 1/10] 4 . 1
m8 A3

2 A1
2 [ 2 2 1 1 ] 4 . 4

177 a7 E6 511 [ 1 1/3] 2 . 1
b7 D5 ( 3123 )2 [ 1 1/4 1/4] 2 . 1
c7 A4 A2 2551 [ 1 1 1/15] 2 . 1

187 a7 D6 181 [ 1 1/2] 2 . 1
b7 A6 1261 [ 2 1/7] 2 . 1
c7 D5 A1 361 [ 1 1 1/4] 2 . 1
d7 A5 61 181 [ 1 1/6 1/3] 2 . 1
e7 D4 A1 61

2 [ 1 1 1/2 0 , 3 1 0 1/2] 4 . 2

196 a6 D5 761 [ 1 1/4] 2 . 1
b6 A5 1141 [ 1 1/6] 2 . 1
c6 A4 ( 9211 )2 [ 1 2/5 1/5] 2 . 1
d6 A3 A2 2281 [ 1 1 1/12] 2 . 1

197 197
+ D5 ( 5216 )2 [ 1 1/2 1/4] 2 . 1

197
− A5 ( 10413 )2 [ 1 1/6 1/3] 2 . 1
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Table 9 (v)

dn Name Lattice g1
. g2

207 a7 E6 601 [ 1 1/3] 2 . 1
b7 D5 A1 101 [ 2 1 1/2] 4 . 1
c7 D6 201 [ 2 1/2] 4 . 1
d7 D5 ( 317 )2 [ 2 1/2 1/2] 4 . 1
e7 D5 ( 8412 )2 [ 1 1/2 1/4] 2 . 1
f 7 A5 A1 601 [ 1 1 1/6] 2 . 1
g7 A3

2201 [ 2 1 1/4] 4 . 1
h7 A3 A2 A1 301 [ 2 1 1 1/6] 4 . 1

218 a8 D7 841 [ 1 1/4] 2 . 1
b8 D4 A2 ( 12624 )2 [ 1 1 1/6 1/6, 2 0 0 1/2] 22 . 1
c8 E6 31 211 [ 1 1/3 1/3] 2 . 1
d8 A5 A1 61 421 [ 1 1 1/2 1/6, 0 1 0 1/2] 4 . 1
e8 E6 61 421 [ 1 1/2 1/6] 4 . 1
f 8 E7 421 [ 1 1/2] 2 . 1
g8 D6 61 141 [ 1 1/2 0 , 3 0 1/2] 4 . 1
h8 A4 A3 4201 [ 2 1 1/20] 2 . 1
i 8 D6 ( 10410 )2 [ 1 1/2 0 , 3 0 1/2] 4 . 1
j 8 D5 ( 51415− 1 ) 3 [ 1 1/4 1/2 3/4] 22 . 1

227 a7 D6 221 [ 1 1/2] 2 . 1
b7 D4 A1 ( 628 )2 [ 1 1 1/2 0 , 2 0 0 1/2] 2 . 1
c7 A6 1541 [ 1 1/7] 2 . 1
d7 A4 A1 ( 14216 )2 [ 1 1 1/10 3/10] 2 . 1
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Table 9 (vi)

dn Name Lattice g1
. g2

232 a2 A1 461 [ 1 1/2] 2 . 1
b2 ( 416 )2 2 . 1
c2 ( 318 )2 2 . 1

233 a3 A1 ( 5210 )2 [ 1 0 1/2] 2 . 1
234 a4 A2 A1 1381 [ 1 1 1/6] 2 . 1

b4 A2 ( 5114 )2 [ 1 1/3 1/3] 2 . 1
235 a5 A3 ( 3131 )2 [ 1 1/4 1/4] 2 . 1

b5 A2 A1 ( 7321 )2 [ 1 1 1/2 1/6] 2 . 1
236 a6 A4 A1 2301 [ 2 1 1/10] 2 . 1

b6 D5 921 [ 1 1/4] 2 . 1
c6 D4 ( 8212 )2 [ 1 1/2 0 , 2 0 1/2] 2 . 1

237 a7 E6 691 [ 1 1/3] 2 . 1
b7 A6 1611 [ 3 1/7] 2 . 1
c7 A4 A2 3451 [ 1 1 1/15] 2 . 1
d7 A4 A1 ( 14619 )2 [ 1 1 1/10 3/5] 2 . 1
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Table 9 (vii)

dn Name Lattice g1
. g2

241 a1 241 2 . 1
242 a2 ( 427 )2 4 . 1

b2 ( 515 )2 4 . 1
243 a3 A1

2241 [ 1 1 1/2] 2 . 2
b3 A1 61 81 [ 1 1/2 1/2] 4 . 1
c3 ( 31413− 1 ) 3 8 . 1

244 a4 A3 241 [ 2 1/2] 4 . 1
b4 A1

2 ( 515 )2 [ 1 1 1/2 1/2] 4 . 2
c4 A1 61 ( 313 )2 [ 1 1/2 1/2 1/2] 8 . 1

245 a5 D4 241 [ 2 1/2] 4 . 1
b5 A4 1201 [ 2 1/5] 2 . 1
c5 A3 ( 515 )2 [ 2 1/2 1/2] 8 . 1
d5 A2

2241 [ 1 1 1/3] 2 . 2
e5 A1

361 81 [ 1 1 0 01/2, 0 0 1 1/2 1/2] 4 . 2
246 a6 D5 241 [ 2 1/2] 4 . 1

b6 D4 ( 515 )2 [ 2 1/2 1/2] 8 . 1
c6 A4 ( 4231 )2 [ 1 2/5 1/5] 4 . 1
d6 A3 A1 41 121 [ 1 1 1/2 1/4] 22 . 1
e6 A3 A1 61 81 [ 2 0 0 1/2, 0 1 1/2 1/2] 8 . 1
f 6 A2

2 ( 427 )2 [ 1 1 1/3 1/3] 4 . 2
247 a7 D6 241 [ 2 1/2] 4 . 1

b7 D5 41 241 [ 1 1/4 1/4] 2 . 1
c7 D5 81 121 [ 1 1/2 1/4] 4 . 1
d7 D5 ( 515 )2 [ 2 1/2 1/2] 8 . 1
e7 A5 A1 81 [ 3 1 1/2] 4 . 1
f 7 A5 31 121 [ 2 1/3 1/3] 2 . 1
g7 A5 61 241 [ 1 1/2 1/6] 4 . 1
h7 A5 61 241 [ 1 1/2 1/3] 4 . 1
i 7 D4 A1 61 81 [ 2 0 0 1/2, 0 1 1/2 1/2] 8 . 1
j 7 A4 A1

21201 [ 1 1 1 1/10] 2 . 2
k7 A3

2241 [ 1 1 1/4] 2 . 2
l 7 A3 A1

3121 [ 1 1 1 11/4] 2 . 6
m7 A2

2 A1
2241 [ 1 1 1 11/6] 2 . 4
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Table 9 (viii)

dn Name Lattice g1 . g2

251 Y1 251 2 . 1
252 Y2 A1 501 [ 1 1/2] 2 . 1
253 Y3 A2 751 [ 1 1/3] 2 . 1

Y21 A1 ( 3117 )2 [ 1 1/2 1/2] 2 . 1
254 Y4 A3 1001 [ 1 1/4] 2 . 1

Y31 A2 ( 4119 )2 [ 1 1/3 2/3] 2 . 1
c4 A2 ( 10510 )2 [ 1 1/3 1/3] 12 . 1

255 Y41 A3 ( 8213 )2 [ 1 1/4 1/2] 2 . 1
Y32 A2 A1 ( 11214 )2 [ 1 1 1/3 1/6] 2 . 1

256 Y6 A5 1501 [ 1 1/6] 2 . 1
Y51 A4 51 251 [ 2 2/5 1/5] 2 . 1
Y42 A3 A1 ( 6234 )2 [ 1 0 3/4 1/4, 2 1 1/2 0 ] 2 . 1
Y33 A2

2151
2 [ 1 1 1/3 0 , 1 2 0 1/3] 2 . 4

257 Y7 A6 1751 [ 2 1/7] 2 . 1
Y61 A5 101 151 [ 1 1/2 1/3] 4 . 1
c7 D4 ( 71317− 3 ) 3 [ 1 1/2 1/2 0 , 3 0 1/2 1/2] 12 . 1
Y52 A4 A1 51 501 [ 1 1 1/5 3/10] 2 . 1
Y43 A3 A2 ( 7143 )2 [ 1 1 1/12 5/12] 2 . 1
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