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Abstract

We study the \appro ximate squaring” map f (x) := xdxe and its behavior when iterated. We con-
jecture that if f is repeatedly applied to a rational number r = |=d> 1 then ewventually an integer
will bereaded. We prove this whend = 2, and provide evidencethat it is true in generalby giving
an upper bound on the density of the \exceptional set" of numberswhich fail to reach an integer.
We give similar results for a p-adic analogueof f , when the exceptional set is nonempty, and for
iterating the \approximate multiplication® map f(x) := rdxe, wherer is a xed rational number.
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1. Intro duction

In this paper we study the \approximate squaring”" mapf : ! given by
f(x) := xdxe; (1)

and considerits behavior when iterated. Although there is an extensiwe literature on iterated maps
(seefor example[Collet and Eckmann 1980],[Beardon 1991],[Lagarias 1992]), including the study
of various rst order recurrencesinvolving the ceiling function ([Eisele and Hadeler 1990],[Graham
and Yan 1999]), the approximate squaring map seemsnot to have beentreated before, and has
someinteresting features.

The function f behavesqualitativ ely like iterating the rational function R(x) = x2. Indeed, all
points jxj 1 have a bounded orbit under f (x), while all points jxj > 1 have unbounded orbits
and divergeto 1 , just asthey do when R(x) is iterated. Howewer, f (x) hasthe additional feature
that it is discortinuous at integer points. It follows that the n-th iterate f (") is discortinuous at a
certain set of rational points, namely, those points x wheref (" (x) is an integer.

It is therefore natural to ask: if we start with a rational numberr and iterate f, will we always
eventually readh an integer? This questionis the subject of our paper.

Numerical experiments suggestthat the answer to our questionis \Y es", although it may take
many steps, and consequetly involve somevery large numbers.

For example, starting at r = f(r) = 3 2 = 3, reaching an integerin one step; and starting at

=8 We getf (r)= %, 1@(r)= 48 f(3>(r) = 48, taking three steps. On the other hand, starting
at r , we nd

6 288 16704 55808064
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and we do not reach an integer until f 18 (r), which is a number with 57735digits.

We note that for any rational starting point r, since dxe is an integer, the denominators d;
of the iterates f 0)(r) must form a nonincreasingsequencewith dj+1 dividing dj. ForO< r 1,
dre= landf(r) = r, sothere the denominatoris xed. For 1<r O,f(r) = 0,andforr 1,
f(r) 1. Soit issucient to restrict our attention to the caseof rationals r > 1.

We make the following conjecture:

fO(r) = fD(r) =

Conjecture 1. For eachrational r 2  with r > 1, there is an integerm 0 suchthat f ()(r) is
an integer for all j m.

We establish the conjecture in the special casewhen the denominator is 2, where a complete
analysisis possible. This is donein Section[}

In Section[§ we considerthe caseof rational starting valuesr with a xed denominatord 3.
We shaw that at most a sparsesubsetof the rationals fr = Ia :d< | xgcanfail to becomeintegers
under iteration, in the sensethat the cardinality of this subsetis boundedabove by C(d; )x* d*
for a certain positive constart 4 and any positive , whereC(d; ) is a positive constart depending
only ond and . Shawing that this \exceptional set" of starting valueswhich fail to read integers
is in fact empty (or even nite) appearsto be a di cult problem, for reasonsindicated below.

In Section [} we consider a p-adic analogueof the approximate squaring map. In this casewe
show that there is a nonempty exceptional set of elemerts in Blp p Which under iteration never

\escape" to the smaller invariant set a}—l p- This set has Hausdor dimension exactly 1 Dk s
where | is the sameconstart that appearedin Section B The existenceof this exceptional set
is a reasonwhy it may be a dicult problem to obtain better upper bounds on the cardinality of
the exceptional setin Section .

In Sectionf§ we study similar questionsconcerningthe \approximate multiplication” map

fr(x) = rdxe; 2)

wherer is a xed rational number. For r = % this map is a special caseof the map x 7! a+ die,
wherea;b2 ,b 2, studied by P. Eiseleand R. P. Hadeler [Eisele and Hadeler 1990]. Recerily,
J. S. Tanton [Tanton 2002], together with Charles Adler, formulated a game-theoretic problem
\Surviv or", and noted that its analysisleadsto the study of the sequenceof rational numbers

Q =T, a, =rda, eforn 1;

for r > 1, which is the trajectory of r under the map f(x). He raisedthe question, "Must someap,
be an integer?”, and conjectured that the answer is \Y es". This question di ers from the caseof
the approximate squaring map in that the denominators of successie iterates, though bounded by
the denominator of r, may increaseor decrease.We note that the long-term dynamics of iterating
this map di ers according to whether jrj < 1, jrj = 1 or jrj > 1, with the caser > 1 being most
analogousto the approximate squaring map.

The approximate multiplication mapshave someresenblanceto the map occurring in the 3x+ 1
problem. Settingr = Ia we obsene that f,(x) mapsthe domain % into itself, and on this domain
is conjugateto the map g, : ! given by

_ 1p if n 0 (mod d);
M= %1, 1d B ifn b(modd:l b d 1:



(see(EQ) of Sectionfl). In terms of the conjugated map the question we considerbecomeswhether
for most starting values someiterate of g, is an integer divisible by d. For r = % the conjugated
map is

3n if n 0(mod 2);

Oz=2(N) = §n+§ if n 1(mod 2):

This is similar in form to the 3x + 1 function

~Iin if n 0(mod 2);
T = §n+% if n 1(mod 2):

as given in [Lagarias 1985]and [Wirsching 1998], although the long-term dynamics of gz—» and T
are di erent.

We formulate a conjecture for approximate multiplication maps analogousto the one above for
the approximate squaring map. We de ne the exceptional set E (r) for the map f, to be

E(r):=fn: n2 and no iterate f0)(n)2 forj 1g: ()
Then we have:

Conjecture 2. For each nonintegral rational r 2 with jrj > 1, the exceptional set E(r) for the
approximate multiplication map f, is nite.

The \expanding map" hypothesisjrj > 1 is necessaryin the statemert of this conjecture, for
the conclusionfails for r = 2 with d 3, as remarked below. In parallel to the results for the
approximate squaring map we prove Conjecture [] for rational r having denominator 2; it remains
open for all rationals with jrj > 1 having denominatord 3.

In Sectionf} we exhibit an analogy betweenthe problem of shawing that E(r) is nite for agiven
nonintegral r > 1 and the problem of shawing that there exist no Mahler Z-numbers, a notorious
problem connectedwith powers of % ([Mahler 1968],[Flatto, 1991];also [Choquet 1980],[Lagarias
1985]). This suggeststhat Conjecture f] may be di cult.

Our analysisin Section [} applies more generally to the family P, of mapsh, : ! having
the form 1

hy(n) = a(ln + Ip) whenn b (mod d) ; (4)

where the integers|y, satisfy Iy Ib (mod d). We obtain for all functions h, 2 P, an explicit

upper bound on the cardinality of the exceptional set E(h,;x) consisting of all integersjnj X
that do not have someiterate that is a multiple of d. We shaw that for all rationals r,

#E(h;;x) 4dx ¢;

with ¢= 90D

We also shaw that this upper bound is of the correct order of magnitude (to within a multi-
plicative constart) for certain valuesof r lying in 0 < r < 1. This is the casefor the function g, for
r = g with d 3. This result implies that the conclusionof Conjecture |l doesnot hold for these
valuesofr.

The nal section givessomenumerical results related to these questions.

Notation: d e denotesthe ceiling function and ff g the fractional part. For a prime p, j jp de-
notes the p-adic valuation. (If r 2 ;r = paf—:’with a;b;c 2 ;c 6 0;gcd(p;b) = gcd(p;c) =
1, thenjrj, = a) , and [ denotethe p-adic rationals and integers, respectively. For integers

r:s;i, rjs meansr divides s, and r'jjs meansr' divides s but r'*! doesnot.
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2. Denominator 2

In this section we investigate the casewhen the starting value r has denominator 2. Here we are
able to give a complete analysis. The following table showvs what happensfor the rst few valuesof
r. It givesthe initial term, the number of stepsto reac an integer, and the integer that is reached.

. 3 5 7 9 11 13 15 17 19
start: 5 5 3 2 7 7 7 7 7
steps: 1 2 1 3 1 2 1 4 1

readies: 3 60 14 268065 33 2093 60 1204154941925@& 95

The number of stepsappearsto match sequencgA001511in [Sloane1995{2003](and the num-
bersreaced now form sequencgA08I85pin that database). Indeed, we have:

Theorem 1. Letr = 2L with | 1 Then f (M(r) reachesan integer for the rst time when
m = jljo + 1.
Pro of. Notethat if x 2 hasdenominator 2 and is not an integer then dxe= x + %
We useinduction on jlj, = v. If v= 0thenl isodd, dre=r + % = |+ lisewen,andrdrehas
becomean integer in one step, as claimed.
Supposev 1, and
| = 2V 4 1y 20 + 14 2972 +

is the binary expansionof |, whereead I; = 0 or 1. Then
rcee = I+:—L I+ 1)
2
= }+ I_+ | + |2
2 2
1
= 520 T (v 2% (g + ha2)2 2
2%
- 2

where
19= 2V 14 (lyag + 127+ (lyag + lya2)2"0 + + 22+

andjl9, = v 1. By the induction hypothesis, this will reach an integerin v 1 steps,sowe are
done. =

Remark. The numbers2l + 1 for which jlj, = v are preciselythe numbersthat are congruen to

2*1 + 1 (mod 2Y*2). For example,if v =0, 2l + 12 3;7;11;15,:::g, of the form 3 (mod 4); if
v=1 2+ 125132129 ::.9g, of the form 5 (mod 8); and soon.

Corollary 1. Letr = 2¥L:1  1;jlj, = v. Then the rst integer value taken by f (M(r) is
1
= D21+ 1) ;
> ( )

where (y) = y(y + 1)=2.
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Pro of. This is now a straightforward calculation, again using the fact that if x 2 n has
denominator 2 then dxe= x + 3. =
For example,if v= 0, and r = (4k + 3)=2 = y=2 (say), then in one step we reac the integer

% YW=y(y+ D=4. If v= 1,andr = (8k + 5)=2 = y=2, then in two stepswe read the integer

yiy+ D(y>+y+2)
16 ’

1
5 ()=
if v=2,andr = (16k + 9)=2 = y=2, then in three stepswe reac the integer

1 _y(y+ 1) yP+y+2 y2 y+2 y?+3y+4
5 (oM = oo .

and soon.

3. Denominator d

We now analyze the caseof rationals with a general denominator d, obtaining less complete
results. The next theorem shows that most rationals will everntually readh an integer. More pre-
cisely, it givesan upper bound on the number of suc rationals below x that never reach an integer.
Givenanintegerd 2,andaboundx 1 we study the \exceptional set"

Mg(x) = fl 11 | X f(m)(la)z foreahm 1g; (5)

and let My4(x) = jM 4(x)j. The nite set[1;d 1]:=f1;2;:::;d 1gis conained in M 4(x), and
Conjecture [] assertsthat M ¢(x) = [1;d  1]:

Theorem 2. For eachintegerd 2, there is a positive expnent ¢ suchthat for each" > 0 and
all x> 1,
Ma(x) C(d;")xt o (6)

for a positive constant C(d;"), with 4 given by

0

= min lo —_ 7
d d9d; d°> 1 O (d9 %
wher is the Euler totient function. In fact
log 1+ -1
= min —pl : (8)
pjd ] logp

Note: It follows immediately from ([J) that 0< 4 1and 4= 1lonly ford= 2.

Pro of. We need only consider numbers | satisfying d < | X. For the numbers 0 < | d

contribute d= O(1) (asx! 1) to My(x).

We write § = & with gcd(o; do) = 1, and set

f(]) _ :L’J 1’
d ]



wheregcd(lj;d;) = 1 and d;jd with d; 1. The pair (I;d) determinesthe sequencedp;dy;d>;:: .
We call a value | \bad" at sizex if there is an iterate m 0 such that

y 1 v
d x< d; 9)

with dy, > 1, and we let Ng(x) denote the number of bad | at sizex. We will obtain an upper
bound for N4(x). Every | courted in My(x) hasd; 2forallj 0, hencecertainly sudh | are bad
for all sizes,and soin particular

Ma(x)  Na(x) :

We establish the theorem by shawing the stronger result that
Ng(x) C(d;")xt ¢*": (10)

Supposed has s prime factors (counted with multiplicit y), wheres log, d. Let | be bad at size
Xx. Thend; 2forj = 0;1:::;m (cf. (B). Dene rj by
_ g s
forj = 1,2,:::;m, and call j a break-point if rj > 1. Supposethere are t break-points. At eadh
break-point a nontrivial factor is removed from the denominator, and since d has s prime factors
andd, > 1,it followsthat t s 1. Let the break-points beji;j2;:::;jt. We call the sequence
of pairs
Y = f(j15d,) (20 djy); (e di)g (11)

the chain assaiated with (I;d;x).

We calculate an upper bound on the number #( Y) of distinct chains. There are T choicesfor
the break-points, and (f) yields the bound

m log, X ;

so there are no more than .
X* log, x

: s(log, x)® 1

t=0
break-point patterns. Sincein ead chain a nontrivial divisor r; of d; ; is chosenat ead step, we
concludethat the number of distinct chains is at most d!s(log, x)$ *: For d xed and large x this
gives

#Y) Cq(d;")x': (12)

Thereforeit su ces to prove an upper bound of the form ([L0) for the number N4(Y;x) of bad | at
sizex having a given chain Y.

Supposenow that |;d;x; m are as above, and that | has chain ([L]). We claim that thesel fall
into a certain set of arithmetic progressionsmodulo dod; :::dm 1, and in fact there are exactly

(d1) (d2)  (dm) (13)

such arithmetic progressions.



To seethis, we write ('j—kk (for k = 0;1;:::) in a mixed-radix expansionwhere the radicesdepend
on k: _
¥ 1

b3
lk _ a 1(k) + ag(K) + aj (k) d+1 ; (14)

dy

in which the \digits" a; (k) satisfy
O0<a y(k)<d¢; and0 aj(k) < dj+x foreahrj O:

Here we setdm+j := dy for allj 1. The sum on the right-hand side of ([[9) is actually a nite
sum. By de nition,
0
|k+l . Ik a 1(k)

1
@ % A
= — = + k) + a; (k)dyd Ok+i
ot de de ao(k) - j (K)di di+1 k+j 1
0

=

s
@1+ ag(k) + g (K)dkOksr  disj 1A
j=1

We useinduction on k to establishfour properties of this mixed-radix expansion:

rev1 = ged(ao(k) + 1;dk) ; (15)
a 1(k+1) a (k) (k) (mod dk+1) ; (16)
gcd(a 1(k + 1),dk+1) = 1; (17)
and,for0O | m,
a(k+1) a(k)a+1(k)+ G(a 1(k);ao(k);ai(k);:::;a5(k)) (mod di+k+1) 5 (18)
in which the function G(a 1(k); ag(k); ai(k);:::;a; (k)) includesall the necessarynformation about

\carries" in the multiple-radix expansion.
The basecasek = 0 is cheded directly. Sincedp divides all terms in the sum on the right-hand
side of (I4), the right-hand side of ([ (when k = 0) has a single term 20O haying 5

denominator, and this term equals %(mod 1). Sincegcd(@ 1(0);dg) = 1 by hypothesis, we
must have

d
ged(ap(0) + 1;do) = d—‘l’ =ry;

which is ([[§) for k = 0. The term with a denominator in ([ is then

a (O)ao(0)+1
d—1
hence
a 1) a 1(0) M (mod dy) ; (29)

which is ([[§). Now gcd(a 1(1);d1) divides gcd(@ 1(0); d1) gcd(aO(O)"L1 di1), both terms of which are
1, so ([} follows. Finally, to establish ([(9) whenk = 0, we drop the terms involving didz  dj+1
from ([[3) and obsene that there is a term

a 1(0)aj+1(0)did  d ; (20)
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while all the other terms cortaining any a;+(0) for I 1 are divisible by d;d>  dj+1. (Note that
did> dj+1 divides dodid,  dj.) This establishesthat a congruenceof the form (9 holds for
the digit a (1) in the expansion ([L3) for ('1—11 completing the proof of the basecase.

The induction step for generalk follows using exactly the samereasoning.

Next, we claim that ([L§) implies that

¥
ao(k+ 1)  a+1(0) a 1(1) + G(a 1(0);a0(0);a1(0);:::5a(0)) (mod dsr) @ (21)
=0

for somefunction & depending on the indicated variables.
To prove this, we again useinduction on k. For k = 0 the assertionis that

ao(l)  a(0)a 1(0) + E(a 1(0);a0(0)) (mod dy) : (22)
which is ([§) with k = j = 0. For k = 1 we wish to show
a(2)  az(0)a 1(0)a 1(1) + G(a 1(0);a0(0);a1(0)) (mod dy) : (23)
Setting k = 1;j = 0and k = 0;j = 1in ([[§ we obtain
a(2)  a i(Dai(1) + E(a 1(1);a0(1)) (mod dy)

and
ai(1) a 1(0)ay(0) + &(a 1(0);ag(0);a1(0)) (mod dy) ;

hence
a(2)  a(0)a 1(0)a 1(1) + a 1(1)&(a 1(0);a(0);a1(0)) + G(a 1(1);a0(1)) (mod dy) :

However, from ([[9) and the fact that 0< a 1(1) < dy, a 1(1) is uniquely determinedby a 1(0) and
ap(0). Also the induction hypothesisallows usto use(P2) to eliminate ag(1). Equation (pJ) follows.
The caseof generalk follows in the sameway; we leave the details to the reader. The important
point about (PJ) is that the dependenceon ay+; (0) is linear, even though the dependenceon the

We have already seenthat
ged(@ 1(0);d1) = 1:

From ([L7) and ([L§) ,
gcd(@ 1(2);d2) = 1;

1@ a2 (mod dy:
Therefore gcd(a 1(1);d2) = 1 and so

ged(a 1(0)a 1(1);dz) = 1:
Continuing in this way we obtain

Y
gced( a 1(l);dk+1) = 1; (24)
1=0

fork=0;1:::;m.



Then (P1) shaws that the congruenceclassof ag(k + 1) (mod dy+1 ) is uniquely determined by
the congruenceclassof ax+1 (0) (mod dg+1 ), oncea 1(0);ag(0);:::;ax (0) are speci ed.
In particular there are exactly (dyx+2) congruenceclassesof ax+; (0) (mod dg+1) that give

ged(@o(k + 1) + 1 dk+2) = 1;
or in other words which give

ged@o(k + 1)+ Lidks1) = Tk+2 :

At ead iteration we imposeone suc condition, and thus ([LJ) follows.

Now () shows that ead arithmetic progression( mod dod;  dyn 1) cortains at most dm
elements below x. From ([L3), N4(Y;x), the number of bad elemerts | at size x with chain Y in
(D) satis es

Ng(Y;x) dm (d1) (d2)  (dm):

Now X dods dm 1 d,d; dn 1, hence

Na(Y;x) 7' (d).
X m _ dj ’
j=1
and therefore
Na(Y;x) G I %
X
m (d))
70 1% g -
dx log x : (25)
Now x dod;y dm, Sothat
P ‘ P 4
(dj) (di)
%o log q g‘zo log '
log " L, logd
(di)
- log—¢+
mn ————
0j m Iogdj
: di
min  loggy ——
0Oj m ! (dj)

d
where we usedthe de nition ([]). Substituting this in (B9) yields

Ng(Y;Xx)

dx d;
X

since% < 1 giveslog % < 0, and so

Ng(Y:x) dxt ¢;

asrequired. Combined with ([LJ), this gives ([L0), hence(f).



Finally, we establish the equivalenceof ([)) and (f). Since is multiplicativ e, for a general
d°> 1 we have

P log p
0 : ..do R i
l0gqo a4 = il (0')
(9 oijjalogp
min  log, L (26)
pjid° P)
Thus the minimum in ([f) is attained when d®is a prime power. Now
log ¢ log 1+ -1
logy LA P __p! (27)
) log p j logp

is minimized by making j aslarge as possible,sowe obtain the formula (f). =

Remark. If I;d;x; m are such that
dl = d2 = = dm = do

where dis the value that minimizes ([]), sothat t = 1 and the chain is simply Y = f(1;d%g, we
have .
Ng(Y;x) Cgxt ¢;

for some positive constart Cg. It follows that the upper bound in (L0 has essetially the best
possibleexponert.

4. p-Adic iteration

We now consideran approximate squaring map de ned on the p-adic numbersanalogousto the
approximate squaring map on , and study the question of whether someiterate will evertually
becomea p-adic integer. We shaw that now there is always a nonempty exceptional set of p-adic
numbers which never becomep-adic integers.
= Let p be a prime 2 and let , denote the p-adic numbers, with typical elemer =

j1= g P, wherek 2 and the g satisfy 0 4 p 1. The p-adic integral part of s
given by the function Fp: ! ,, where

b3 .
Fo( ) = ap ;

j=max f0;kg

while the p-adic fractional part (or \principal part”) of is

X :
Po( )= ap;

which is a nite sum (possibly empty); thus Ppo( ) + Fp( ): We investigate the function

fp( )= (Fp( )+ 1):
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which is a p-adic analogueof the approximate squaringmap de ned in ([). If we regardthe rationals
asembeddedin |, then for nonintegral r in the subring [%] p, We have fy(r) = rdre
sothe iterates there agreewith the approximate squaring map.
For eadhr k O the set Blp p is invariant under the action of f 5(x), and

1 1
p p
We de ne the exceptional set
1 1
(p) = 2? IO:f(“ﬂ()zw o for eah m 1 ; (28)

for k 1. The set (p) is an analogueof the exceptional setsM 4(x) studied in the last section,
corresponding to the denominator d = pX. (Note that i (p) \ pik >0 is cortained in plkM ok (1))
We will show that these setsare nonempty, determine their Hausdor dimensions, and get upper
and lower bounds on their Hausdor s-dimensional measure.

The s-dimensional p-adic Hausdor measurer)() of a closedset in | is dened by the
generalprescription in [Falconer 1990, Chapter 2] or [Federer1969, Sectionx2:10]. Here0< s 1.
The diameter of a measurableset S p IS

ISj = supf] jp 1 2Sg9;
and its p-adic measure (S) is Haar measurewith the normalization ,( p) = 1. A p-adic ball
B(;p):=f 2 p:j jo P
is both closedand open, and hasthe property that its diameter equalsits measure:
. . 1
B(;p)i= (B(:p) = g
For eadhh > O wede ne
8 9
<X F =
HS( ; ):=inf_ jihyis e L5 dlji forallj ; (29)
et i=1 '
andf]
Hp() = IiImOHS( D) (30)

The p-adic Hausdor dimension of s the unique value sp suc that HS() =1 fors< sgand
Hp() = Ofor s> sg. The value of H3°() may be zero, nite or in nite.

A closedset p is called weakly self-similar (mod p¥) with branching ratio b, wherebis an
integer 2, if the following \equal branching" property holds for | = 1;2;:::. Let W|() denote
the set of initial sequence®f digits of length Ik in , i.e.

K1
wWi() =f = ap : there existssome 2 whose \initial part" pPy(p ' )= g:
j=0
(31)

Then ead sequencein W,() should extend to exactly b sequencesn W .1 (). That is, if the
digits of an elemenn 2  are grouped in blocks of size k, oncethe rst | blocks of digits are
speci ed, there are exactly b allowable choicesfor the next block of digits.

The limit (which may be 1 ) exists since HS( ; 1) HS( ; 2)if 1 2

11



Theorem 3. For eachk 1 the setpX (p) is weakly self-similar (mod p¥) with branching ratio
b= (p)=pc ptL

Pro of. The setW,( «(p)) speci es the conditions under which the rst | iterates f ( ), f @ ( ),
Lty 2 a}—l p- Each such condition is a congruence(mod p'k), which has exactly (p*) =

pk pk *solutionsfor the next digit (compare (L9 in the proof of Theorem [} taking eat d; = p).
Finally the de nition of (p) impliesit is a closedset. Thus pX (p) is weakly self-similar. =

We candetermine the Hausdor dimensionof weakly self-similar setsin  , together with upper
and lower bounds for the Hausdor measureat this dimension.

Theorem 4. Let p be a weakly self-similar set (mod pk) with branching ratio b satisfying
2 b< pX Then is a compact setand hasHausdor dimensions() given by
. logb
d = ——
Its s() -dimensional Hausdor measure satis es
1
b !«
x H3O () 1: (32)

Pro of. The compactnessof is establishedsimilarly to Theorem . We de ne W|() asin (BJ).
This set has cardinality b by hypothesis, and
\L
= W0

=1

where () is the compact set
n 0
Wi() = —2 ,:~  (modp*) for some 2 W()

To determine the Hausdor dimensionit suces to establish the inequalities (B2, since the
fact that the Hausdor measureis positive and nite determinesthe Hausdor dimension. Set
s = (logb)=(log p¥); sothat p*= b:Also 0< s< 1.

For the upper bound in (B we considerthe sets fM(). Now b balls of diameter p' cover
W,(), hencecover . Thusfor = p 'k this covering gives

B o
on Ik _ 9 _ ..
HS( p ) W =5 1;
which implies

H3()) 1:

The lower bound argumert is similar in spirit to that usedfor Cantor setsin [Falconer 1990,
pp. 31{32]. By the compactnessof = we needonly prove that the lower bound holds for nite
coverings. The non-archimedeanproperty of the valuation j j, meansthat ead |; hasdiameter p™
for somem, and hencewe can enlargel; to a ball B( ;p™) |; without changing its diameter.
But B( ;p™) givesan open cover, soit hasa nite subcover:

B( j;p™);
j=1

12



and
xn

xXn
BCj;p™) = phe
i=1 j=1
We want to show -
xXn T
BC e 2
=1 P

(33)
We rst replacetheseballs with balls of diameter p i for integersl;. Write
m; = k|j+kj;0 kj k 1:
Then we can cover B( j;p™) with p& balls B( jo;p *i). We claim that
x N b © X s
iB( j;p™)j° — iB( jop “N)j°: (34)
j=1 p jO

This will follow if we show that

i+ S D
o

holds for ead j. This in turn is equivalent to shawing

p

pkj (s 1)

Sincep*s = b we have
k. k 1
k(s - DB ¥

b .
P pk pk !

which proves (B4). Thus (B3 will follow from showing
xn
B(jip i 1 (35)
j=1

for any set of such balls that covers . We may supposel; I» Im. By the weak self-
similarity of there are b principal parts to cover with balls of diameter p k'm in W, (). Weak
self-similarity also says that ead ball of radius p i covers either none or elseexactly b i such
principal parts in Wm(). Sincethe balls cover , we must have

ST

Dividing by b yields
bl 1: (36)

13



Using this bound we obtain

X X1
B( j;p e = p ki
j=1 j=1
= b I
j=1
1
which is (BY). Thus (B3 holds. =
Corollary 2. The set (p) hasHausdor dimension
_ ; log 1+ p—ll
dimy ( k(p) = s(p*) = 1 Tgp (37)
for k 1. Furthermore, its s(p¥)-dimensional Hausdor measure satis es
11k Ko k1 s(pk) K ok 1
1 = (P P HP(w(p)  pC Pt (38)

Pro of. This follows by applying Theoremsf] and ] to the set pK «(p) and using the fact that
H3®)( (p) = BHEPI (0 ()
since (p¥)S = b. Using the branching ratio b= (p¥) = p* pX 1; we have

logb _ logp* + log(1 1=p)
logpk log pk

which gives (B)). =

Remark.  For the branching ratio b= (p¥) = p¢ p* 1, one can shaw that equality may occur
on either side of the Hausdor measureboundsin (B2) (or (Bd)). For the lower bound, take the

p pk 1 allowed digit setsin eah layer to be J!‘Srkl) Ya p with the restriction that a 6 O:
Then we cancover with (pk p* D1 (p 1) balls of radius p 'k*D | and get
H3( «(p) CHND N N R
1
1 1 «
@ pchH 1= 1 =
p p

Sincethis coincideswith the lower bound in (B9), H3( k(p)) must equal this bounclij
For the upper bound, choosethe pk p* ! allowed digits in ead layer to be J_k£||+k1) Lo p

with the restriction that ay(.+1y 1 6 0. Then ead residue class(mod p k(*D* ) covers exactly
(p 1)p" !classesof (mod p '%), and we cando no better than the upper bound.
It would beinteresting to know how many elemerts r = BIV have no iterate f J(r) 2 a}—l o We

know that this set cortains the pX p< lelemens1 | p% 1 with (I;p) = 1. We conjecture
that theseare the only such elemers.

14



5. Appro ximate multiplication maps

We canusesimilar methodsto study iteration of the approximate multiplication mapf, : !
given by
fr(x) = rdxe; (39)
wherer is a xed rational number, say r = Ia with gcd(l;d) = 1. In this case,sincex enters into
the iteration only asthe integer dxe, we may restrict attention to initial valuesx 2 . We consider

the casewhen the denominator d > 1, and study the question of whether someiterate fr(j)(x) will

be an integer for somej 1. Note that all iterates lie in % .

Unlik e the caseof approximate squaring, the iterates do not remain integral oncethey become
integral. Howewer, the truth of Conjecture A would imply that in nitely many members of a
sequenceof iterations ffr(”(n) . j 1gwill beintegers, provided jrj > 1.

It is conveniert to rescalethe map to eliminate the denominators d, by conjugating f by the
dilation 4(x) = dx. The resultisthe map g, : ! givenby g (x) = 4 f; dl(x). Thus

X X
o (x) = df () = ldge; (40)
with _ oy
o0 = df ()
forj = 1,2;:::. We have

o(n)= é(ln + Ip) whenn b (mod d) ;

wherelg = 0 and
lb=I1(d b) for 1 b d 1:

For example,whenr = 3, we have

_3n if n 0(mod 2);
Ga=2(n) = §n+g if n 1(mod 2):

Our questionthen becomes:when doesthe sequenceof iterations fgp)(n) . 1lgcontain aterm
which is divisible by d?
The map g- belongsa generalclass of functions which we will denote by P,, consisting of all

\p eriodically linear" functions h, : ! of the form
hr(n) = %(In + lp) whenn b (mod d) ; (41)
wherer = I=dis rational and the integersfl,: 0 b d 1g satisfy the conditions
lp Ib (mod d) (42)

neededto give an integer-valued map. Thus, although the notation does not re ect this, h; is
h; is \self-similar" in the sensethat its linear part Ia” is independert of the residueclass. Various

other classeof periodically linear functions have beenstudied in connectionwith the 3x+ 1 problem
{ seex3.2 of [Lagarias 1985].
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Another interesting map in this classis
& (x) = drxe: (43)

This map haslgo = 0 and
Ilb=d (bmod dyforl b d 1:

The function g3-»(x) appearsin Mahler's study of Z-numbers [Mahler 1968], as explained below.
We have 5 . 0 (mod 2)
sn if n mo ;
%2> 5.1 i n 1(mod2):

Our methods apply generally to the question of whether a particular function h, 2 P, has
an iterate that is divisible by d (the denominator of r). The behavior of the map h, depends
on whether jrj > 1, the \expanding map" case;r = 1, the \indieren t map" case;or jrj 1,
the \contracting map" case. Our motivation comesfrom the expanding map case,but the results
proved below apply to all cases.

We formulate a generalconjecture concerningfunctions in this classthat are expanding maps,
of which Conjecture ] is a special case.

Conjecture 3. Letr = Ia with gcd(l;d) = 1andjrj> 1. Leth, : ! be a function in the class
Pr. Then for eachinteger n, with at mosta nite number of exeptions, there is someiteratej 1
suchthat h?(n) 0 (mod d).

The \expanding" condition onr is necessaryfor the conjecturefails for certain r with 0< r < 1;
as shavn in Theorem 7.

Mabhler's study of Z-numbers [Mahler 1968]led to questionssimilar in spirit to Conjecture B
A Z-number is a positive real number with the property that

3n l .
0 ﬁ(é) (o) EforaIIn 1;

wherefixgj= x  bxc denotesthe fractional part of x. Mahler conjectured that Z-numbers do not
exist, and shaved that a necessaryand su cien t condition for their non-existenceis that for eah
n 1there existssomej 1 (dependingon n) such that

g, (n) 3 (mod 4): (44)

Mahler's conjecture remains open. Mabhler obtained a nontrivial upper bound on the number of
Z-numbers smaller than x, and [Flatto 1991]improved the upper bound to O(x%%9) for x ! 1 .
In comparison, Conjecture [ assertsfor r = % that for eadh n 2  there exists some| 1
(depending on n) with _
g (n) 0 (mod 2): (45)

This special caseof Conjecture ] is true, as a consequenceof the following theorem. There is
exactly one exceptionalinteger, 1, whoseiterates never satisfy (f9).

More generally for the caseof rational numbersr with denominator d = 2, Conjecture f is
provable for all functions in the classP, in a fashion analogousto that usedfor the approximate
squaring map in Section}

Theorem 5. Leth, be a function in the classP,, for xedr = 231 whee t is an integer. Then

for eachn 2 , with at most two exeptions, there exists someiterate k 1 with

h®(n) 0 (mod 2): (46)
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Pro of. We have
rn+lo if n 0(mod 2);

hr(n) = rn+3+1y if n 1(mod 2):

for someintegerslo;l1.
We claim that the set of integersn satisfying

h@)(n)6 0(mod 2)for1 | k (47)

consistof the integersin exactly two arithmetic progressionsb (mod 2¥*1), one consisting of even
integersand one of odd integers. We prove the claim by induction onk 1. For the basecase,let
b ag (mod 2) with ag = 0 or 1 xed, and considerthe arithmetic progressionn = b+ 2m, with
m 2 . Then

hy(n) = he(b) + (2t + 1)m;

and the condition h;(n) 0 (mod 2) then restricts m to lie in a single congruenceclass m
az(b) (mod 2). We concludethat exactly two congruenceclasses ag+ 2a; (mod 4) satisfy (f7)
for k = 1, one consisting of even integersand one of odd integers, completing the basecase.

For the induction step, supposing (f7) true for k, let b (mod 25*1) run over the two allowed
congruenceclassedor the givenk. Considerthe arithmetic progressionn = b+ 21 m, with m 2
Then we have

h(m) hi(b) (mod 2) for 1 | k;

and
h&*D (n) = h** (h) + (2t + )% m :
The condition that
h&*D (n) 0 (mod 2)

is equivalert to m  ay+1 (b) (mod 2), which excludesthe congruenceclass
B b+ ag (D24 (mod 2¢2) :

Thus two congruenceclasseg mod 2K*2) remain which satisfy (£7) for 1 j k+ 1. Sinceead of
the previous classesb (mod 2K*1) cortributed one of these classesone cortains even integersand
the other cortains odd integers. This completesthe induction step.

Denote these two classesby by(k + 1) (mod 2¢*2) and by(k + 1) (mod 2K*2), respectively. It
follows that ([1§) holds except for integersin the sets

fn  bo(k) (mod 2¢*1)g:
k=1
and

fn  by(k) (mod 2¢1)g:
k=1
Each of thesesetscortains at most one elemen, sothere are at most two exceptionalelemeris. =
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Remarks. (1) One can nd examplesof functions h, 2 P, with denominator d = 2 such that
there are zero, one or two elemers in the exceptional set. For example,for r = % the function ;-
has the single exceptional elemen n = 1. The map

+1 ifn 1(mod?2);
2 )
1 (48)

3

_3n

Na=(n) = §n if n 0 (mod 2)
has two exceptional points, 0 and 1, all the iterates of which are odd.

(2) The analysisappliesto the casesr = % where the map h, is cortracting.

Concerning Conjecture f for denominatorsd 3, we can bound the number of exceptionsbelow
x for a generalfunction in the classP, in a fashion similar to that for the approximate squaring
map studied in SectionfJ. Given a rational number r = Ia with gcd(l;d) = 1 and a function h; in
the classP,, we de ne the exceptional set by

E(h;;x):=fn2 :jnj x; hf(n)6 0(mod d) forall k 1g; (49)

and let

N (hy;x) .= #( E(h;;x)) :
(The exceptional setin (§) is E(r) = E(gr;1).) The following result holds for all rational r,
including those with jrj 1.

Theorem 6. Letr = Ia be a rational numker with gcd(l;d) = 1, and supmsethat d 2. Thereis
a constant O d < 1 depending only on d suchthat for every function h, 2 P, we have

N (hr;x) 4dx @ : (50)
The precise value of the constant is
log(d 1)
- — - = + :
d iogd 1 logy(1+ +—) (51)

Pro of. We will prove a stronger result. Set
E (h;x):=fn2 :jnj x; h®(n)6 0(modd) forl k logyxg (52)
andlet N (hy;x) = #( E (h;;x)): Certainly N (h;;x) N(h;;x), soit suces to establish
N (hr;x)  4dx ¢ ; (53)

where ¢ is givenin (BJ).

The argumert we will useto establish (B9 is simpler than that for the approximate squaring
map becausewe can use radix expansionsto the xed based. We supposedk x < d<*1. |f
n b (mod d) then

hr(n) = Ian+ 'ab ; (54)

where0 1, d 1 with Iy Ib (mod d).
We claim that the elemens n 2  sud that

hi)(n)6 0(mod d) for1 j k (55)
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consistof a certain setofd(d 1)* residueclasseq mod d“*1). We proceedby induction onk 1.
For the basecasek = 1, given b (mod d) the elemens of the arithmetic progressionn = b+ dm
with m 2 have

hi(n) = he(b) + Im :

Sincegcd(l;m) = 1, asm 2  varies these numbers cycle through ewery residue class (mod d).
In particular there is one classm ai(b) (mod d), say, that gives g;(n) 0 (mod d). This
arithmetic progressionb+ a;(b)d (mod d?) is ruled out and all elemens of the remaining d 1
arithmetic progressions(mod d?) satisfy (F3) with k = 1. This completesthe basecase.

For the induction step, suppose(p9 holds for k, and there are d(d 1)% allowed residueclasses
b (mod d**1). For ead of theseresidueclassesconsiderthe arithmetic progressionn = b+ d<*1m
with m 2 . Using (B9 repeatedly, we have

hll§+1 (n) — hl('k+1) (b) + Ik+1m :

Sincegcd(l; m) = 1 this progressioncyclesthrough all residue classes(mod d), and the condition
hk*1(n) 0 (mod d) rules out one residueclassb+ ay+1 (0)d“*? (mod d“*2), say. Thusimposing
the additional condition

h&*1(n) 6 0 (mod d)

leavesd(d 1)**! allowed residue classes(mod d“*?) whoseelemerts satisfy (F9) for k + 1. This
completesthe induction step.

Applying (B3, with k replacedby k 1, we seethat the elemers in E (h,;Xx) are necessarily
cortained in asetof d(d 1)k ! residueclassegmod d¥), sincelogyx > k 1. It follows that

N (h;;x) did 1K1 2 % 2d3(d 1)K 1 o4d(d 1)K
sinced 2. Nowx d¥, sok 'lg% and we have

N (hy;x) 4deklogld 1)
log (d 1)

4dx " lgd

asasserted. =

Theorem [ is nearly best possiblefor certain valuesof r in the interval 0 < r < 1, where the
map is a cortracting map. That is, for suitable maps in the classP;, the upper bound (E0) of
Theorem § is within a multiplicativ e constart of the best possibleupper bound.

Theorem 7. Letr = % with d 3. Then, for the conjugated approximate multiplication map g,
of (£0), the exceptional set E(g;x) has cardinality

1
N (gr;x) ax d; forallx d; (56)
with 4= % In particular, the full exeptional setE(g;;1 ) is in nite.
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Pro of. Note that for r = % the functions g, and g coincide. We claim that, for each k 1, the
subset | of [1;d¥] given by

fn:1 n d¥n=ay+ad+ i+ a 1d *with allag 6 1(modd) fori 1g

is cortained in E(g;;d¥). (The cardinality of  isd(d 1)X 1) We prove this by induction on
k 1.
For the basecasek = 1 we have

1=112:;d 1g E(g;d)
becauseea g;(n) = 16 0 (mod d) and 1is a xed point of g,. Next,
ar( ) k 1

because
g (n) = (g + 1)+ axd+ agd®+  +a 1d 22 | 1

andl a;+1 d 1by hypothesis.Thus  E(g;d¥), which completesthe induction step.
For d¢ x < d**1 with k 1, we have

N Ngid) # x=dd P Sx e 7

asasserted. =

Sincethe exceptional set E(r) of the approximate multiplication map f, hasE(r) = E(gr;1 )
and E(g;;x) E(g;1), Theorem[] shows that the conclusionof Conjecture f| doesnot hold for
thesevaluesofr.

It seemsplausible that for all values 1< r < 1 (exceptr = 0) there is somefunction in the
classP; for which the conclusion of Conjecture | doesnot hold. However we do not attempt to
construct sudh functions here.

6. Numerical results

The simplest casewhere we do not know if the approximate squaring map f of (fi) will always
reach an integer is when the starting value r = I=d has denominator d = 3. We wish to determine
(r) (say), the smallestvalue of k 0 for which f ()(r) is an integer.

Testing any particular value of r is complicated by the fact{already illustrated in Section [
that the iterates grow so rapidly. This dicult y can be overcome by writing the k-th iterate
lk=ck := f ®(r) in \base d": .

- a (k)d« ; (58)
dq¢
j= 1
where the \digits" a; (k) satisfy 0  a; (k) < d (compare ([9), but storing only the terms in (9
with j M. That is, we work mod dM*1, Aslongas (r) M 1, we get the correct answer by
nding the smallestk for which a 1(k) = 0. If this has not happenedby the time k readhesM we
increaseM and repeat.

For denominator 3 the valueM = 25is su cient to showv that (I1=3) is nite for 3 | 2000.
The following table shows what happens for the rst few values. It gives the initial term, the
number of stepsto reac an integer, and the integer that is reached.

start : % %‘ g g % g % %) %
0 2 6 01 10 5 2
reaches: 1 8 14847106024743520 2 7 8 3 14847106024743B20 220
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(These are sequence§f07234) and R085276in [Sloane 1995{2003].) In the range| 2000 large
values of (I=3) are scarce. The rst few record values are (I=3) = 0;2;6;22,23, reached at
| = 3;4;5;28 1783 respectively.

Starting valuesr = ‘“Tl take longer to corverge{we discussecdthe casesd 8 in Sectionfl. The
initial valuesof ((d+ 1)=d) canbe found in sequencdA07352%in [Sloane1995{2003]. The rst few
recordvaluesare0; 1; 2; 3; 18, 26, 56; 79; 200; 225; 383; 1444, reachedat d = 1, 2; 3;4;5; 11, 19; 31, 37, 67,
149 199 respectively (sequencedr073529 R073529. R. G. Wilson, v. [Wilson 2002] has chedked
that ((d+ 1)=d) is nite ford 500.

It is amusing to note that the record value 1444 hasthe following interpretation: starting with

% and repeatedly approximately squaring, the rst integer reached is

20 021444 .

a number with about 10*° digits.

The approximate multiplication map f(x) of (B) is easierto compute since it grows more
slowly. Let ,(n) denotethe smallestvalue of k 1 for which f *(n) is an integer. We give just
one example. This table shovs what happenswhen f 4—3(n) is iterated with starting value n:

n: 0123456 7 8 9 10 11 12
4=3(n): 13 212 9 1 8 3 1 7 2 1
readhes: 0 4 4 4 8 84 8 84 20 12 84 20 16

(sequencedr08506¢and A08507]). Large valuesof ,-3(n) are again scarce. The rst few record
valuesare 4-3(n) = 1;3;9;15,17;18; 24; 27; 28; 30; 40, reached at 0; 1; 5; 161, 1772 3097; 3473, 23084
38752 335165491729respectively (sequencesA085328 and A08533(). We thank J. Earls [Earls
2003]for computing the last six terms in thesetwo sequences.

All the evidencesupports the conjecturesmade here; it would be nice to know more.
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