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Abstract

We study the \approximate squaring" map f (x) := xdxe and its behavior when iterated. We con-
jecture that if f is repeatedly applied to a rational number r = l=d > 1 then eventually an integer
will be reached. We prove this when d = 2, and provide evidencethat it is true in generalby giving
an upper bound on the density of the \exceptional set" of numbers which fail to reach an integer.
We give similar results for a p-adic analogueof f , when the exceptional set is nonempty, and for
iterating the \approximate multiplication" map f r (x) := r dxe, where r is a �xed rational number.

AMS 2000Classi�cation: Primary 26A18; Secondary:11B83, 11K31, 11Y99

1. In tro duction

In this paper we study the \approximate squaring" map f :
�

!
�

given by

f (x) := xdxe ; (1)

and considerits behavior when iterated. Although there is an extensive literature on iterated maps
(seefor example [Collet and Eckmann 1980],[Beardon 1991], [Lagarias 1992]), including the study
of various �rst order recurrencesinvolving the ceiling function ([Eiseleand Hadeler 1990],[Graham
and Yan 1999]), the approximate squaring map seemsnot to have been treated before, and has
someinteresting features.

The function f behavesqualitativ ely like iterating the rational function R(x) = x 2. Indeed, all
points jxj � 1 have a bounded orbit under f (x), while all points jxj > 1 have unbounded orbits
and divergeto 1 , just as they do when R(x) is iterated. However, f (x) has the additional feature
that it is discontinuous at integer points. It follows that the n-th iterate f (n) is discontinuous at a
certain set of rational points, namely, those points x where f (n) (x) is an integer.

It is therefore natural to ask: if we start with a rational number r and iterate f , will we always
eventually reach an integer? This question is the subject of our paper.

Numerical experiments suggestthat the answer to our question is \Y es", although it may take
many steps,and consequently involve somevery large numbers.

For example,starting at r = 3
2 , f (r ) = 3

2 � 2 = 3, reaching an integer in onestep; and starting at
r = 8

7 we get f (r ) = 16
7 , f (2) (r ) = 48

7 , f (3) (r ) = 48, taking three steps. On the other hand, starting
at r = 6

5 , we �nd

f (r ) =
12
5

; f (2) (r ) =
36
5

; f (3) (r ) =
288
5

; f (4) (r ) =
16704

5
; f (5) (r ) =

55808064
5

;
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f (6) (r ) =
622908012647232

5
; f (7) (r ) =

77602878444025201997703040704
5

; : : : ;

and we do not reach an integer until f (18) (r ), which is a number with 57735digits.
We note that for any rational starting point r , since dxe is an integer, the denominators dj

of the iterates f (j )(r ) must form a nonincreasingsequencewith dj +1 dividing dj . For 0 < r � 1,
dr e = 1 and f (r ) = r , so there the denominator is �xed. For � 1 < r � 0, f (r ) = 0, and for r � � 1,
f (r ) � 1. So it is su�cien t to restrict our attention to the caseof rationals r > 1.

We make the following conjecture:

Conjecture 1. For each rational r 2
�

with r > 1, there is an integer m � 0 such that f (j )(r ) is
an integer for all j � m.

We establish the conjecture in the special casewhen the denominator is 2, where a complete
analysis is possible. This is done in Section 2.

In Section 3 we consider the caseof rational starting valuesr with a �xed denominator d � 3.
We show that at most a sparsesubsetof the rationals f r = l

d : d < l � xg can fail to becomeintegers
under iteration, in the sensethat the cardinality of this subsetis boundedabove by C(d; � )x 1� � d + �

for a certain positive constant � d and any positive � , whereC(d; � ) is a positive constant depending
only on d and � . Showing that this \exceptional set" of starting valueswhich fail to reach integers
is in fact empty (or even �nite) appearsto be a di�cult problem, for reasonsindicated below.

In Section 4 we consider a p-adic analogueof the approximate squaring map. In this casewe
show that there is a nonempty exceptional set of elements in 1

pk �

p which under iteration never

\escape" to the smaller invariant set 1
pk � 1 �

p. This set has Hausdor� dimension exactly 1 � � pk ,
where � pk is the sameconstant that appeared in Section 3. The existenceof this exceptional set
is a reasonwhy it may be a di�cult problem to obtain better upper bounds on the cardinality of
the exceptional set in Section 3.

In Section 5 we study similar questionsconcerningthe \approximate multiplication" map

f r (x) := r dxe ; (2)

where r is a �xed rational number. For r = 1
b, this map is a special caseof the map x 7! a + dx

be,
where a;b 2

�

, b � 2, studied by P. Eiseleand R. P. Hadeler [Eiseleand Hadeler 1990]. Recently,
J. S. Tanton [Tanton 2002], together with Charles Adler, formulated a game-theoretic problem
\Surviv or", and noted that its analysis leadsto the study of the sequenceof rational numbers

a0 = r; an = r dan� 1e for n � 1 ;

for r > 1, which is the tra jectory of r under the map f r (x). He raised the question, "Must somean

be an integer?", and conjectured that the answer is \Y es". This question di�ers from the caseof
the approximate squaring map in that the denominatorsof successive iterates, though boundedby
the denominator of r , may increaseor decrease.We note that the long-term dynamics of iterating
this map di�ers according to whether jr j < 1, jr j = 1 or jr j > 1, with the caser > 1 being most
analogousto the approximate squaring map.

The approximate multiplication mapshave someresemblanceto the map occurring in the 3x + 1
problem. Setting r = l

d , we observe that f r (x) maps the domain 1
d �

into itself, and on this domain
is conjugate to the map gr :

�

!
�

given by

gr (n) =
� 1

dn if n � 0 (mod d) ;
1
d(n + l(d � b)) if n � b (mod d); 1 � b � d � 1;
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(see(40) of Section 5). In terms of the conjugated map the question we considerbecomeswhether
for most starting values someiterate of gr is an integer divisible by d. For r = 3

2 the conjugated
map is

g3=2(n) =
� 3

2n if n � 0 (mod 2) ;
3
2n + 3

2 if n � 1 (mod 2) :

This is similar in form to the 3x + 1 function

T(n) =
� 1

2n if n � 0 (mod 2) ;
3
2n + 1

2 if n � 1 (mod 2) :

as given in [Lagarias 1985]and [Wirsching 1998], although the long-term dynamics of g3=2 and T
are di�eren t.

We formulate a conjecture for approximate multiplication maps analogousto the one above for
the approximate squaring map. We de�ne the exceptional set E(r ) for the map f r to be

E(r ) := f n : n 2
�

and no iterate f (j )
r (n) 2

�

for j � 1g : (3)

Then we have:

Conjecture 2. For each nonintegral rational r 2
�

with jr j > 1, the exceptional set E(r ) for the
approximate multiplication map f r is �nite.

The \expanding map" hypothesis jr j > 1 is necessaryin the statement of this conjecture, for
the conclusion fails for r = 1

d with d � 3, as remarked below. In parallel to the results for the
approximate squaring map we prove Conjecture 2 for rational r having denominator 2; it remains
open for all rationals with jr j > 1 having denominator d � 3.

In Section5 we exhibit an analogybetweenthe problem of showing that E(r ) is �nite for a given
nonintegral r > 1 and the problem of showing that there exist no Mahler Z -numbers, a notorious
problem connectedwith powers of 3

2 ([Mahler 1968], [Flatto, 1991];also [Choquet 1980], [Lagarias
1985]). This suggeststhat Conjecture 2 may be di�cult.

Our analysis in Section 5 applies more generally to the family P r of maps hr :
�

!
�

having
the form

hr (n) =
1
d

(ln + lb) when n � b (mod d) ; (4)

where the integers lb satisfy lb � � lb (mod d). We obtain for all functions hr 2 Pr an explicit
upper bound on the cardinality of the exceptional set E(hr ; x) consisting of all integers jnj � x
that do not have someiterate that is a multiple of d. We show that for all rationals r ,

# E(hr ; x) � 4dx� d ;

with � d = log(d� 1)
log d :

We also show that this upper bound is of the correct order of magnitude (to within a multi-
plicative constant) for certain valuesof r lying in 0 < r < 1. This is the casefor the function gr for
r = 1

d with d � 3. This result implies that the conclusionof Conjecture 2 doesnot hold for these
valuesof r .

The �nal section givessomenumerical results related to thesequestions.

Notation: d e denotes the ceiling function and ff gg the fractional part. For a prime p, j j p de-
notes the p-adic valuation. (If r 2

�

; r = pa b
c with a;b;c 2

�

; c 6= 0; gcd(p;b) = gcd(p;c) =
1; then jr jp = a.)

�

p and
�

p denote the p-adic rationals and integers, respectively. For integers
r; s; i , r js meansr divides s, and r i jjs meansr i divides s but r i +1 doesnot.
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2. Denominator 2

In this section we investigate the casewhen the starting value r has denominator 2. Here we are
able to give a completeanalysis. The following table shows what happensfor the �rst few valuesof
r . It givesthe initial term, the number of stepsto reach an integer, and the integer that is reached.

start : 3
2

5
2

7
2

9
2

11
2

13
2

15
2

17
2

19
2 � � �

steps: 1 2 1 3 1 2 1 4 1 � � �
reaches: 3 60 14 268065 33 2093 60 1204154941925628 95 � � �

The number of stepsappearsto match sequenceA001511in [Sloane1995{2003](and the num-
bers reached now form sequenceA081853in that database). Indeed, we have:

Theorem 1. Let r = 2l+1
2 , with l � 1. Then f (m) (r ) reachesan integer for the �rst time when

m = jl j2 + 1.

Pro of. Note that if x 2
�

has denominator 2 and is not an integer then dxe = x + 1
2 .

We use induction on jl j2 = v. If v = 0 then l is odd, dr e = r + 1
2 = l + 1 is even, and r dr e has

becomean integer in one step, as claimed.
Supposev � 1, and

l = 2v + lv+1 2v+1 + lv+2 2v+2 + � � �

is the binary expansionof l , where each l i = 0 or 1. Then

r dr e =
�

l +
1
2

�
(l + 1)

=
1
2

+
l
2

+ l + l2

=
1
2

+ 2v� 1 + (lv+1 + 1)2v + (lv+1 + lv+2 )2v+1 + � � � + 22v + � � �

=
2l0+ 1

2

where
l0 = 2v� 1 + (lv+1 + 1)2v + (lv+1 + lv+2 )2v+1 + � � � + 22v + � � � :

and jl0j2 = v � 1. By the induction hypothesis, this will reach an integer in v � 1 steps,so we are
done.

Remark. The numbers 2l + 1 for which jl j2 = v are precisely the numbers that are congruent to
2v+1 + 1 (mod 2v+2 ). For example, if v = 0, 2l + 1 2 f 3; 7; 11; 15; : : :g, of the form 3 (mod 4); if
v = 1, 2l + 1 2 f 5; 13; 21; 29; : : :g, of the form 5 (mod 8); and so on.

Corollary 1. Let r = 2l+1
2 ; l � 1; jl j2 = v. Then the �rst integer value taken by f (m) (r ) is

1
2

� (v+1) (2l + 1) ;

where � (y) = y(y + 1)=2.
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Pro of. This is now a straightforward calculation, again using the fact that if x 2
�

n
�

has
denominator 2 then dxe = x + 1

2 .
For example, if v = 0, and r = (4k + 3)=2 = y=2 (say), then in one step we reach the integer

1
2 � (y) = y(y + 1)=4. If v = 1, and r = (8k + 5)=2 = y=2, then in two stepswe reach the integer

1
2

� (� (y)) =
y(y + 1)(y2 + y + 2)

16
;

if v = 2, and r = (16k + 9)=2 = y=2, then in three stepswe reach the integer

1
2

� (� (� (y))) =
y (y + 1)

�
y2 + y + 2

� �
y2 � y + 2

� �
y2 + 3y + 4

�

256
;

and so on.

3. Denominator d

We now analyze the caseof rationals with a general denominator d, obtaining less complete
results. The next theorem shows that most rationals will eventually reach an integer. More pre-
cisely, it givesan upper bound on the number of such rationals below x that never reach an integer.
Given an integer d � 2, and a bound x � 1 we study the \exceptional set"

M d(x) := f l : 1 � l � x; f (m) (
l
d

) =2
�

for each m � 1g ; (5)

and let M d(x) = jM d(x)j. The �nite set [1; d � 1] := f 1; 2; : : : ; d � 1g is contained in M d(x), and
Conjecture 1 assertsthat M d(x) = [1; d � 1]:

Theorem 2. For each integer d � 2, there is a positive exponent � d such that for each " > 0 and
all x > 1,

M d(x) � C(d; " ) x1� � d + " (6)

for a positive constant C(d; " ), with � d given by

� d = min
d0jd; d0> 1

logd0

�
d0

� (d0)

�
; (7)

where � is the Euler totient function. In fact

� d = min
pj jj d

log
�

1 + 1
p� 1

�

j logp
: (8)

Note: It follows immediately from (7) that 0 < � d � 1 and � d = 1 only for d = 2.

Pro of. We need only consider numbers l satisfying d < l � x. For the numbers 0 < l � d
contribute d = O(1) (as x ! 1 ) to M d(x).

We write l
d = l0

d0
with gcd(l0; d0) = 1, and set

f (j )
�

l
d

�
=

l j
dj

; j � 1 ;
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where gcd(l j ; dj ) = 1 and dj jd with dj � 1. The pair (l ; d) determinesthe sequenced0; d1; d2; : : :.
We call a value l \bad" at sizex if there is an iterate m � 0 such that

m� 1Y

j =0

dj � x <
mY

j =0

dj ; (9)

with dm > 1, and we let Nd(x) denote the number of bad l at size x. We will obtain an upper
bound for Nd(x). Every l counted in M d(x) has dj � 2 for all j � 0, hencecertainly such l are bad
for all sizes,and so in particular

M d(x) � Nd(x) :

We establish the theorem by showing the stronger result that

Nd(x) � C(d; " ) x1� � d + " : (10)

Supposed has s prime factors (counted with multiplicit y), where s � log2 d. Let l be bad at size
x. Then dj � 2 for j = 0; 1; : : : ; m (cf. (9)). De�ne r j by

r j =
dj � 1

dj

for j = 1; 2; : : : ; m , and call j a break-point if r j > 1. Supposethere are t break-points. At each
break-point a nontrivial factor is removed from the denominator, and since d has s prime factors
and dm > 1, it follows that t � s � 1. Let the break-points be j 1; j 2; : : : ; j t . We call the sequence
of pairs

Y := f (j 1; dj 1 ); (j 2; dj 2 ); : : : ; (j t ; dj t )g (11)

the chain associated with (l ; d;x).
We calculate an upper bound on the number #( Y) of distinct chains. There are

� m
t

�
choicesfor

the break-points, and (9) yields the bound

m � log2 x ;

so there are no more than
s� 1X

t=0

�
log2 x

t

�
� s(log2 x)s� 1

break-point patterns. Since in each chain a nontrivial divisor r i of di � 1 is chosenat each step, we
concludethat the number of distinct chains is at most d!s(log2 x)s� 1: For d �xed and large x this
gives

#( Y) � C1(d; " )x" : (12)

Therefore it su�ces to prove an upper bound of the form (10) for the number N d(Y; x) of bad l at
sizex having a given chain Y.

Supposenow that l ; d;x; m are as above, and that l has chain (11). We claim that these l fall
into a certain set of arithmetic progressionsmodulo d0d1 : : : dm� 1, and in fact there are exactly

� (d1)� (d2) � � � � (dm ) (13)

such arithmetic progressions.
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To seethis, we write lk
dk

(for k = 0; 1; : : :) in a mixed-radix expansionwhere the radicesdepend
on k:

lk
dk

=
a� 1(k)

dk
+ a0(k) +

1X

j =1

aj (k)
j � 1Y

l=0

dk+ l ; (14)

in which the \digits" aj (k) satisfy

0 < a� 1(k) < dk ; and 0 � aj (k) < dj + k for each j � 0 :

Here we set dm+ j := dm for all j � 1. The sum on the right-hand side of (14) is actually a �nite
sum. By de�nition,

lk+1

dk+1
= f

�
lk
dk

�
=

0

@a� 1(k)
dk

+ a0(k) +
1X

j =1

aj (k)dkdk+1 � � � dk+ j � 1

1

A

�

0

@1 + a0(k) +
1X

j =1

aj (k)dkdk+1 � � � dk+ j � 1

1

A :

We useinduction on k to establish four properties of this mixed-radix expansion:

r k+1 = gcd(a0(k) + 1; dk ) ; (15)

a� 1(k + 1) � a� 1(k)
a0(k) + 1

r k+1
(mod dk+1 ) ; (16)

gcd(a� 1(k + 1); dk+1 ) = 1 ; (17)

and, for 0 � j � m,

aj (k + 1) � a� 1(k)aj +1 (k) + G(a� 1(k); a0(k); a1(k); : : : ; aj (k)) (mod dj + k+1 ) ; (18)

in which the function G(a� 1(k); a0(k); a1(k); : : : ; aj (k)) includesall the necessaryinformation about
\carries" in the multiple-radix expansion.

The basecasek = 0 is checked directly. Sinced0 divides all terms in the sum on the right-hand
side of (14), the right-hand side of (15) (when k = 0) has a single term a� 1 (0)( a0 (0)+1)

d0
having a

denominator, and this term equals a� 1 (1)
d1

(mod 1). Since gcd(a� 1(0); d0) = 1 by hypothesis, we
must have

gcd(a0(0) + 1; d0) =
d0

d1
= r1 ;

which is (15) for k = 0. The term with a denominator in (15) is then

a� 1(0) a0 (0)+1
r 1

d1

hence

a� 1(1) � a� 1(0)
�

a0(0) + 1
r1

�
(mod d1) ; (19)

which is (16). Now gcd(a� 1(1); d1) divides gcd(a� 1(0); d1) gcd( a0 (0)+1
r 1

; d1), both terms of which are
1, so (17) follows. Finally, to establish (18) when k = 0, we drop the terms involving d1d2 � � � dj +1

from (15) and observe that there is a term

a� 1(0)aj +1 (0)d1d2 � � � dj ; (20)
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while all the other terms containing any aj + l (0) for l � 1 are divisible by d1d2 � � � dj +1 . (Note that
d1d2 � � � dj +1 divides d0d1d2 � � � dj .) This establishesthat a congruenceof the form (18) holds for
the digit aj (1) in the expansion(15) for l1

d1
, completing the proof of the basecase.

The induction step for generalk follows using exactly the samereasoning.
Next, we claim that (18) implies that

a0(k + 1) � ak+1 (0)
kY

l=0

a� 1(l ) + eG(a� 1(0); a0(0); a1(0); : : : ; ak (0)) (mod dk+1 ) : (21)

for somefunction eG depending on the indicated variables.
To prove this, we again useinduction on k. For k = 0 the assertion is that

a0(1) � a1(0)a� 1(0) + eG(a� 1(0); a0(0)) (mod d1) : (22)

which is (18) with k = j = 0. For k = 1 we wish to show

a0(2) � a2(0)a� 1(0)a� 1(1) + eG(a� 1(0); a0(0); a1(0)) (mod d2) : (23)

Setting k = 1; j = 0 and k = 0; j = 1 in (18) we obtain

a0(2) � a� 1(1)a1(1) + eG(a� 1(1); a0(1)) (mod d2)

and
a1(1) � a� 1(0)a2(0) + eG(a� 1(0); a0(0); a1(0)) (mod d2) ;

hence

a0(2) � a2(0)a� 1(0)a� 1(1) + a� 1(1) eG(a� 1(0); a0(0); a1(0)) + eG(a� 1(1); a0(1)) (mod d2) :

However, from (19) and the fact that 0 < a� 1(1) < d1, a� 1(1) is uniquely determined by a� 1(0) and
a0(0). Also the induction hypothesisallows us to use(22) to eliminate a0(1). Equation (23) follows.
The caseof general k follows in the sameway; we leave the details to the reader. The important
point about (21) is that the dependenceon ak+1 (0) is linear, even though the dependenceon the
other initial terms a� 1(0); a0(0); : : : ; ak (0) is nonlinear.

We have already seenthat
gcd(a� 1(0); d1) = 1 :

From (17) and (16) ,
gcd(a� 1(2); d2) = 1 ;

a� 1(2) � a� 1(1)
a0(1) + 1

r2
(mod d2) :

Therefore gcd(a� 1(1); d2) = 1 and so

gcd(a� 1(0)a� 1(1); d2) = 1 :

Continuing in this way we obtain

gcd(
kY

l=0

a� 1(l ); dk+1 ) = 1 ; (24)

for k = 0; 1; : : : ; m.
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Then (21) shows that the congruenceclassof a0(k + 1) (mod dk+1 ) is uniquely determined by
the congruenceclassof ak+1 (0) (mod dk+1 ), oncea� 1(0); a0(0); :::; ak (0) are speci�ed.

In particular there are exactly � (dk+2 ) congruenceclassesof ak+1 (0) (mod dk+1 ) that give

gcd(a0(k + 1) + 1; dk+2 ) = 1 ;

or in other words which give

gcd(a0(k + 1) + 1; dk+1 ) = r k+2 :

At each iteration we imposeone such condition, and thus (13) follows.
Now (9) shows that each arithmetic progression ( mod d0d1 � � � dm� 1) contains at most dm

elements below x. From (13), Nd(Y; x), the number of bad elements l at size x with chain Y in
(11) satis�es

Nd(Y; x) � dm � (d1)� (d2) � � � � (dm ) :

Now x � d0d1 � � � dm� 1 � d1d2 � � � dm� 1, hence

Nd(Y; x)
x

� dm

mY

j =1

� (dj )
dj

;

and therefore

Nd(Y; x)
x

� dm e
P m

j =1 log
� ( dj )

dj

� dx

P m
j =0 log

� ( dj )
dj

log x : (25)

Now x � d0d1 � � � dm , so that

P m
j =0

�
�
� log � (dj )

dj

�
�
�

logx
�

P m
j =0

�
�
� log � (dj )

dj

�
�
�

P m
j =0 logdj

� min
0� j � m

�
�
� log � (dj )

dj

�
�
�

logdj

� min
0� j � m

�
logdj

�
dj

� (dj )

��

� � d ;

where we usedthe de�nition (7). Substituting this in (25) yields

Nd(Y; x)
x

� dx � � d ;

since � (dj )
dj

< 1 gives log � (dj )
dj

< 0, and so

Nd(Y; x) � dx1� � d ;

as required. Combined with (12), this gives (10), hence(6).
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Finally, we establish the equivalence of (7) and (8). Since � is multiplicativ e, for a general
d0 > 1 we have

logd0

�
d0

� (d0)

�
=

P
pj jj d0 log

�
pj

� (pj )

�

P
pj jj d logpj

� min
pj jj d0

�
logpj

�
pj

� (pj )

��
: (26)

Thus the minimum in (7) is attained when d0 is a prime power. Now

logpj

�
pj

� (pj )

�
=

log
�

1
1� 1

p

�

log pj =
log

�
1 + 1

p� 1

�

j logp
(27)

is minimized by making j as large as possible,so we obtain the formula (8).

Remark. If l ; d;x; m are such that

d1 = d2 = � � � = dm = d0

where d0 is the value that minimizes (7), so that t = 1 and the chain is simply Y = f (1; d0)g, we
have

Nd(Y; x) � C
0

d x1� � d ;

for some positive constant C
0

d. It follows that the upper bound in (10) has essentially the best
possibleexponent.

4. p-Adic iteration

We now consideran approximate squaring map de�ned on the p-adic numbersanalogousto the
approximate squaring map on

�

, and study the question of whether someiterate will eventually
becomea p-adic integer. We show that now there is always a nonempty exceptional set of p-adic
numbers which never becomep-adic integers.

Let p be a prime � 2 and let
�

p denote the p-adic numbers, with typical element � =P 1
j = � k aj pj , where k 2

�

and the aj satisfy 0 � aj � p � 1. The p-adic integral part of � is
given by the function Fp :

�

p !
�

p , where

Fp(� ) :=
1X

j =max f 0;kg

aj pj ;

while the p-adic fractional part (or \principal part") of � is

Pp(� ) :=
X

j < 0

aj pj ;

which is a �nite sum (possibly empty); thus � = Pp(� ) + Fp(� ): We investigate the function

f p(� ) := � (Fp(� ) + 1) :

10



which is a p-adic analogueof the approximate squaringmap de�ned in (1). If we regard the rationals
�

as embeddedin
�

p , then for nonintegral r in the subring
�

[ 1
p] �

�

�
�

p , we have f p(r ) = r dr e;
so the iterates there agreewith the approximate squaring map.

For each k � 0 the set 1
pk �

p is invariant under the action of f p(x), and

�

�
1
p �

�
1
p2 �

� � � � :

We de�ne the exceptional set


 k(p) :=
�

� 2
1
pk �

p : f (m) (� ) =2
1

pk� 1 �

p for each m � 1
�

; (28)

for k � 1. The set 
 k (p) is an analogueof the exceptional setsM d(x) studied in the last section,
corresponding to the denominator d = pk . (Note that 
 k(p) \ 1

pk �

> 0 is contained in 1
pk M pk (1 )).

We will show that thesesetsare nonempty, determine their Hausdor� dimension s, and get upper
and lower bounds on their Hausdor� s-dimensional measure.

The s-dimensional p-adic Hausdor� measureH s
p(
) of a closedset 
 in

�

p is de�ned by the
generalprescription in [Falconer 1990,Chapter 2] or [Federer1969,Sectionx2:10]. Here 0 < s � 1.
The diameter of a measurableset S �

�

p is

jSj := supfj � � � jp : �; � 2 Sg ;

and its p-adic measure � p(S) is Haar measurewith the normalization � p(
�

p) = 1. A p-adic ball

B (� ; pl ) := f � 2
�

p : j� � � jp � pl g

is both closedand open, and has the property that its diameter equalsits measure:

jB (� ; pl )j = � (B (� ; pl )) =
1
pl :

For each � > 0 we de�ne

H s(
 ; � ) := inf

8
<

:

1X

j =1

jI j js : 
 �
1[

j =1

I j ; jI j j � � for all j

9
=

;
; (29)

and1

H s
p(
) := lim

� ! 0
H s(
 ; � ) : (30)

The p-adic Hausdor� dimension of 
 is the unique value s0 such that H s
p(
) = 1 for s < s0 and

H s
p(
) = 0 for s > s0. The value of H s0

p (
) may be zero, �nite or in�nite.
A closedset 
 �

�

p is called weakly self-similar (mod pk) with branching ratio b, where b is an
integer � 2, if the following \equal branching" property holds for l = 1; 2; : : :. Let W l (
) denote
the set of initial sequencesof digits of length lk in 
, i.e.

Wl (
) = f � =
l k� 1X

j =0

aj pj : there exists some� 2 
 whose \initial part" pl kPp(p� lk � ) = � g :

(31)
Then each sequencein Wl (
) should extend to exactly b sequencesin Wl+1 (
). That is, if the
digits of an element � 2 
 are grouped in blocks of size k, once the �rst l blocks of digits are
speci�ed, there are exactly b allowable choicesfor the next block of digits.

1The limit (which may be 1 ) exists since H s (
 ; � 1) � H s (
 ; � 2) if � 1 � � 2 :

11



Theorem 3. For each k � 1 the set pk 
 k(p) is weakly self-similar (mod pk ) with branching ratio
b = � (pk ) = pk � pk� 1.

Pro of. The set Wl (
 k (p)) speci�es the conditions under which the �rst l iterates f (� ), f (2) (� ),
: : :, f (l )(� ) =2 1

pk � 1 �

p. Each such condition is a congruence(mod pl k), which has exactly � (pk ) =

pk � pk� 1 solutions for the next digit (compare(18) in the proof of Theorem 2, taking each dj = pk).
Finally the de�nition of 
 k (p) implies it is a closedset. Thus pk 
 k (p) is weakly self-similar.

We can determine the Hausdor� dimensionof weakly self-similar setsin
�

p, together with upper
and lower bounds for the Hausdor� measureat this dimension.

Theorem 4. Let 
 �
�

p be a weakly self-similar set (mod pk) with branching ratio b satisfying
2 � b < pk . Then 
 is a compact set and has Hausdor� dimension s(
) given by

dimH (
) =
logb
logpk :

Its s(
) -dimensional Hausdor� measure satis�es

�
b
pk

� 1� 1
k

� H s(
)
p (
) � 1 : (32)

Pro of. The compactnessof 
 is establishedsimilarly to Theorem 3. We de�ne W l (
) as in (31).
This set has cardinality bl by hypothesis,and


 =
1\

l=1

fWl (
) ;

where fWl (
) is the compact set

fWl (
) =
n

~� 2
�

p : ~� � � (mod pl k) for some� 2 Wl (
)
o

:

To determine the Hausdor� dimension it su�ces to establish the inequalities (32), since the
fact that the Hausdor� measureis positive and �nite determines the Hausdor� dimension. Set
s = (log b)=(log pk); so that pks = b: Also 0 < s < 1.

For the upper bound in (32) we consider the sets fWl (
). Now bl balls of diameter pl k cover
fWl (
), hencecover 
. Thus for � = p� lk this covering gives

H s(
 ; p� lk ) �
bl

pl ks =
bl

bl = 1 ;

which implies
H s

p(
)) � 1:

The lower bound argument is similar in spirit to that used for Cantor sets in [Falconer 1990,
pp. 31{32]. By the compactnessof 
 we need only prove that the lower bound holds for �nite
coverings. The non-archimedeanproperty of the valuation j jp meansthat each I j hasdiameter pm

for somem, and hencewe can enlarge I j to a ball B (� ; pm ) � I j without changing its diameter.
But B (� ; pm ) givesan open cover, so it has a �nite subcover:


 �
m[

j =1

B (� j ; pm j ) ;
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and
mX

j =1

jB (� j ; pm j )js =
mX

j =1

pm j s :

We want to show
mX

j =1

jB (� j ; pm j )js �
�

b
pk

� k � 1
k

: (33)

We �rst replacetheseballs with balls of diameter p� kl j for integers l j . Write

mj = � kl j + kj ; 0 � kj � k � 1 :

Then we can cover B (� j ; pm j ) with pk j balls B (� j 0; p� kl j ). We claim that

mX

j =1

jB (� j ; pm j )js �
�

b
pk

� k � 1
k X

j 0

jB (� j 0; p� kl j )js : (34)

This will follow if we show that

�
p� kl j + k j

� s
�

�
b
pk

� k � 1
k

pk j

�
p� kl j

� s
;

holds for each j . This in turn is equivalent to showing

pk j (s� 1) �
�

b
pk

� k � 1
k

:

Sincepks = b we have

pk j (s� 1) =
�

b
pk

� k j
k

�
�

b
pk

� k � 1
k

;

which proves(34). Thus (33) will follow from showing

mX

j =1

jB (� j ; p� kl j )js � 1 (35)

for any set of such balls that covers 
. We may supposel1 � l2 � � � � � lm . By the weak self-
similarit y of 
 there are blm principal parts to cover with balls of diameter p� klm in fWm (
). Weak
self-similarity also says that each ball of radius p� kl j covers either none or elseexactly blm � l j such
principal parts in fWm (
). Sincethe balls cover 
, we must have

mX

j =1

blm � l j � blm :

Dividing by blm yields
mX

j =1

b� l j � 1 : (36)
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Using this bound we obtain

mX

j =1

jB (� j ; p� kl j )js =
mX

j =1

p� kl j s

=
mX

j =1

b� l j

� 1 ;

which is (35). Thus (33) holds.

Corollary 2. The set 
 k (p) has Hausdor� dimension

dimH (
 k(p)) = s(pk ) := 1 �
log

�
1 + 1

p� 1

�

k logp
(37)

for k � 1. Furthermore, its s(pk)-dimensional Hausdor� measure satis�es

�
1 �

1
p

� 1� 1
k

(pk � pk� 1) � H s(pk )
p (
 k (p)) � pk � pk� 1 : (38)

Pro of. This follows by applying Theorems3 and 4 to the set pk 
 k(p) and using the fact that

H s(pk )
p (
 k (p)) = bH s(pk )

p (pk 
 k(p)) ;

since(pk)s = b. Using the branching ratio b = � (pk ) = pk � pk� 1; we have

logb
logpk =

logpk + log(1 � 1=p)
logpk

which gives (37).

Remark. For the branching ratio b = � (pk ) = pk � pk� 1, one can show that equality may occur
on either side of the Hausdor� measurebounds in (32) (or (38)). For the lower bound, take the
pk � pk� 1 allowed digit sets in each layer to be

P k(l+1) � 1
j = lk aj pj with the restriction that al k 6= 0:

Then we can cover 
 with (pk � pk� 1) l+1 (p � 1) balls of radius p� (lk+1) , and get

H s
p(
 k (p)) � (pk � pk� 1)(pk � pk� 1) l p� lks[(p � 1)p� s]

� (pk � pk� 1)

" �
1 �

1
p

� �
1 �

1
p

� � 1
k

#

:

Sincethis coincideswith the lower bound in (38), H s
p(
 k (p)) must equal this bound.

For the upper bound, choose the pk � pk� 1 allowed digits in each layer to be
P k(l+1) � 1

j = lk aj pj

with the restriction that ak(l+1) � 1 6= 0. Then each residue class (mod p� k(l+1)+ r ) covers exactly
(p � 1)pr � 1 classesof 
 (mod p� lk), and we can do no better than the upper bound.

It would be interesting to know how many elements r = l
pk have no iterate f n

p (r ) 2 1
pk � 1 �

p. We

know that this set contains the pk � pk� 1 elements 1 � l � pk � 1 with (l ; p) = 1. We conjecture
that theseare the only such elements.
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5. Appro ximate multiplication maps

Wecanusesimilar methodsto study iteration of the approximate multiplication map f r :
�

!
�

given by
f r (x) = r dxe ; (39)

where r is a �xed rational number, say r = l
d with gcd(l ; d) = 1. In this case,since x enters into

the iteration only as the integer dxe, we may restrict attention to initial valuesx 2
�

. We consider
the casewhen the denominator d > 1, and study the question of whether someiterate f (j )

r (x) will
be an integer for somej � 1. Note that all iterates lie in 1

d �

.
Unlike the caseof approximate squaring, the iterates do not remain integral oncethey become

integral. However, the truth of Conjecture 2 would imply that in�nitely many members of a
sequenceof iterations f f (j )

r (n) : j � 1g will be integers,provided jr j > 1.
It is convenient to rescalethe map to eliminate the denominators d, by conjugating f r by the

dilation � d(x) = dx. The result is the map gr :
�

!
�

given by gr (x) := � d � f r � � � 1
d (x). Thus

gr (x) = d f r (
x
d

) = ld
x
d

e ; (40)

with
g(j )

r (x) = d f (j )
r (

x
d

)

for j = 1; 2; : : :. We have

gr (n) =
1
d

(ln + lb) when n � b (mod d) ;

where l0 = 0 and
lb = l(d � b) for 1 � b � d � 1 :

For example,when r = 3
2 , we have

g3=2(n) =
� 3

2n if n � 0 (mod 2) ;
3
2n + 3

2 if n � 1 (mod 2) :

Our question then becomes:when doesthe sequenceof iterations f g(j )
r (n) : j � 1g contain a term

which is divisible by d?
The map gr belongsa general classof functions which we will denote by P r , consisting of all

\p eriodically linear" functions hr :
�

!
�

of the form

hr (n) =
1
d

(ln + lb) when n � b (mod d) ; (41)

where r = l=d is rational and the integers f lb : 0 � b � d � 1g satisfy the conditions

lb � � lb (mod d) (42)

neededto give an integer-valued map. Thus, although the notation does not re
ect this, h r is
de�ned by specifying r = l=d and constants l0; l1; : : : ; ld� 1 satisfying (42). We note that any map
hr is \self-similar" in the sensethat its linear part l

dn is independent of the residueclass. Various
other classesof periodically linear functions have beenstudied in connectionwith the 3x+ 1 problem
{ seex3.2 of [Lagarias 1985].
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Another interesting map in this classis

~gr (x) = dr xe : (43)

This map has l0 = 0 and
lb = d � (lb mod d) for 1 � b � d � 1 :

The function ~g3=2(x) appears in Mahler's study of Z -numbers [Mahler 1968], as explained below.
We have

~g3=2(n) =
� 3

2n if n � 0 (mod 2) ;
3
2n + 1

2 if n � 1 (mod 2) :

Our methods apply generally to the question of whether a particular function h r 2 Pr has
an iterate that is divisible by d (the denominator of r ). The behavior of the map h r depends
on whether jr j > 1, the \expanding map" case; r = � 1, the \indi�eren t map" case;or jr j � 1,
the \contracting map" case. Our motivation comesfrom the expanding map case,but the results
proved below apply to all cases.

We formulate a generalconjecture concerningfunctions in this classthat are expanding maps,
of which Conjecture 2 is a special case.

Conjecture 3. Let r = l
d with gcd(l ; d) = 1 and jr j > 1. Let hr :

�

!
�

be a function in the class
Pr . Then for each integer n, with at most a �nite number of exceptions, there is someiterate j � 1
such that h(j )

r (n) � 0 (mod d).

The \expanding" condition on r is necessary, for the conjecturefails for certain r with 0 < r < 1;
as shown in Theorem 7.

Mahler's study of Z -numbers [Mahler 1968] led to questionssimilar in spirit to Conjecture 3.
A Z -number is a positive real number � with the property that

0 � ff (
3
2

)n � gg �
1
2

for all n � 1 ;

where ff xgg = x � bxc denotesthe fractional part of x. Mahler conjectured that Z -numbers do not
exist, and showed that a necessaryand su�cien t condition for their non-existenceis that for each
n � 1 there exists somej � 1 (depending on n) such that

~g(j )
3=2(n) � 3 (mod 4): (44)

Mahler's conjecture remains open. Mahler obtained a nontrivial upper bound on the number of
Z -numbers smaller than x, and [Flatto 1991] improved the upper bound to O(x 0:59) for x ! 1 .

In comparison, Conjecture 3 assertsfor r = 3
2 that for each n 2

�

there exists some j � 1
(depending on n) with

~g(j )
3=2(n) � 0 (mod 2): (45)

This special caseof Conjecture 3 is true, as a consequenceof the following theorem. There is
exactly one exceptional integer, � 1, whoseiterates never satisfy (45).

More generally, for the caseof rational numbers r with denominator d = 2, Conjecture 3 is
provable for all functions in the classPr in a fashion analogousto that used for the approximate
squaring map in Section 2.

Theorem 5. Let hr be a function in the classPr , for �xed r = 2t+1
2 where t is an integer. Then

for each n 2
�

, with at most two exceptions, there exists someiterate k � 1 with

h(k)
r (n) � 0 (mod 2): (46)
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Pro of. We have

hr (n) =
�

r n + l0 if n � 0 (mod 2) ;
r n + 1

2 + l1 if n � 1 (mod 2) :

for someintegers l0; l1.
We claim that the set of integersn satisfying

h(j )
r (n) 6� 0 (mod 2) for 1 � j � k (47)

consist of the integers in exactly two arithmetic progressionsb (mod 2k+1 ), one consisting of even
integersand one of odd integers. We prove the claim by induction on k � 1. For the basecase,let
b � a0 (mod 2) with a0 = 0 or 1 �xed, and consider the arithmetic progressionn = b+ 2m, with
m 2

�

. Then
hr (n) = hr (b) + (2t + 1)m;

and the condition hr (n) � 0 (mod 2) then restricts m to lie in a single congruenceclass m �
a1(b) ( mod 2). We concludethat exactly two congruenceclassesb � a0 + 2a1 ( mod 4) satisfy (47)
for k = 1, one consisting of even integersand one of odd integers,completing the basecase.

For the induction step, supposing (47) true for k, let b (mod 2k+1 ) run over the two allowed
congruenceclassesfor the given k. Consider the arithmetic progressionn = b+ 2k+1 m, with m 2

�

.
Then we have

h(j )
r (n) � h(j )

r (b) (mod 2) for 1 � j � k ;

and
h(k+1)

r (n) = hk+1
r (b) + (2t + 1)k+1 m :

The condition that
h(k+1)

r (n) � 0 (mod 2)

is equivalent to m � ak+1 (b) (mod 2), which excludesthe congruenceclass

b0 � b+ ak+1 (b)2k+1 (mod 2k+2 ) :

Thus two congruenceclasses( mod 2k+2 ) remain which satisfy (47) for 1 � j � k + 1. Sinceeach of
the previous classesb (mod 2k+1 ) contributed one of theseclasses,one contains even integersand
the other contains odd integers. This completesthe induction step.

Denote these two classesby b0(k + 1) (mod 2k+2 ) and b1(k + 1) (mod 2k+2 ), respectively. It
follows that (46) holds except for integers in the sets

1[

k=1

f n � b0(k) (mod 2k+1 )g:

and
1[

k=1

f n � b1(k) (mod 2k+1 )g:

Each of thesesetscontains at most oneelement, so there are at most two exceptional elements.

17



Remarks. (1) One can �nd examplesof functions hr 2 Pr with denominator d = 2 such that
there are zero, oneor two elements in the exceptional set. For example, for r = 3

2 the function ~g3=2
has the single exceptional element n = � 1. The map

h3=2(n) =
� 3

2 n + 1
2 if n � 1 (mod 2) ;

3
2 n � 1 if n � 0 (mod 2)

(48)

has two exceptional points, 0 and � 1, all the iterates of which are odd.
(2) The analysis applies to the casesr = � 1

2 where the map hr is contracting.

ConcerningConjecture 3 for denominatorsd � 3, we can bound the number of exceptionsbelow
x for a general function in the classPr in a fashion similar to that for the approximate squaring
map studied in Section 3. Given a rational number r = l

d with gcd(l ; d) = 1 and a function hr in
the classPr , we de�ne the exceptional set by

E(hr ; x) := f n 2
�

: jnj � x; h(k)
r (n) 6� 0 (mod d) for all k � 1g ; (49)

and let
N (hr ; x) := #( E(hr ; x)) :

(The exceptional set in (3) is E(r ) = E(gr ; 1 ).) The following result holds for all rational r ,
including those with jr j � 1.

Theorem 6. Let r = l
d be a rational number with gcd(l ; d) = 1, and supposethat d � 2. There is

a constant 0 � � d < 1 depending only on d such that for every function hr 2 Pr we have

N (hr ; x) � 4dx� d : (50)

The precise value of the constant is

� d =
log(d � 1)

logd
= 1 � logd(1 +

1
d � 1

): (51)

Pro of. We will prove a stronger result. Set

E � (hr ; x) := f n 2
�

: jnj � x; h(k)
r (n) 6� 0 (mod d) for 1 � k � logd xg (52)

and let N � (hr ; x) = #( E � (hr ; x)) : Certainly N � (hr ; x) � N (hr ; x), so it su�ces to establish

N � (hr ; x) � 4dx� d ; (53)

where � d is given in (51).
The argument we will use to establish (53) is simpler than that for the approximate squaring

map becausewe can use radix expansionsto the �xed base d. We supposedk � x < dk+1 . If
n � b (mod d) then

hr (n) =
l
d

n +
lb
d

; (54)

where 0 � lb � d � 1 with lb � � lb (mod d).
We claim that the elements n 2

�

such that

h(j )
r (n) 6� 0 (mod d) for 1 � j � k (55)
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consist of a certain set of d(d � 1)k residueclasses( mod dk+1 ). We proceedby induction on k � 1.
For the basecasek = 1, given b (mod d) the elements of the arithmetic progressionn = b+ dm
with m 2

�

have
hr (n) = hr (b) + lm :

Since gcd(l ; m) = 1, as m 2
�

varies these numbers cycle through every residue class (mod d).
In particular there is one class m � a1(b) (mod d), say, that gives gr (n) � 0 (mod d). This
arithmetic progressionb + a1(b)d (mod d2) is ruled out and all elements of the remaining d � 1
arithmetic progressions(mod d2) satisfy (55) with k = 1. This completesthe basecase.

For the induction step, suppose(55) holds for k, and there are d(d � 1)k allowed residueclasses
b (mod dk+1 ). For each of theseresidueclassesconsiderthe arithmetic progressionn = b+ dk+1 m
with m 2

�

. Using (54) repeatedly, we have

hk+1
r (n) = h(k+1)

r (b) + lk+1 m :

Sincegcd(l ; m) = 1 this progressioncyclesthrough all residueclasses(mod d), and the condition
hk+1

r (n) � 0 (mod d) rules out one residueclassb+ ak+1 (b)dk+1 (mod dk+2 ), say. Thus imposing
the additional condition

hk+1
r (n) 6� 0 (mod d)

leaves d(d � 1)k+1 allowed residueclasses(mod dk+2 ) whoseelements satisfy (55) for k + 1. This
completesthe induction step.

Applying (55), with k replacedby k � 1, we seethat the elements in E � (hr ; x) are necessarily
contained in a set of d(d � 1)k� 1 residueclasses(mod dk ), since logd x > k � 1. It follows that

N � (hr ; x) � d(d � 1)k� 1 � 2
�

x
dk

�
� 2d2(d � 1)k� 1 � 4d(d � 1)k ;

sinced � 2. Now x � dk , so k � log x
log d and we have

N � (hr ; x) � 4dek log(d� 1)

� 4dx
log ( d� 1)

log d ;

as asserted.
Theorem 6 is nearly best possiblefor certain values of r in the interval 0 < r < 1, where the

map is a contracting map. That is, for suitable maps in the class P r , the upper bound (50) of
Theorem 6 is within a multiplicativ e constant of the best possibleupper bound.

Theorem 7. Let r = 1
d with d � 3. Then, for the conjugated approximate multiplication map gr

of (40), the exceptional set E(gr ; x) has cardinality

N (gr ; x) �
1
d

x � d ; for all x � d ; (56)

with � d = log(d� 1)
log d . In particular, the ful l exceptional set E(gr ; 1 ) is in�nite.
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Pro of. Note that for r = 1
d the functions gr and ~gr coincide. We claim that, for each k � 1, the

subset � k of [1; dk ] given by

f n : 1 � n � dk ; n = a0 + a1d + : : : + ak� 1dk� 1 with all ai 6� � 1 (mod d) for i � 1g

is contained in E(gr ; dk ). (The cardinality of � k is d(d � 1)k� 1.) We prove this by induction on
k � 1.

For the basecasek = 1 we have

� 1 = f 1; 2; :::; d � 1g � E(gr ; d)

becauseeach gr (n) = 1 6� 0 (mod d) and 1 is a �xed point of gr . Next,

gr (� k) � � k� 1 ;

because
gr (n) = (a1 + 1) + a2d + a3d2 + � � � + ak� 1dk� 2 2 � k� 1 ;

and 1 � a1 + 1 � d � 1 by hypothesis. Thus � k � E (gr ; dk ), which completesthe induction step.
For dk � x < dk+1 , with k � 1, we have

N (gr ; x) � N (gr ; dk ) � #� k = d(d � 1)k� 1 �
1
d

x � d ; (57)

as asserted.
Since the exceptional set E(r ) of the approximate multiplication map f r has E(r ) = E(gr ; 1 )

and E(gr ; x) � E (gr ; 1 ), Theorem 7 shows that the conclusionof Conjecture 2 doesnot hold for
thesevaluesof r .

It seemsplausible that for all values � 1 < r < 1 (except r = 0) there is somefunction in the
classPr for which the conclusion of Conjecture 3 does not hold. However we do not attempt to
construct such functions here.

6. Numerical results

The simplest casewhere we do not know if the approximate squaring map f of (1) will always
reach an integer is when the starting value r = l=d has denominator d = 3. We wish to determine
� (r ) (say), the smallest value of k � 0 for which f (k)(r ) is an integer.

Testing any particular value of r is complicated by the fact{already illustrated in Section 1{
that the iterates grow so rapidly. This di�cult y can be overcome by writing the k-th iterate
lk=dk := f (k)(r ) in \base d":

lk
dk

=
1X

j = � 1

aj (k)dk ; (58)

where the \digits" aj (k) satisfy 0 � aj (k) < d (compare (14)), but storing only the terms in (58)
with j � M . That is, we work mod dM +1 . As long as � (r ) � M � 1, we get the correct answer by
�nding the smallest k for which a� 1(k) = 0. If this has not happenedby the time k reachesM we
increaseM and repeat.

For denominator 3 the value M = 25 is su�cien t to show that � (l=3) is �nite for 3 � l � 2000.
The following table shows what happens for the �rst few values. It gives the initial term, the
number of stepsto reach an integer, and the integer that is reached.

start : 3
3

4
3

5
3

6
3

7
3

8
3

9
3

10
3

11
3 � � �

� : 0 2 6 0 1 1 0 5 2 � � �
reaches: 1 8 1484710602474311520 2 7 8 3 1484710602474311520 220 � � �
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(These are sequencesA072340and A085276 in [Sloane1995{2003].) In the range l � 2000 large
values of � (l=3) are scarce. The �rst few record values are � (l=3) = 0; 2; 6; 22; 23, reached at
l = 3; 4; 5; 28; 1783 respectively.

Starting valuesr = d+1
d take longer to converge{we discussedthe casesd � 8 in Section1. The

initial valuesof � ((d+ 1)=d) can be found in sequenceA073524in [Sloane1995{2003].The �rst few
recordvaluesare0; 1; 2; 3; 18; 26; 56; 79; 200; 225; 388; 1444, reachedat d = 1; 2; 3; 4; 5; 11; 19; 31; 37; 67;
149; 199 respectively (sequencesA073529, A073528). R. G. Wilson, v. [Wilson 2002]has checked
that � ((d + 1)=d) is �nite for d � 500.

It is amusing to note that the record value 1444has the following interpretation: starting with
200
199 and repeatedly approximately squaring, the �rst integer reached is

20021444
;

a number with about 10435 digits.
The approximate multiplication map f r (x) of (39) is easier to compute since it grows more

slowly. Let � r (n) denote the smallest value of k � 1 for which f (k)
r (n) is an integer. We give just

one example. This table shows what happenswhen f 4=3(n) is iterated with starting value n:

n : 0 1 2 3 4 5 6 7 8 9 10 11 12 � � �
� 4=3(n) : 1 3 2 1 2 9 1 8 3 1 7 2 1 � � �
reaches: 0 4 4 4 8 84 8 84 20 12 84 20 16 � � �

(sequencesA085068and A085071). Large valuesof � 4=3(n) are again scarce. The �rst few record
valuesare � 4=3(n) = 1; 3; 9; 15; 17; 18; 24; 27; 28; 30; 40, reachedat 0; 1; 5; 161; 1772; 3097; 3473; 23084;
38752; 335165; 491729respectively (sequencesA085328 and A085330). We thank J. Earls [Earls
2003]for computing the last six terms in thesetwo sequences.

All the evidencesupports the conjecturesmade here; it would be nice to know more.
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