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Abstract

In this paper, the ®rst of a series dealing with low-dimensional lattices and their

applications, we classify positive-de®nite integral quadratic forms of determinantd £ 25

in dimensions up to a limit which ranges from 18 (ford = 1) to 7 (ford = 25). [New

version Nov. 5, 2000. A different version of this paper appeared in Proc. Royal. Soc.

London, Series A, Vol. 418 (1988), pp. 17Ð41.]

1. Introduction

This paper is the ®rst in a series dealing with low-dimensional lattices and their

applications. Here the application is to number theory: we classify all positive-de®nite

integral quadratic forms of suf®ciently small determinant and dimension. In later papers

we intend to discuss maximal subgroups ofGL(n, Z ) (in Part II), perfect forms (in

Part III), the mass formulae (in Part IV), and possibly other topics.

One motivation for writing this series of papers is to present a systematic notation for

these lattices. The need for this is illustrated by the fact that the symbols
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V5 (Korkine & Zolotareff, 1877),

f 1 in ®ve dimensions (Voronoi, 1907),

B5 or D5 (Coxeter, 1951), (Barnes, 1959),

F 2 in ®ve dimensions (Plesken & Pohst, 1977),

L 5 (Conway & Sloane, 1982a),

P5
1 (Conway & Sloane, 1988b)

all name the same lattice. Of course some multiplicity of names is both appropriate and

inevitable Ð this lattice is indeed the ®ve-dimensionallaminated latticeL 5 and is also

the absolutely extreme ®ve-dimensional latticeP5
1. However, we feel that this lattice is

usually best regarded as the root latticeD5.

Thus one of our main goals is to simplify and systematize the work of others, rather

than to present new material. Nevertheless we do include a number of new results.

In Part I, the present paper, the underlying ideas are largely due to Witt (1941) and

Kneser (1957). We apply them to produce a table of quadratic forms that goes

considerably further than any previous table.

In Part II we follow the work of Dade, Plesken & Pohst (1977), and others, who

classi®ed the maximal subgroups ofGL(n, Z ) for various values ofn. Plesken and Pohst

describe their groups as automorphism groups of lattices speci®ed merely by Gram

matrices. We shall describe these lattices in a more invariant way, which makes the

groups more visible.

In Part III we perform a similar service for the perfect lattices in up to seven

dimensions found by Barnes, Scott, Larmouth, Stacey and others. We also provide a

simple proof for the classi®cation of perfect lattices in up to four dimensions.
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Topics which may be discussed in later parts include the Minkowski-Siegel mass

formulae, G. L. Watson's one-class genera of quadratic forms, and the completion of the

enumeration of septenary perfect lattices.

In the present paper, the main table (Table 1) classi®es all indecomposable positive-

de®nite integral quadratic forms of given determinantd £ 23, in all dimensions below

thecritical dimensionÐ the dimension in which indecomposablecongeners®rst appear,

i.e. inequivalent forms belonging to the same genus. Since in preparing this table we also

classi®ed the forms in the critical dimension, we describe such forms brie¯y in a

supplementary table (Table 2). The reader will ®nd that these tables, together with the

examples given in §§4-6, actually classify all indecomposable forms of determinant at

most 25 and dimension at most 7. Table 0 provides an overall summary.

Ultimately, of course, the number of distinct lattices of a given determinant is super-

exponential in the dimension. We were therefore surprised to see how far the

classi®cation can be carried. For example it can be seen from Table 1 that there are just

two indecomposable seven-dimensional forms of determinant 11, of shapesE6 331 and

A6 771. Since these belong to different genera (I7 ( 11+ ) and I7 ( 11- )), they can be

simply called 117
+ and 117

- .

We have been unable to ®nd any prior tables of comparable extent. Kneser (1957)

enumerated lattices with determinantsd = 1 , 2 , 3 for dimensions n £ 17 - d.

Unimodular (d = 1) lattices have since been classi®ed for dimensionsn £ 25 in

(Niemeier, 1973), (Conway & Sloane, 1982, 1982b), and (Borcherds, 1984, 1988), and

lattices withd = 2 , 3 for n £ 20 - d in (Conway & Sloane, 1988, Chap. 15).
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Sections 4-6 describe the enumeration techniques we used. Our basic strategy is to

reduce the problem of enumerating the lattices of a given determinantd ³ 1 to a lower

determinant, and thus ultimately to the cased = 1, where we can make use of the tables

in (Conway & Sloane, 1988). We have used two methods, called ``complementation''

(illustrated in §4 by the enumeration of lattices with determinant d = 23) and

``supplementation'' (illustrated in §5 by the enumeration ford = 24). The techniques

are further illustrated in §6 where both methods are needed to enumerate the lattices with

d = 25. Standard classi®cation methods using reduced forms would be totally

impracticable in these dimensions.

Our techniques also make considerable use of properties of theroot lattices An, Dn,

E6, E7, E8 (such as the structure ofE6
* /2E6

* , the transitivity ofE8 on sublattices of type

Ar , etc). Section 2 contains a brief description of root lattices and gluing theory, and the

genus of a lattice or of the associated quadratic form is discussed in §3. The tables will

be found in §7, and the Appendix describes the glue vectors and related properties of the

root lattices.

The results have all been checked by use of the mass formulae (see Part IV).

Notation

In real Euclidean spaceRn equipped with inner product (v, w) = v . w, a (positive-

de®nite)lattice Lconsists of all integral linear combinations

v = z 1 v1 + . . . + z n vn (z i Î Z )

of n linearly independent vectorsv1 ,..., vn. The vectorsv1 ,..., vn form an integral

basefor L, and
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f (z) = (v, v) = z A z tr

with

z = (z 1 ,..., z n ) Î Zn ,

A = (a i j ) , a i j = (v i , v j ) ,

is the corresponding quadratic form. We shall normally speak of lattices rather than

quadratic forms, although it is to be understood that the same terminology applies to both

concepts. The numberN(v) = (v, v) is called thenormof v, and the minimal valuemof

(v, v) for v Î L, v ¹ 0, is theminimal normof L. Also A is aGram matrixfor L, and

d = det A is thedeterminantof this lattice.

Thedual latticeL * is de®ned by

L * = { u Î Rn : (u, v) Î Z for all v Î L } .

If L Í L * , L is called integral. In the present paper ``lattice'' will always mean

``positive-de®nite integral lattice''.

Two latticesL andM areintegrally equivalent, writtenL ~= M, if one can be obtained

from the other by a rotation and (possibly) a re¯ection. The subscript on the name for a

lattice gives its dimension. For other unde®ned terms and further background

information see (Cassels, 1978) or (Conway & Sloane, 1988).

2. Root lattices and gluing theory

The strength of the Witt-Kneser method (see (Witt, 1941), (Kneser, 1957)) arises

from the fact that a lattice of suf®ciently small determinant and dimension will contain a

large sublattice generated by vectors of norms 1 and 2, and such sublattices are
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completely classi®ed.

In particular, Witt's theoremstates that, in any integral latticeL, the sublattice

generated by vectors of norms 1 and 2 is a direct sum of a lattice Im (m ³ 0) androot

lattices taken from the listAn (n ³ 1), Dn (n ³ 4), E6, E7 and E8. (We call this

sublattice the Witt part ofL Ð see the end of this section.)

These lattices are de®ned as follows. I n (n ³ 0) is the ordinary integer lattice

consisting of all points (x1 , . . . , xn), x i Î Z, in Euclidean spaceRn equipped with the

standard quadratic formx1
2 + . . . + xn

2 . The determinant of In is d = 1. An (n ³ 1) is

the sublattice of In +1 satisfying

x1 + . . . + xn +1 = 0 ,

and has determinantd = n + 1. Dn (n ³ 4) is the sublattice of In satisfying

x1 + . . . + xn even ,

and has determinantd = 4. E8 is the lattice generated byD8 and the vector

( 1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2, 1/2). We may de®neE7 to be the sublattice ofE8 satisfying

x1 + . . . + x8 = 0 ,

andE6 to be the sublattice ofE8 satisfying

x1 + x8 = x2 + . . . + x7 = 0 .

E8, E7, E6 have determinantsd = 1 , 2 , 3 respectively.

To describe the structure of a lattice that contains a direct sum of Im's, Ar 's, D s's

and E t 's as a sublattice we use gluing theory.Gluing theoryis a way to describe the

generaln-dimensional integral latticeL that has a sublattice which is a direct sum
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L 1 Å L 2 Å . . . Å L k

of given integral latticesL 1 , . . . , L k of total dimensionn. The typical vector ofL can

be written

y = y1 + y2 + . . . + yk , (1)

where each componenty i is in the subspace spanned byL i , although not necessarily in

L i itself. What are the possibilities fory1 , . . . , yk?

The inner product ofy i with any vector ofL i is an integer, since it is the same as the

inner product ofy with that vector. This shows thaty i must be a member of the dual

latticeL i
* .

Plainly anyy i can be altered by adding a vector ofL i , so we may suppose thaty i is

one of a standard system of representatives for the cosets ofL i in L i
* . These

representatives are called theglue vectorsfor L i . It is usual to choose the glue vectors to

be of minimal norm in their cosets. The quotient groupL i
* / L i is called thedual quotient,

or glue groupfor L i . Its order is equal to the determinant ofL i .

So each possible latticeL is generated byL 1 Å . . . Å L k together with certain

vectors of the form (1) satisfying (a) eachy i is a glue vector forL i , (b) the various

vectors (1) have integral inner products with each other and (c) are closed under addition

modulo L 1 Å . . . Å L k. We describe such a lattice L informally by saying that the

components L1 , . . . , L k have beenglued together by the glue vectors (1). It may

happen that there is a glue vector (1) in which only oney i is nonzero, when we say that

the componentL i hasself-glue, and thaty is aself-gluevector.
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There is a standard choice of glue vectors [0], [ 1 ] , . . . , [d - 1 ] for each root

lattice of determinantd, and we use [a1
. . . ak ] as an abbreviation for the glue vector

(1) in which y1 = [a1 ] for L 1, y2 = [a2 ] for L 2 , ... . The glue vectors and related

properties of the root lattices are given in the Appendix.

In our applications of gluing theory it will usually be obvious that all automorphisms

of L will permute the latticesL 1 , . . . , L k (often becauseL 1 Å . . . Å L k will be the

part ofL generated by vectors of norms 1 and 2). In these circumstances there is a simple

description of the automorphism groupG(L) of L.

The group of all permutations of theL i that arise from automorphisms inG(L) we

shall callG2 (L). It is isomorphic to the quotient groupG(L)/ G01, whereG01 consists

of just those automorphisms that give the trivial permutation.

Let G0 (L) be the normal subgroup ofG01 consisting of those automorphisms which,

for everyi, send each glue vectory i into a vector in the same cosety i + L i , i.e. which

®x the glue vectors modulo the components. Then G01/ G0 (L) is isomorphic to a

permutation group acting on the glue vectors of each component: we call this

permutation groupG1 (L). Thus the full group G(L) is compounded of the groups

G0 (L), G1 (L), G2 (L), and has order

g(L) = g0 (L) g1 (L) g2 (L) , (2)

where g i (L) is the order ofG i (L). Also G0 (L) is the direct product of the groups

G0 (L i ). But in generalG1 (L) is only a subgroup of the direct product of theG1 (L i )

and therefore must be computed directly for eachL.
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If L is any integral lattice then we call the sublatticeK generated by vectors of

norms 1 and 2 theWitt partof L. If the Witt part is a direct sum

Xa Å Yb Å Zc Å . . .

then we shall say thatL has (Kneser) shape

Xa Yb Zc
. . . M k ,

wherek = n - a - b - c - . . . and M k (the remainderlattice) is the sublattice ofL

orthogonal to the Witt part. If Xa Å . . . Å M k has indexr in L we shall often describeL

by the symbol

(Xa Yb Zc
. . . M k ) + r , (3)

and will omitr when its precise value does not concern us. This notation generalizes that

of Coxeter (1951), except that we have added the plus sign for de®niteness. Thus

Coxeter'sAn
r , Dn

r ,. . .are ourAn
+ r , Dn

+ r . . . .

By de®nitionM k has minimal norm at least 3, and in the present paper its dimension

is at most 3. We have adopted the following abbreviations for describing such lattices.

A one-, two- or three-dimensional lattice is named by its Gram matrix, using the

conventions

a1 for (a), with generatoru,

(abc) 2 for ì
î b c
a bü

þ
, with generatorsu, v, (4)

(abc fgh ) 3 for
ì
ï
î h f g

b c f
a b hü

ï
þ
, with generatorsu, v, w.

Glue vectors for these lattices are written as fractional linear combinations of their
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generator vectors. Thus

[a b g . . . ] denotesa u + bv + gw + . . . . (5)

Whenever possible we decompose the remainder latticeM k as a direct sum. When

the exact shape ofM k does not concern us, we use the convention thatOk denotes any

k-dimensional lattice with minimal norm at least 3. Also Oó
2 denotes the direct sum of

two isomorphic latticesOó , andOó Om the direct sum of two nonisomorphic lattices.

One further convention is sometimes used when describing glue vectors. Parentheses

in a glue vector indicate that all cyclic shifts of the parenthesized portion are included.

The following examples will illustrate the notation.

(i) The lattice 214 = A1371 [ 4 1/7] is a 14-dimensional lattice of determinant 2 that

contains a sublatticeA13 Å < u >, where (u, u) = 7, and the glue is generated by

x Å y, wherex is the glue vector [ 4 ] = ( (2/7)10, ( - 5/7)4 ) for A13, andy = 1/7 u. The

Witt part of this lattice isA13, and its (Kneser) shape isA1371, or simplyA13O1.

(ii) The four-dimensional lattice of determinant 21

214¢ = A1
2 ( 10410 )2 [ 1 0 1/2 0 , 0 1 0 1/2]

contains a sublatticeA1 Å A1 Å M 2, whereM 2 = <u, v > andu, v have Gram matrix

ì
ï
î 4 10
10 4ü

ï
þ

,

and the glue is generated byx Å 0 Å 1/2 u and 0Å y Å 1/2 v, wherex is the glue vector

[1] for the ®rstA1 andy = [ 1 ] for the secondA1.
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(iii) The lattice 116¢ = D8
2 [ ( 12 ) ] is the 16-dimensional unimodular lattice with Witt

part D8
2 = D8 Å D8 . Generating glue vectors are [1]Å [2] and [2] Å [1]. The other

nonzero glue vector is their sum, [3]Å [3].

Finally we mention that, althoughDn was so far de®ned only forn ³ 4, it is often

convenient to extend the de®nition ton ³ 1, where we ®nd

D1 ~= 41 , D2 ~= A1 Å A1 , D3 ~= A3 . (6)

3. The genus

It is slightly easier, and more traditional, to discuss the genus using the language of

quadratic forms rather than lattices. We follow the treatment in (Conway & Sloane,

1988, Chap. 15). Two integral quadratic forms are said to be in the samegenusif they

have the same signature and are equivalent over thep-adic integers for all primesp. We

shall call integrally inequivalent forms (or lattices)f, g in the same genuscongeners, and

write f ~ g.

Any integral quadratic formf can be decomposed over thep-adic integers as a direct

sum of termsqfq, where eachq is a power ofp and eachf q has determinant prime top.

Our genus symbol for ann-dimensional formf has the shape

I n (. . .) or II n (. . .) , (7)

where the Roman numeral is theType of f (I if the 2-adic summandf 1 has an odd

diagonal entry, otherwise II) and the parentheses in (7) contain factors indicating the

nontrivial Jordan summands for allp. For oddp a factorqn ± indicates a summandqfq

with the Legendre symbol
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ì
ï
î p

det f q_ _____
ü
ï
þ

= ± 1 .

For p = 2 a factorqn ± indicates a summandqfq for which f q has Type II (i.e. the

diagonal entries off q are even) and

ì
ï
î det f q

2_ _____üï
þ

= ± 1 ,

while q+ or -
± indicates a one-dimensional summand (qd) with

ì
ï
î d

2_ _ü
ï
þ

= ± 1 ,
ì
ï
î d

- 1_ ___üï
þ

= + 1 or - 1

respectively.

For example, ( 8 4 8 )2 = ì
î 4 8
8 4ü

þ
is written 42- , while the one-dimensional form

201 is 4+
- , since

ì
ï
î 5

2_ _ü
ï
þ

= - 1 ,
ì
ï
î 5

- 1_ ___üï
þ

= + 1 .

For p = 2 there are many essentially different Jordan decompositions. For instance

( 2 ) Å ì
î 4 8
8 4ü

þ
, with symbol 2+

+ 42- ,

is 2-adically equivalent to

( 10 ) Å ì
î 4/5

8/5
32/5

4/5ü
þ

, with symbol 2+
- 42+ .

For a complete description of these equivalences see (Conway & Sloane, 1988, Chap. 15,

§7.8). In simple cases their effect is usually just to make some of the signs redundant, in
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which case we omit such signs from our genus symbols.

Our name for the typical latticeL n of Table 1 is usually a fairly straightforward

abbreviation of the genus symbol, omitting unnecessary information, except that we feel

free to use the symbols

dn, dn¢ dn¢ ¢

for

a unique, unique Type I, unique Type II

indecomposablen-dimensional lattice of determinantd (when such a lattice exists).

Also, when the dual quotientLn
* / Ln is cyclic, we attach the signs from the differentp-

adic symbols directly to the numberd, in decreasing order ofp, and omitting unnecessary

®nal signs.

4. Enumeration of lattices of determinant 23 by the method of complementation

In this section we describe the ®rst of our two basic methods of enumeration, the

technique of ``complementation'', and use it to enumerate lattices of determinant

d = 23. The idea is to glue the unknown latticeL to a low-dimensional latticeK of a

genus which is in a sense complementary to the given one.

We say that two latticesK m and L n are t-complementaryif their direct sum

K m Å L n has indext in an integral latticeM m+n. If this is the case then

det M m+n =
t 2

det K m
. det L n_ ______________. (8)

In particular, any latticeK m of genus either Im( 23+ ) or II m( 23+ ) is 23-complementary

to any latticeL n of genus either I n ( 23- ) or II n ( 23- ), with det M m+n = 1. An
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unknown latticeL n of genus In ( 23- ) or II n ( 23- ) can therefore be found as the

orthogonal complement Km
^ of the ``complementary'' latticeK m of genus Im( 23+ ) or

II m( 23+ ) in a unimodular ``mother'' latticeM m+n (and of course the same statement is

also true with the+'s and- 's interchanged).

We apply this withK m = 231, of genus I1 ( 23+ ), generated by a vectorv say of

norm 23, and withK m = 233, of genus I3 ( 23- ), generated by three vectorsa, b, c with

Gram matrix

ì
ï
î 0 1 2
1 3 1
5 1 0ü

ï
þ

, (9)

and thus obtain the following result.

Proposition 1. Any lattice Ln of genusI n ( 23- ) or II n ( 23- ) can be found as the lattice

v^ orthogonal to a vector v of norm 23 in a unimodular lattice Mn +1. Any lattice Ln of

genusI n ( 23+ ) or II n ( 23+ ) can be found as the lattice K^ orthogonal to a sublattice

K = 233
- = <a, b, c > with Gram matrix (9) in a unimodular lattice Mn +3.

We begin by ®nding the indecomposable lattices of genus In ( 23- ) or II n ( 23- ). By

referring to Table 1 we see that, forn £ 7, M n +1 must be In +1 (sinceE8 has no vector

of norm 23). Then v is without loss of generality one of the following. (For by

symmetry we may suppose the coordinates inv are nonnegative, and if any coordinate is

zero thenv^ has a summand I1 and so is decomposable.)
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v Shape ofv^

3 3 2 1 A1 O2
4 2 1 1 1 A2 O2
3 2 2 2 1 1 A2 A1 O2
3 3 1 1 1 1 1 A4 A1 O1 (10)
4 1 1 1 1 1 1 1 A6 O1
2 2 2 2 2 1 1 1 A4 A2 O1
3 2 2 1 1 1 1 1 1 A5 A1 O2

. . . . . .

We illustrate how to ®nd the precise structure ofL n = v^ in the casev = 4 2 1 1 1.

We ®rst ®nd the Witt part ofv^ , and its Kneser shape (de®ned in §2). In this example

v^ contains two independent vectorsa andb of norm 2:

v = 4 2 1 1 1
a = 0 0 1 - 1 0
b = 0 0 0 1 - 1 (11)
c = 1 - 2 0 0 0
d = - 1 - 1 2 2 2 ,

and the Witt part ofv^ is the latticeA2 of determinant 3 that they generate. Then the

Kneser shape ofv^ is A2 M 2, where the residual latticeM 2 is a two-dimensional

sublattice ofv^ that is also orthogonal to thisA2, and contains no vectors of norm 1 or 2.

It is easy to see thatM 2 is generated by the vectorsc andd in (11) (of norms 5 and 14,

and inner product 1), so that

M 2 ~= ( 5 1 14 )2 ,

of determinant 69. It remains to ®nd the glue. Since

det (A2 Å M 2 ) = 3 . 69 = 32 . 23 ,

A2 Å M 2 has index 3 in v^ . In such a simple case it is easiest to guess the glue vectors.

We observe that the glue vector1/3(c + d) for M 2, which we abbreviate to [1/3 1/3], has

integral inner product with each ofc andd, and so belongs toM2
* . This glue vector has
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norm

32
5 + 2 . 1 + 14______________=

3
7_ _ ,

and so can be glued to the glue vector [1], of norm2/3, for A2. (The glue vectors forAn,

Dn, En are given in the Appendix.) So a possible gluing is

A2 ( 5 1 14 )2 [ 1 1/3 1/3] .

But since our argument shows thatv^ is theonly lattice of genus I4 ( 23- ) or II 4 ( 23- ),

this must be the structure ofv^ .

Had there been any dif®culty in guessing the glue vectors, we could have explicitly

computed more generators. In this example it is easy to see thatv^ is generated by

A2 Å M 2 together with the vectore = ( 0 , - 1 , 1 , 1 , 0 ), which we resolve into the two

2-spaces ofA2 andM 2 as

e = ( 0 , 0 , 1/3, 1/3, - 2/3) + ( 0 , - 1 , 2/3, 2/3, 2/3) .

The ®rst vector is the glue vector [1] for theA2, and the second is1/3(c + d).

The smallest lattice 23m
- found in this way comes fromv = 3 3 2 1, and is the lattice

233
- = <a, b, c > de®ned by (9).

Next we use Proposition 1 to ®nd the indecomposable lattices of genus In ( 23+ ) or

II n ( 23+ ), by looking for sublatticesK = 233
- = <a, b, c > in a unimodular lattice

M n +3.

If M n +3 = I n +3 there are six possibilities for the vectorsa, b, c:
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a = 2 + 0 0
b = + - + 0
c = 0 0 + + ,

a = 2 + 0 0 0
b = 0 + + + 0
c = 0 0 0 + + ,

a = + + + + +
b = + + - 0 0
c = + 0 0 - 0 ,

a = + + + + +
b = + + - 0 0
c = 0 0 - + 0 ,

a = + + + + + 0 0
b = 0 0 0 0 + + +
c = 0 0 0 - + 0 0 ,

a = + + + + + 0 0 0
b = 0 0 0 0 + + + 0
c = 0 0 0 0 0 0+ + .

In the ®rst four casesK ^ is a one- or two-dimensional lattice, namely

231 , ( 318 )2 , ( 416 )2 , and ( 2112 )2

Ð we omit the analysis, since these lattices are more easily obtained by Gauss' theory of

reduced forms (see §7).

In the ®fth caseK ^ contains the vectors

d = + - 0 0 0 0 0
e = 0 + - 0 0 0 0
f = 0 0 0 0 0 + - ,

generatingA2 Å A1, and the shortest vector inK ^ perpendicular tod, e, f is
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g = 4 4 4 - 6 - 6 3 3 ,

of norm 138. SoK ^ is

A2 A1 1381 [ 1 1 1/6]

(the glue vector [ 1 1 1/6] being found as before). The last possibility can be analyzed

similarly, and leads to

A3 ( 3131 )2 [ 1 1/4 1/4] .

If n £ 7, so thatn + 3 £ 10, the only other possibilities forM n +3 are I1 Å E8 and

I 2 Å E8 (sinceE8 itself has Type II). These yield four more lattices, namely

D8 ( 8212 )2 [ 1 1/2 0 , 2 0 1/2] and D5 921 [ 1 1/4] (12)

if M 9 = I 1 Å E8, and

E6 691 [ 1 1/3] and A4 A1 ( 14619 )2 [ 1 1 1/10 3/5] (13)

if M 10 = I 2 Å E8. The analysis of these cases involves heavy knowledge of the action

of the automorphism group ofE8 on various con®gurations of vectors. We illustrate by

showing how the ®rst lattice in (13) was found.

We must ®rst ®ndK = 233
- = <a, b, c > in I 2 Å E8. One of the two possibilities

is to take

a = 2 1; 0 . . . 0
b = 0 1; b1 . . . b8
c = 0 0; c1 . . . c8 .

Then from (9) the vectorsb1 . . . b8 andc1 . . . c8 must generate a sublatticeA2 of E8.

Since the automorphism group ofE8 is known to be transitive on sublatticesAr for

0 £ r £ 8, we may choose
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a = 2 + ; 0 0 0 0 0 0 0 0
b = 0 + ; + 0 0 0 0 0 0 +
c = 0 0 ; 1/2 1/2 1/2 1/2 1/2 1/2 1/2 1/2 ,

and then proceeding as before we ®nd thatK ⊥ = E6 691 [ 1 1/3].

The following table summarizes the indecomposablen-dimensional lattices of

determinant 23 forn ≤ 7.

n Lattices

1 231

2 A1 461 [ 1 1/2], ( 416 )2, ( 318 )2

3 A1 ( 5210 )2 [ 1 0 1/2]

4 A2 A1 1381 [ 1 1 1/6], A2 ( 5114 )2 [ 1 1/3 1/3]

5 A3 ( 3131 )2 [ 1 1/4 1/4], A2 A1 ( 7321 )2 [ 1 1 1/2 1/6]

6 A4 A1 2301 [ 2 1 1/10], D5 921 [ 1 1/4], D4 ( 8212 )2 [ 1 1/2 0 , 2 0 1/2]

7 E6 691 [ 1 1/3], A6 1611 [ 3 1/7], A4 A2 3451 [ 1 1 1/15], A4 A1 ( 14619 )2 [ 1 1 1/10 3/5]

Determinant 19. A similar analysis show that the indecomposable lattices of

determinant 19 in seven dimensions are

197
− = A5 O2 = A5 ( 104 13 )2 [ 1 1/6 1/3] ,

obtained fromv⊥ in I 8, and

197
+ = D5 O2 = D5 ( 5 2 16 )2 [ 1 1/2 1/4] ,

obtained from< a, b > ⊥ in I 1 ⊕ E8, wherev, a, b are the vectors

v = 3 2 1 1 1 1 1 1 ,

a = 2 ; 2 + + 0 0 0 0 0 ,

b = 0 ; + − 0 0 0 0 0 0.

< v > has genus I1 ( 19+ ) and< a, b > has genus I2 ( 19− ).
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5. Enumeration of lattices of determinant 24 by the method of supplementation

In this section we describe the method of ``supplementation'' and use it to enumerate

lattices of determinantd = 24.

Proposition 2. Any lattice Ln of determinant4d is a sublattice of index 2 in a lattice Mn

of determinant d.

Proof. The dual quotient groupLn
∗ / Ln has a subgroup of order 4. If this is cyclic letv be

an element of order 4. Then 2v . 2v = 4v . v ∈ L n
. Ln

∗ ⊆ Z, soM n = < L n , 2v > is

integral and containsL n as a sublattice of index 2.

OtherwiseLn
∗ / Ln contains a four-group{ 0 , u, v, w } with u + v + w = 0. The

normsN(u), N(v), N(w) are in1/2 Z, since 2N(u) = 2u . u ∈ Z. They cannot all be

congruent to1/2 modulo 1, since

0 = N(u + v + w) = N(u) + N(v) + N(w) + 2 (u . v + v . w + w . u)

≡ N(u) + N(v) + N(w) ( mod 1 ) .

If sayN(u) ∈ Z then we may takeM n = < L n , u >.

Proposition 2 implies that we can writeL n as the kernel of a linear map fromM n to

Z /2Z. Now any linear map fromM n to Z is a map

x → x . v (x ∈ M n )

for somev ∈ Mn
∗. Thus we have established:

Proposition 3. Any lattice Ln of determinant 24 is a sublattice v⊥2 of a lattice Mn of

determinant 6, where v∈ Mn
∗ and

v⊥2 = { x ∈ M n : x . v ≡ 0 (mod 2 )} .
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Sincev⊥2 is unchanged if a member of 2Mn
∗ is added tov, the value ofv is only

important modulo 2Mn
∗. Moreover, if M n is a nontrivial direct sum of several lattices,

the coordinates ofv must not vanish in any summand.

Examination of Table 1 shows that to ®nd allL n with n ≤ 7 we must consider these

possibilities forM n:

I m ⊕ 61, I m ⊕ A1 ⊕ 31,

I m ⊕ A1 ⊕ A2, I m ⊕ A5,

E6 ⊕ A1, D6 61 [ 1 1/2].

SupposeM n = I m ⊕ 61 (m = n − 1 ), the lattice of vectors

(x1 . . . xm ; y√ 6 ) ,

wherex1 , . . . , xm, y ∈ Z. The only v ∈ Mn
∗ for which no coordinate vanishes when

we work modulo 2Mn
∗ is

v = ( 1 1 . . . 1 ; 1/2√ 6 )

and thenv⊥2 is (assumingm ≥ 4)

Dm 241 [ 2 1/2] . (14)

(The generator of 241 is ( 0 . . . 0 ; 2√ 6 ) and the glue vector is ( 0 . . . 0 1 ; √ 6 ).) For

smaller values ofm the lattice (14) is

241 (if m = 0), ( 4 2 7 )2 (if m = 1),

A1
2 241 [ 1 1 1/2] (if m = 2), A3 241 [ 2 1/2] (if m = 3)

(compare Eq. (6)). Similar modi®cations for smallm must be made to the lattices (15)-

(19) below Ð the results will be found in the summary table at the end of the section.
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In a similar way we obtain

Dm( 515 )2 [ 2 1/2 1/2] from M n = I m ⊕ A1 ⊕ 31 , (15)

DmA1 61 81 [ 2 0 0 1/2, 0 1 1/2 1/2] from M n = I m ⊕ A1 ⊕ A2 . (16)

We next considerM n = I m ⊕ A5 (m = n − 5). NowA5
∗ /2A5

∗ has order 32 with

representative number

v0 = (0 0 0 0 0 0) (1)

v1 = ( − 5/2 1/2 1/2 1/2 1/2 1/2) (6)

v2 = ( + − 0 0 0 0) (15)

v3 = ( 1/2 1/2 1/2 − 1/2 − 1/2 − 1/2) (10)

Sov must be

v = ( 1 1 . . . 1 ; v i ) , i = 1 , 2 , 3 .

In the three casesv⊥2 is

DmA4 1201 [ 2 1 1/10] , (17)

DmA3 A1 121 [ 2 1 11/4] , (18)

DmA2
2241 [ 2 1 1 1/6] , (19)

respectively.

If M n = E6 ⊕ A1 there are two cases:

v = v4/3 + [ 1 ] and v = v2 + [ 1 ] ,

wherev4/3 andv2 are elements of norms4/3 and 2 inE6
∗, and [1] is the glue vector forA1,

yielding

D5 81 121 [ 1 1/2 1/4] and A5 A1 81 [ 3 1 1/2]
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respectively.

We omit the analysis of the ®nal possibility forM n, D6 61 [ 1 1/2], which yields ®ve

further lattices

A3
2 241 [ 1 1 1/4] .

A5 61 241 [ 1 1/2 1/6] ,

D5 41 241 [ 1 1/4 1/4] ,

A5 31 121 [ 2 1/3 1/3] ,

A5 61 241 [ 1 1/2 1/3] ,

The following table summarizes the indecomposablen-dimensional lattices of

determinant 24 forn ≤ 7.

n Lattices

1 241

2 ( 427 )2, ( 515 )2

3 A1
2 241 [ 1 1 1/2], A1 61 81 [ 1 1/2 1/2], ( 31413− 1 ) 3

4 A3 241 [ 2 1/2], A1
2 ( 515 )2 [ 1 1 1/2 1/2], A1 61 ( 313 )2 [ 1 1/2 1/2 1/2]

5 D4 241 [ 2 1/2], A4 1201 [ 2 1/5], A3 ( 515 )2 [ 2 1/2 1/2],A2
2241 [ 1 1 1/3],

A1
361 81 [ 1 1 0 01/2 , 0 0 1 1/2 1/2]

6 D5 241 [ 2 1/2], D4 ( 515 )2 [ 2 1/2 1/2], A4 ( 4231 )2 [ 1 2/5 1/5], A3 A1 41 121 [ 1 1 1/2 1/4],
A3 A1 61 81 [ 2 0 0 1/2, 0 1 1/2 1/2] , A2

2 ( 427 )2 [ 1 1 1/3 1/3]

7 D6 241 [ 2 1/2], D5 41 241 [ 1 1/4 1/4], D5 81 121 [ 1 1/2 1/4], D5 ( 515 )2 [ 2 1/2 1/2], A5 A1 81 [ 3 1 1/2],
A5 31 121 [ 2 1/3 1/3], A5 61 241 [ 1 1/2 1/6], A5 61 241 [ 1 1/2 1/3], D4 A1 61 81[ 2 0 0 1/2, 0 1 1/2 1/2],
A4 A1

21201 [ 1 1 1 1/10] , A3
2241 [ 1 1 1/4], A3 A1

3121 [ 1 1 1 11/4], A2
2 A1

2241 [ 1 1 1 11/6]

6. Enumeration of lattices of determinant 25 using both methods

In this section we ®nd the indecomposable lattices of determinant 25 and dimension

n ≤ 7.

Proposition 4. Any lattice Ln of determinant d divisible by p2, p prime≥ 3, is either of

index p in a lattice Mn of determinant d / p2, or else the p-part of the genus symbol is p2−

if p ≡ 1 (mod 4) or p2+ if p ≡ − 1 (mod 4).
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Proof. If the dual quotient groupLn
∗ / Ln contains an elementv of orderp2 then (as in the

proof of Proposition 2 for the casep = 2) we may takeM n = < L n , pv >.

Otherwise thep-part ofLn
∗ / Ln can be regarded as a vector space on which the map

x → x . x ( mod 1 )

is a quadratic form. If this space contains a nonzero isotropic vectorv then we may take

M n = < L n , v >. This certainly happens ifp3 divides the determinant, and when

p2   d it fails just in the indicated cases (when the quadratic form has Witt defect 1).

When it does fail we fall back on the method of complementation.

In particular, whenp = 5, if the unknown latticeL n has genus In ( 52− ) or II n ( 52− )

it is 52-complementary to any particular such lattice, for example to the lattice

K 3 = 51 ⊕ 52 generated by vectorsa, b, c with Gram matrix




0
0
5

1
3
0

2
1
0




. (20)

Thus we have the following result.

Proposition 5. Any lattice Ln of determinant 25 is either of index 5 in a unimodular

lattice Mn, or is the lattice K⊥ orthogonal to a sublattice K= 51 ⊕ 52 = < a, b, c >

with Gram matrix (20) in a unimodular lattice Mn + 3. In the ®rst case Ln can be written

as Ln = v⊥5 in Mn, where v∈ Mn
∗ and

v⊥5 = { x ∈ M n : x . v ≡ 0 (mod 5 )} .

The second case occurs just when the genus of Ln is I n ( 52− ) or II n ( 52− ).
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In the ®rst case (supplementation), whenn ≤ 7 we need only considerM n = I n.

The vectorv can be taken without loss of generality to be

v = 1i 2 j , i + j = n ,

since there are symmetries changing the signs of the coordinates. The resulting latticeL n

will be denoted byΨ i j . Since the coordinates of 2v are congruent modulo 5 to

2i ( − 1 ) j , we see thatΨ i j ∼= Ψ j i . We also setΨ i = Ψ i 0. There are now nineteen

cases withn ≤ 7, but

Ψ 11 = 51 ⊕ 51 , Ψ 22 = 52 ⊕ 52 , Ψ 5 = 51 ⊕ 54

are decomposable. The other sixteen lattices are listed below.

Second, to use complementation, we must takeM n + 3 to be In + 3, I 1 ⊕ E8 or

I 2 ⊕ E8 (sincen ≤ 7), and ®nd all sublatticesK = 51 ⊕ 52 = < a, b, c > with Gram

matrix (20). Noting that < − a, b, c > = < a, b, c > and thatL n is decomposable if

< a > and< b, c > lie in disjoint direct summands ofM n + 3, we obtain only the following

cases:

a = + + + + + 0
b = + − 0 0 0 + in I 6, yielding 51 ⊕ 52,
c = + 0 − 0 0 0

a = + + + + + 0 0
b = + − 0 0 0 + 0 in I 7, yieldingA2 ( 10510 )2 [ 1 1/3 1/3],
c = 0 0 0 0 0 + +

a = +; 2 0 0 0 0 0 0 0
b = −; 1/2 1/2 1/2 1/2 1/2 1/2 1/2 1/2 in I 1 ⊕ E8, yielding 52 ⊕ 54,
c = 0 ; 0 + + 0 0 0 0 0
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a = 0 + ; 2 0 0 0 0 0 0 0
b = + 0 ; 0 + − 0 0 0 0 0 in I 2 ⊕ E8, yielding
c = 0 0 ; 0 + 0 − 0 0 0 0

D4 ( 71 71 7− 3 ) 3 [ 1 1/2 1/2 0 , 3 0 1/2 1/2] .

The following table summarizes the indecomposablen-dimensional lattices of

determinant 25 forn ≤ 7.

n Lattices

1 251 = Ψ 1

2 A1 501 [ 1 1/2] = Ψ 2

3 A2 751 [ 1 1/3] = Ψ 3, A1 ( 3117 )2 [ 1 1/2 1/2] = Ψ 21

4 A3 1001 [ 1 1/4] = Ψ 4, A2 ( 4119 )2 [ 1 1/3 2/3] = Ψ 31, A2 ( 10510 )2 [ 1 1/3 1/3]

5 A3 ( 8213 )2 [ 1 1/4 1/2] = Ψ 41, A2 A1 ( 11214 )2 [ 1 1 1/3 1/6] = Ψ 32

6 A5 1501 [ 1 1/6] = Ψ 6 , A4 51 251 [ 2 2/5 1/5] = Ψ 51, A3 A1 ( 6234 )2 [ 1 0 3/4 1/4, 2 1 1/2 0 ] =
Ψ 42, A2

2151
2 [ 1 1 1/3 0 , 1 2 0 1/3] = Ψ 33

7 A6 1751 [ 2 1/7] = Ψ 7 , A5 101 151 [ 1 1/2 1/3] = Ψ 61, D4 ( 71317− 3 ) 3 [ 1 1/2 1/2 0 , 3 0 1/2 1/2],
A4 A1 51 501 [ 1 1 1/5 3/10] = Ψ 52, A3 A2 ( 7143 )2 [ 1 1 1/12 5/12] = Ψ 43

7. The tables

Table 0 contains a summary. The typical entry gives the Kneser shapes of the

indecomposable lattices of determinantd and dimensionn, or just the number of such

lattices (in parentheses). A star indicates a dimension in which there are two or more

indecomposable congeners. For the continuation of thed = 1 column see

Borcherds (1984, 1988), Conway & Sloane (1982, 1982b, and 1988, Table 16.7), and for

the continuation of thed = 2 and 3 columns see (Conway & Sloane, 1988, Tables 15.8,

15.9).
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Table 1 gives all indecomposablen-dimensional latticesL n of determinantd ≤ 23

below the critical dimension. The ®rst column gives our name forL n (described below),

and subsequent columns give its Kneser shape (see §2), generators for the glue (using the

conventions described in §2), its genus (see §3), and the values ofg1 = g1 (L n ) and

g2 = g2 (L n ) (see Eq. (2)). We note thatg0 (L n ) = 1 for all the latticesO1, O2, O3

that appear in this table.

The lattices were found by the methods described in §§4, 5, 6, except that for

dimension 2 we used Gauss' theory of reduced forms (see (Gauss, 1801), (Edwards,

1977), (Conway & Sloane, 1988, Chap. 15)).

Table 2 gives the lattices of determinantd in the critical dimension.

Appendix. Properties of root lattices

In this Appendix we list the glue vectors, glue groups and automorphism groups for

the root lattices. We make very extensive use of this information. Further properties of

these lattices will be found in (Conway & Sloane, 1987, especially Chap. 4).

The typical glue vector forAn (n ≥ 1 ) is

[ i ] =


 n + 1

i_ _____, . . . ,
n + 1

i_ _____,
n + 1

− j_ _____, . . . ,
n + 1

− j_ _____


,

with j components equal toi / (n + 1 ), andi components equal to− j / (n + 1 ), where

i + j = n + 1 and 0≤ i ≤ n. The norm of [i ] is i j  / (n + 1 ). The glue group is cyclic

of ordern + 1, with addition [j ] + [ k] = [ j + k]. Automorphism group: G0 is the

Weyl group ofAn, which is the symmetric groupS n + 1 of all permutations of the

coordinates, andG1 is the group of order 2 generated by the negation of all coordinates
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(which interchanges [i ] and [n + 1 − i ]), except thatG1 = 1 whenn = 1.

The glue vectors forDn (n ≥ 4 ) are

[ 3 ] =
[ 2 ] =
[ 1 ] =
[ 0 ] =

( 1¤2 , 1¤2 , . . . , − 1¤2 ) ,
( 0 , 0 , . . . , 1 ) ,
( 1¤2 , 1¤2 , . . . , 1¤2 ) ,
( 0 , 0 , . . . , 0 ) ,

norm n /4 .
norm 1 ,
norm n /4 ,
norm 0 ,

The glue group is a 4-group ( [ i ] + [ i ] = 0 ) if n is even, or a cyclic group of order 4

( [ 1 ] + [ 2 ] = [ 3 ] ) if n is odd. Automorphism group:

n ≠ 4 :

n = 4 :

g0 = 2n − 1 . n! ,

g0 = 23 . 4 ! ,

g1 = 2

g1 = 3 !

( interchange [ 1 ] and [ 3 ] ).

( all perms of [ 1 ] , [ 2 ] , [ 3 ] ) ,

G0 is generated by all permutations together with sign changes of evenly many

coordinates, andG1 contains the sign change of the last coordinate and, forn = 4 only,

the Hadamard matrix

H4 = 1¤2






1
1
1
1

− 1
1

− 1
1

− 1
− 1

1
1

1
− 1
− 1

1






.

The only glue vector forE8 is [ 0 ] = ( 08 ), sinceE8
∗ = E8. Automorphism group:

g0 = 214 35 52 7 = 696729600,g1 = 1. G0 is the Weyl groupW(E8 ), generated by

all permutations of 8 letters, all even sign changes, and the matrix diag{ H 4 , H4 } .

The glue vectors forE7 are

[ 1 ] =
[ 0 ] =

( 1/4, 1/4, 1/4, 1/4, 1/4, 1/4, − 3/4, − 3/4) ,
( 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) ,

of norm 3/2 .
of norm 0 ,

The glue group is cyclic of order 2. Automorphism group:G0 is the Weyl groupW(E7 ),
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of orderg0 = 210 . 34 . 5 . 7 = 2903040,g1 = 1.

The glue vectors forE6 are

[ 2 ] =
[ 1 ] =
[ 0 ] =

− [ 1 ] ,
( 0 ; − 2/3, − 2/3, 1/3, 1/3, 1/3, 1/3; 0 ) ,
( 0 ; 0 , 0 , 0 , 0 , 0 , 0 ; 0 ) ,

of norm 4/3 .
of norm 4/3 ,
of norm 0 ,

The glue group is cyclic of order 3. Automorphism group:G0 is the Weyl groupW(E6 ),

of orderg0 = 27 . 34 . 5 = 51840,G1 is cyclic of order 2 (generated by negation).
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List of Table Captions

Table 0. Summary table, showing Kneser shapes of indecomposable lattices of

determinantd and dimensionn. The symbol (k) indicates that there arek lattices, and

(k)∗ the presence of congeners.

Table 1. Indecomposable lattices of determinantd ≤ 23 below the critical dimension.

An n-dimensional lattice of determinantd is nameddn, whered may be factorized, and

possibly have signs or primes attached. For full explanation of the notation see the text.

Table 2. Supplementary table, giving indecomposable lattices of determinantd ≤ 23

in the critical dimensionn, with congeners indicated by∼.
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Table 0.

n d = 1 d = 2 d = 3 d = 4 d = 5 d = 6 d = 7

1 I1 A1 O1 O1 O1 O1 O1

2 Ð  Ð A2 Ð A1 O1 Ð A1 O1

3 Ð  Ð  Ð A3 Ð Ð A2 O1

4 Ð  Ð  Ð D4 A4 Ð Ð

5 Ð  Ð  Ð D5 Ð A5 Ð

6 Ð  Ð E6 D6 Ð Ð A6
D5 O1

7 Ð E7 Ð D7 E6 O1 D6 O1 Ð

8 E8 Ð E7 O1 D8 E7 O1 Ð E7 O1
D7 O1 E6 A1 O1

9 Ð  Ð  Ð D9 Ð D7 A1 O1 A8 O1
D8 O1 E7 O2

E7 A1 O1

10 Ð  Ð D9 O1 D10 A9 A1 A9 O1 D9 O1

D8 A1
2 E7 A2 O1 D8 O2

E7 A1
3 D7 A2 O1
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Table 0 (cont'd)

n d = 1 d = 2 d = 3 d = 4 d = 5 d = 6 d = 7

11 Ð D10A1 A11 D11 A10O1 (4)∗ A9 A1 O1

D8 A3 D9 O2 E6 A4 O1

E7 A3 A1

12 D12 Ð D10A1 O1 (6)∗ (4)∗ (8)∗

E7 A5

13 Ð E7 D6 A12 O1

E6
2 O1

14 E7
2 A13O1 (4)∗

15 A15 D14A1

D8 D6 A1

16 D16 (2)∗

D8
2

17 A11E6

18 (4)∗
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Table 0 (cont'd)

n d = 8 d = 9 d = 10 d = 11 d = 12 d = 13 d = 14

1 O1 O1 O1 O1 O1 O1 O1

2 O2 A1 O1 Ð A1 O1 O2 A1 O1 O2

O2

3 A1
2 O1 Ð A2 O1 Ð A1

2 O1 A2 O1 Ð
A1 O1 O1 A1 O2

4 A3 O1 A3 O1 Ð A2 A1 O1 A3 O1 A3 O1 Ð

A1
3 O1

5 D4 O1 A4 O1 Ð A4 O1 D4 O1 Ð A4 O1

A3 A1 O1 A3 A1 O1

6 D5 O1 A5 O1 A5 O1 D5 O1 D5 O1 A5 O1 Ð

D4 A1 O1 A4 A1 O1

7 A7 A6 O1 D6 O1 E6 O1 (4) D5 O2 E6 O1

E6 O1 D5 A1 O1 A6 O1 D6 O1

D6 O1 A5 A1 O1

8 (4) (5)∗ Ð (3) ∗ (6) (5)∗ D6 O2

A6 O1 O1

9 (6) (4)∗ (11)∗ (4)∗

10 (6)∗
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Table 0 (cont'd)

n d = 15 d = 16 d = 17 d = 18 d = 19 d = 20

1 O1 O1 O1 O1 O1 O1

2 A1 O1 O2 A1 O1 Ð A1 O1 O2

O2 O2 O2 O2

3 Ð A2 O1 A1 O2 A1 O2 A2 O1 A1
2 O1

A1
2 O1 A1 O2 A1 O1 O1

O3 O3

4 A2 O2 A3 O1 A3 O1 A2 O1 O1 A1
2 O2 A3 O1

A2 O2 A2 A1 O1 A1
3 O1

A1
2 O1

2 A1
2 O2

5 A2
2 O1 (5) A3 O2 A3 O1 O1 A4 O1 (5)

6 D5 O1 (7) A4 A1 O1 A4 O2 (4)∗ (5)

A5 O1

D4 O2

7 A6 O1 (9) (3)∗ (5)∗ D5 O2 (8)∗

A5 O1 O1 A5 O2

8 (5)∗ (13)∗



- 35 -

Table 0 (cont'd)

n d = 21 d = 22 d = 23 d = 24 d = 25

1 O1 O1 O1 O1 O1

2 A1 O1 Ð (3) ∗ O2 A1 O1

O2 O2

3 O3 A2 O1 A1 O2 A1
2 O1 A2 O1

A1 O2 A1 O1 O1 A1 O2

O3

4 A3 O1 A2 O2 A2 A1 O1 A3 O1 A3 O1

A1
2 O2 A2 O2 A1

2 O2 A2 O2

A1 O1 O2 A2 O2

5 A4 O1 A3 A1 O1 A3 O2 (5) A3 O2

A2 A1 O2 A2 A1 O2

6 (4) A5 O1 (3)∗ (6) (4)∗

A4 O2

7 D5 O2 (4)∗ (4)∗ (13)∗ (5)∗

A5 O2

A5 O2

8 (9)∗
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Table 1.

Name Shape Glue Genus g1
. g2

11 I 1 Ð I 1 ( 1 ) 1 . 1

18 E8 Ð II 8 ( 1 ) 1 . 1

112 D12 [1] I 12( 1 ) 1 . 1

114 E7
2 [1 1] I 14( 1 ) 1 . 2

115 A15 [4] I 15( 1 ) 2 . 1

116′ D8
2 [(1 2)] I 16( 1 ) 1 . 2

116′ ′ D16 [1] II 16( 1 ) 1 . 1

117 A11E6 [4 1] I 17( 1 ) 2 . 1

21 A1 Ð II 1 ( 2 ) 1 . 1

27 E7 Ð II 7 ( 2 ) 1 . 1

211 D10A1 [1 1] I 11( 2 ) 1 . 1

213 E7 D6 [1 1] I 13( 2 ) 1 . 1

214 A1371 [ 4 1/7] I 14( 2 ) 2 . 1

215′ D8 D6 A1 [ 1 1 1 , 3 2 0 ] I 15( 2 ) 1 . 1

215′ ′ D14A1 [ 1 1 ] II 15( 2 ) 1 . 1

31 31 Ð I 1 ( 3+ ) 2 . 1

32 A2 Ð II 2 ( 3− ) 2 . 1

36 E6 Ð II 6 ( 3+ ) 2 . 1

38 E7 61 [ 1 1/2] I 8 ( 3− ) 2 . 1

310 D9 121 [ 1 1/4] I 10( 3+ ) 2 . 1
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

311 A11 [ 6 ] I 11( 3− ) 2 . 1

312
+ E7 A5 [ 1 3 ] I 12( 3+ ) 2 . 1

312
− D10A1 61 [ 1 1 0 , 3 0 1/2] I 12( 3− ) 2 . 1

313
+ A12391 [ 4 1/13] I 13( 3+ ) 2 . 1

313
− E6

231 [ 1 1 1/3] I 13( 3− ) 2 . 2

41 41 Ð II 1 ( 4+
+ ) 2 . 1

43 A3 Ð II 3 ( 4−
− ) 2 . 1

44 D4 Ð II 4 ( 22− ) 6 . 1

45 D5 Ð II 5 ( 4+
− ) 2 . 1

46 D6 Ð II 6 ( 2− 2− ) 2 . 1

47 D7 Ð II 7 ( 4−
+ ) 2 . 1

48 D8 Ð II 8 ( 22+ ) 2 . 1

4+ 9′ D8 41 [ 1 1/2] I 9 ( 4+ ) 2 . 1

4− 9′ E7 A1 41 [ 1 1 1/2] I 9 ( 4− ) 2 . 1

49′ ′ D9 Ð II 9 ( 4+
+ ) 2 . 1

( 22 ) 10 E7 A1
3 [ 1 1 1 1 ] I 10( 22 ) 1 . 6

( 2 . 2 )10 D8 A1
2 [ 1 1 1 ] I 10( 2 . 2 ) 1 . 2

410′ ′ D10 Ð II 10( 2+ 2+ ) 2 . 1

4+ 11′ E7 A3 A1 [ 1 2 1 ] I 11( 4+ ) 2 . 1

4− 11′ D8 A3 [ 1 2 ] I 11( 4− ) 2 . 1

411′ ′ D11 Ð II 11( 4−
− ) 2 . 1
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

51 51 Ð I 1 ( 5+ ) 2 . 1

52 A1 101 [ 1 1/2] I 2 ( 5− ) 2 . 1

54 A4 Ð II 4 ( 5+ ) 2 . 1

57 E6 151 [ 1 1/3] I 7 ( 5− ) 2 . 1

58
+ D7 201 [ 1 1/4] I 8 ( 5+ ) 2 . 1

58
− E7 101 [ 1 1/2] II 8 ( 5− ) 2 . 1

510
+ E7 A2 301 [ 1 1 1/6] I 10( 5+ ) 2 . 1

510
− A9 A1 [ 5 1 ] I 10( 5− ) 2 . 1

511
+ A10551 [ 4 1/11] I 11( 5+ ) 2 . 1

511
− D9 ( 317 )2 [ 1 1/4 1/4] I 11( 5− ) 2 . 1

61 61 Ð II 1 ( 3− . 2 ) 2 . 1

65 A5 Ð II 5 ( 3+ . 2 ) 2 . 1

67 D6 61 [ 1 1/2] I 7 ( 3− . 2 ) 2 . 1

69 D7 A1 121 [ 1 1 1/4] I 9 ( 3+ . 2 ) 2 . 1

610 A9 151 [ 4 1/5] I 10( 3− . 2 ) 2 . 1

71 71 Ð I 1 ( 7+ ) 2 . 1

72 A1 141 [ 1 1/2] II 2 ( 7+ ) 2 . 1

73 A2 211 [ 1 1/3] I 3 ( 7− ) 2 . 1

76
+ D5 281 [ 1 1/4] I 6 ( 7+ ) 2 . 1

76
− A6 Ð II 6 ( 7− ) 2 . 1
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

78
+ E7 141 [ 1 1/2] I 8 ( 7+ ) 2 . 1

78
− E6 A1 421 [ 1 1 1/6] I 8 ( 7− ) 2 . 1

79
+ A8 631 [ 4 1/9] I 9 ( 7+ ) 2 . 1

79
− E7 ( 315 )2 [ 1 1/2 1/2] I 9 ( 7− ) 2 . 1

( 7+ )10′ D8 ( 428 )2 [ 1 1/2 0 , 2 0 1/2] I 10( 7+ ) 2 . 1

( 7− )10′ D7 A2 841 [ 1 1 1/12] I 10( 7− ) 2 . 1

710′ ′ D9 281 [ 1 1/4] II 10( 7+ ) 2 . 1

711
+ E6 A4 1051 [ 1 2 1/15] I 11( 7+ ) 2 . 1

711
− A9 A1 351 [ 3 1 1/5] I 11( 7− ) 2 . 1

81 81 Ð II 1 ( 8+
+ ) 2 . 1

82 ( 313 )2 Ð I 2 ( 8−
− ) 22 . 1

83 A1
281 [ 1 1 1/2] I 3 ( 8+

− ) 2 . 2

84 A3 81 [ 2 1/2] I 4 ( 8−
+ ) 22 . 1

85 D4 81 [ 2 1/2] I 5 ( 8+
+ ) 22 . 1

86 D5 81 [ 2 1/2] I 6 ( 8−
− ) 22 . 1

87′ D6 81 [ 2 1/2] I 7 ( 8+
− ) 22 . 1

8− 7
+ A7 Ð II 7 ( 8−

+ ) 2 . 1

8− 7
− E6 241 [ 1 1/3] II 7 ( 8−

− ) 2 . 1

8− 8
+ D7 81 [ 2 1/2] I 8 ( 8−

+ ) 22 . 1

8+ 8
− E6 ( 427 )2 [ 1 1/3 1/3] I 8 ( 8+

− ) 22 . 1
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

8+ 8
+ A7 41 [ 4 1/2] I 8 ( 8+

+ ) 22 . 1

( 4 . 2 )8 D6 A1 41 [ 1 1 1/2] I 8 ( 4 . 2 ) 2 . 1

( 8+
+ )9′ D8 81 [ 2 1/2] I 9 ( 8+

+ ) 22 . 1

( 8−
+ )9′ E6 A1

2241 [ 1 1 1 1/6] I 9 ( 8−
+ ) 2 . 2

( 8−
− )9′ A7 A1

2 [ 4 1 1 ] I 9 ( 8−
− ) 2 . 2

( 2 . 2 . 2 )9 D6 A1
3 [ 1 1 1 1 ] I 9 ( 2 . 2 . 2 ) 1 . 3 !

( 8+ )9′ ′ D8 81 [ 1 1/2] II 9 ( 8+
+ ) 2 . 1

( 8− )9′ ′ E7 A1 81 [ 1 1 1/2] II 9 ( 8+
− ) 2 . 1

91 91 Ð I 1 ( 9+ ) 2 . 1

92 A1 181 [ 1 1/2] I 2 ( 9− ) 2 . 1

94 A3 361 [ 1 1/4] I 4 ( 9+ ) 2 . 1

95 A4 451 [ 2 1/5] I 5 ( 9− ) 2 . 1

96 A5 61 [ 3 1/2] I 6 ( 32− ) 22 . 1

97 A6 631 [ 3 1/7] I 7 ( 9+ ) 2 . 1

101 101 Ð II 1 ( 5− . 2 ) 2 . 1

103 A2 301 [ 1 1/3] II 3 ( 5+ . 2 ) 2 . 1

106 A5 151 [ 2 1/3] I 6 ( 5− . 2 ) 2 . 1

107′ D5 A1 201 [ 1 1 1/4] I 7 ( 5+ . 2 ) 2 . 1

107′ ′ D6 101 [ 1 1/2] II 7 ( 5− . 2 ) 2 . 1
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

111 111 Ð I 1 ( 11+ ) 2 . 1

112
+ ( 314 )2 Ð I 2 ( 11+ ) 2 . 1

112
− A1 221 [ 1 1/2] II 2 ( 11− ) 2 . 1

114 A2 A1 661 [ 1 1 1/6] I 4 ( 11− ) 2 . 1

115 A4 551 [ 1 1/5] I 5 ( 11+ ) 2 . 1

116 D5 441 [ 1 1/4] II 6 ( 11+ ) 2 . 1

117
+ E6 331 [ 1 1/3] I 7 ( 11+ ) 2 . 1

117
− A6 771 [ 2 1/7] I 7 ( 11− ) 2 . 1

121 121 Ð II 1 ( 3+ . 4−
− ) 2 . 1

122 ( 424 )2 Ð II 2 ( 3+ . 22− ) 12 . 1

123′ A1 41 61 [ 1 1/2 1/2] I 3 ( 3− . 4− ) 22 . 1

123′ ′ A1
2121 [ 1 1 1/2] II 3 ( 3+ . 4+

+ ) 2 . 2

124′ A1
361 [ 1 1 1 1/2] I 4 ( 3− . 22 ) 2 . 3 !

124′ ′ A3 121 [ 2 1/2] II 4 ( 3+ . 2 . 2 ) 22 . 1

125′ A3 A1 61 [ 2 1 1/2] I 5 ( 3− . 4+ ) 22 . 1

125′ ′ D4 121 [ 2 1/2] II 5 ( 3+ . 4−
+ ) 22 . 1

126′ D4 A1 61 [ 2 1 1/2] I 6 ( 3− . 2 . 2 ) 22 . 1

126′ ′ D5 121 [ 2 1/2] II 6 ( 3+ . 22+ ) 22 . 1

12+ 7
+ D5 41 121 [ 1 1/2 1/4] I 7 ( 3+ . 4+ ) 22 . 1

12− 7
+ A5 A1 41 [ 3 1 1/2] I 7 ( 3+ . 4− ) 22 . 1
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

12− 7
− D5 A1 61 [ 2 1 1/2] I 7 ( 3− . 4− ) 22 . 1

127′ ′ D6 121 [ 2 1/2] II 7 ( 3+ . 4+
+ ) 22 . 1

12+ 8
− A7 241 [ 2 1/4] I 8 ( 3− . 4+ ) 2 . 1

12− 8
− E6 31 121 [ 1 1/3 1/3] I 8 ( 3− . 4− ) 2 . 1

( 3+ . 22 ) 8 A5 A1
3 [ 3 1 1 1 ] I 8 ( 3+ . 22 ) 2 . 3 !

( 3− . 22 ) 8 D6 A1 61 [ 2 1 1/2] I 8 ( 3− . 22 ) 22 . 1

( 3 . 2 . 2 )8′ D5 A1
2121 [ 1 1 1 1/4] I 8 ( 3+ . 2 . 2 ) 2 . 2

128′ ′ D7 121 [ 2 1/2] II 8 ( 3+ . 2 . 2 ) 22 . 1

131 131 Ð I 1 ( 13+ ) 2 . 1

132 A1 261 [ 1 1/2] I 2 ( 13− ) 2 . 1

133
+ A2 391 [ 1 1/3] I 3 ( 13+ ) 2 . 1

133
− A1 ( 319 )2 [ 1 1/2 1/2] I 3 ( 13− ) 2 . 1

134 A3 521 [ 1 1/4] II 4 ( 13+ ) 2 . 1

136
+ A4 A1 1301 [ 2 1 1/10] I 6 ( 13+ ) 2 . 1

136
− A5 781 [ 1 1/6] I 6 ( 13− ) 2 . 1

137 D5 ( 728 )2 [ 1 1/2 1/4] I 7 ( 13− ) 2 . 1

141 141 Ð II 1 ( 7+ . 2 ) 2 . 1

142 ( 315 )2 Ð I 2 ( 7− . 2 ) 2 . 1

145′ A3 A1 281 [ 1 1 1/4] I 5 ( 7+ . 2 ) 2 . 1

145′ ′ A4 701 [ 2 1/5] II 5 ( 7− . 2 ) 2 . 1
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

( 14+ )7′ D6 141 [ 1 1/2] I 7 ( 7+ . 2 ) 2 . 1

( 14− )7′ A5 A1 421 [ 2 1 1/6] I 7 ( 7− . 2 ) 2 . 1

147′ ′ E6 421 [ 1 1/3] II 7 ( 7− . 2 ) 2 . 1

148
+ A6 71 141 [ 2 3/7 1/7] I 8 ( 7+ . 2 ) 2 . 1

148
− D6 ( 315 )2 [ 1 1/2 1/2] I 8 ( 7− . 2 ) 2 . 1

151 151 Ð I 1 ( 5− . 3− ) 2 . 1

152
+ + A1 301 [ 1 1/2] II 2 ( 5+ . 3+ ) 2 . 1

152
− − ( 414 )2 Ð II 2 ( 5− . 3− ) 22 . 1

154 A2 ( 639 )2 [ 1 1/3 1/3] I 4 ( 5+ . 3− ) 22 . 1

155 A2
2151 [ 1 1 1/3] I 5 ( 5− . 3+ ) 2 . 2

156′ ′ A5 101 [ 3 1/2] II 6 ( 5− . 3+ ) 22 . 1

156
+ + D4 ( 828 )2 [ 1 1/2 0 , 3 0 1/2] I 6 ( 5+ . 3+ ) 22 . 1

156
− − D5 601 [ 1 1/4] I 6 ( 5− . 3− ) 2 . 1

157
+ − A6 1051 [ 1 1/7] I 7 ( 5+ . 3− ) 2 . 1

157
− − A5 61 151 [ 1 1/2 1/3] I 7 ( 5− . 3− ) 22 . 1

161 161 Ð II 1 ( 16+
+ ) 2 . 1

162 ( 425 )2 Ð I 2 ( 16+
− ) 22 . 1

( 42 ) 3 ( 3− 1 3− 1 3− 1 ) 3 Ð I 3 ( 42− ) 48 . 1

16+ 3
+ A1

2161 [ 1 1 1/2] I 3 ( 16+
+ ) 2 . 2

163′ ′ A2 481 [ 1 1/3] II 3 ( 16−
− ) 2 . 1

16− 4
+ A2 ( 4213 )2 [ 1 1/3 1/3] I 4 ( 16−

+ ) 22 . 1
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

16+ 4
− A3 161 [ 2 1/2] I 4 ( 16+

− ) 22 . 1

( 4 . 4 )4 A1
241

2 [ 1 1 1/2 1/2] I 4 ( 4−
. 4− ) 22 . 22

16+ 5
+ D4 161 [ 2 1/2] I 5 ( 16+

+ ) 22 . 1

16+ 5
− A4 801 [ 1 1/5] II 5 ( 16+

− ) 2 . 1

16− 5
− A2 A1

2481 [ 1 1 1 1/6] I 5 ( 16−
− ) 2 . 2

( 42 ) 5 A3 41
2 [ 2 1/2 1/2] I 5 ( 42+ ) 23 . 2

( 4 . 22 ) 5 A1
441 [ 1 1 1 11/2] I 5 ( 4−

. 22 ) 2 . 4 !

16+ 6
+ A4 ( 4221 )2 [ 2 2/5 1/5] I 6 ( 16+

+ ) 22 . 1

16− 6
+ A3 A2 481 [ 2 1 1/6] I 6 ( 16−

+ ) 22 . 1

16+ 6
− D5 161 [ 2 1/2] I 6 ( 16+

− ) 22 . 1

166′ ′ A5 241 [ 2 1/3] II 6 ( 8−
. 2 ) 2 . 1

( 4+
. 4+ ) 6 D4 41

2 [ 2 1/2 1/2] I 6 ( 4+
. 4+ ) 23 . 2

( 4+
. 4− ) 6 A3 A1

241 [ 2 1 1 1/2] I 6 ( 4+
. 4− ) 22 . 2

( 24 ) 6 A1
6 [ 1 1 1 1 1 1 ] I 6 ( 24 ) 1 . 6 !

16+ 7
+ D6 161 [ 2 1/2] I 7 ( 16+

+ ) 22 . 1

16− 7
+ A6 1121 [ 3 1/7] II 7 ( 16−

+ ) 2 . 1

16+ 7
− A4 A1

2801 [ 2 1 1 1/10] I 7 ( 16+
− ) 2 . 2

16− 7
− D4 A2 481 [ 2 1 1/6] I 7 ( 16−

− ) 22 . 1

( 8 . 2 )7 A5 ( 427 )2 [ 2 1/3 1/3] I 7 ( 8+
. 2 ) 22 . 1

( 42+ ) 7 A3
241 [ 2 2 1/2] I 7 ( 42+ ) 23 . 2
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

( 42− ) 7 D5 41
2 [ 2 1/2 1/2] I 7 ( 42− ) 23 . 2

( 4 . 22 ) 7 A3 A1
4 [ 2 1 1 1 1 ] I 7 ( 4+

. 22 ) 2 . 4 !

( 4 . 2 . 2 )7 D4 A1
241 [ 2 1 1 1/2] I 7 ( 4 . 2 . 2 ) 22 . 2

171 171 Ð I 1 ( 17+ ) 2 . 1

172
+ A1 341 [ 1 1/2] I 2 ( 17+ ) 2 . 1

172
− ( 316 )2 Ð I 2 ( 17− ) 2 . 1

173 A1 ( 517 )2 [ 1 1/2 1/2] I 3 ( 17− ) 2 . 1

174
+ A3 681 [ 1 1/4] I 4 ( 17+ ) 2 . 1

174
− A2 A1 1021 [ 1 1 1/6] II 4 ( 17− ) 2 . 1

175 A3 ( 829 )2 [ 1 1/4 1/2] I 5 ( 17+ ) 2 . 1

176 A4 A1 1701 [ 1 1 1/10] I 6 ( 17− ) 2 . 1

181 181 Ð II 1 ( 9− . 2 ) 2 . 1

183 A1 ( 4210 )2 [ 1 0 1/2] I 3 ( 9+ . 2 ) 2 . 1

184 A2 31 181 [ 1 1/3 1/3] I 4 ( 9− . 2 ) 2 . 1

185 A3 61 121 [ 1 1/2 1/4] I 5 ( 32− . 2 ) 22 . 1

186 A4 ( 7113 )2 [ 2 2/5 1/5] I 6 ( 9+ . 2 ) 2 . 1

191 191 Ð I 1 ( 19+ ) 2 . 1

192
+ ( 415 )2 Ð I 2 ( 19+ ) 2 . 1

192
− A1 381 [ 1 1/2] II 2 ( 19− ) 2 . 1
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

193
+ A1 ( 3113 )2 [ 1 1/2 1/2] I 3 ( 19+ ) 2 . 1

193
− A2 571 [ 1 1/3] I 3 ( 19− ) 2 . 1

194 A1
2 ( 8210 )2 [ 1 1 1/2 0 , 1 0 0 1/2] I 4 ( 19− ) 2 . 1

195 A4 951 [ 2 1/5] I 5 ( 19+ ) 2 . 1

201 201 Ð I 1 ( 5+ . 4+
− ) 2 . 1

202′ ( 317 )2 Ð I 2 ( 5− . 4−
− ) 2 . 1

202′ ′ ( 426 )2 Ð II 2 ( 5+ . 2−
. 2− ) 22 . 1

203′ ( 313131 ) 3 Ð I 3 ( 5− . 22 ) 12 . 1

203
+ A1

2201 [ 1 1 1/2] II 3 ( 5+ . 4−
+ ) 2 . 2

203
− A1 41 101 [ 1 1/2 1/2] II 3 ( 5− . 4−

− ) 22 . 1

204′ A1
2 ( 317 )2 [ 1 1 1/2 1/2] I 4 ( 5− . 4+

− ) 2 . 2

( 5+ . 22 ) 4 A3 201 [ 2 1/2] II 4 ( 5+ . 22+ ) 22 . 1

( 5− . 22 ) 4 A1
3101 [ 1 1 1 1/2] II 4 ( 5− . 22− ) 2 . 3 !

( 20+ )5′ A3 41 201 [ 1 1/2 1/4] I 5 ( 5+ . 4+ ) 22 . 1

( 20+ )5′ ′ D4 201 [ 2 1/2] II 5 ( 5+ . 4+
+ ) 22 . 1

( 20− )5′ ′ A3 A1 101 [ 2 1 1/2] II 5 ( 5− . 4+
− ) 22 . 1

( 20− )5′ A2 A1 41 301 [ 1 1 1/2 1/6] I 5 ( 5+ . 4− ) 22 . 1

( 5 . 2 . 2 )5 A3 ( 317 )2 [ 2 1/2 1/2] I 5 ( 5− . 2−
. 2− ) 22 . 1

( 5 . 4 )6′ D4 ( 317 )2 [ 2 1/2 1/2] I 6 ( 5− . 4− ) 22 . 1

( 5 . 22 )6′ A2 A1
3301 [ 1 1 1 11/6] I 6 ( 5+ . 22 ) 2 . 3 !
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

( 5 . 2 . 2 )6′ A3 A1
2201 [ 1 1 1 1/4] I 6 ( 5+ . 2 . 2 ) 2 . 2

( 5+ . 2 . 2 )6′ ′ D5 201 [ 2 1/2] II 6 ( 5+ . 2+
. 2+ ) 22 . 1

( 5− . 2 . 2 )6′ ′ D4 A1 101 [ 2 1 1/2] II 6 ( 5− . 2−
. 2− ) 22 . 1

211 211 Ð I 1 ( 7− . 3+ ) 2 . 1

212
+ − ( 525 )2 Ð I 2 ( 7+ . 3− ) 22 . 1

212
− − A1 421 [ 1 1/2] I 2 ( 7− . 3− ) 2 . 1

213 ( 313130 ) 3 Ð I 3 ( 7− . 3− ) 22 . 1

214′ A1
2 ( 10410 )2 [ 1 0 1/2 0 , 0 1 0 1/2] I 4 ( 7+ . 3+ ) 2 . 2

214′ ′ A3 841 [ 1 1/4] II 4 ( 7− . 3+ ) 2 . 1

215 A4 1051 [ 1 1/5] I 5 ( 7+ . 3− ) 2 . 1

216
+ + A5 141 [ 3 1/2] I 6 ( 7+ . 3+ ) 22 . 1

216
+ − A3 A1 61 281 [ 1 1 0 1/4, 2 1 1/2 0 ] I 6 ( 7+ . 3− ) 22 . 1

216
− + A2

2 A1 421 [ 1 1 1 1/6] I 6 ( 7− . 3+ ) 2 . 2

216
− − A4 ( 6319 )2 [ 1 2/5 1/5] I 6 ( 7− . 3− ) 22 . 1

217
+ + A5 ( 9315 )2 [ 1 1/2 1/6] I 7 ( 7+ . 3+ ) 2 . 1

217
− + A5 ( 315 )2 [ 3 1/2 1/2] I 7 ( 7− . 3+ ) 22 . 1

217
− − D5 ( 8211 )2 [ 1 1/4 1/2] I 7 ( 7− . 3− ) 2 . 1

221 221 Ð II 1 ( 11− . 2 ) 2 . 1

223′ A1 ( 628 )2 [ 1 1/2 1/2] I 3 ( 11− . 2 ) 2 . 1

223′ ′ A2 661 [ 1 1/3] II 3 ( 11− . 2 ) 2 . 1
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Table 1 (cont'd)

Name Shape Glue Genus g1
. g2

224 A2 ( 7210 )2 [ 1 1/3 1/3] I 4 ( 11+ . 2 ) 2 . 1

225 A3 A1 441 [ 1 1 1/4] II 5 ( 11+ . 2 ) 2 . 1

226
+ A5 331 [ 2 1/3] I 6 ( 11+ . 2 ) 2 . 1

226
− A4 ( 3137 )2 [ 1 1/5 2/5] I 6 ( 11− . 2 ) 2 . 1

231 231 Ð I 1 ( 23+ ) 2 . 1
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Table 2.

dn Lattices

118 A17A1 [ 3 1 ] ∼ D10E7 A1 [ 1 1 0 , 3 0 1 ] ∼ A9
2 [ 1 3 ] ∼ D6

3 [ ( 2 1 1 ) ]

216 A11A5 [ 2 2 ] ∼ A9 E6 151 [ 2 1 1/15]

314 D13121 [ 1 1/4] , A11A3 [ 31 ] ∼ E7 D6 61 [ 1 1 0 , 0 3 1/2] , D8 D5 121 [ 1 2 0 , 3 3 1/4]

412 D12, A1131 [ 4 1/3] , A11121 [ 2 1/3] , E7 D4 A1 [ 1 1 1 ] ∼ D6
2 [ 1 1 ] , D8 D4 [ 1 1 ]

512 D11201 [ 1 1/4] , D10A1 101 [ 1 1 0 , 3 0 1/2] ∼ E6 D5 601 [ 1 1 1/12] ,
D8 A3 201 [ 3 2 0 , 1 1 1/4]

611 D1061 [ 1 1/2] , D8 A1
261 [ 1 1 1 0 , 2 0 1 1/2] , E7 A3 121 [ 1 1 1/4] ∼ D6 A5 [ 1 3 ]

712 A11211 [ 2 1/3] ∼ D9 A1 ( 6210 )2 [ 0 1 0 1/2, 1 1 1/4 1/4] ∼ E7 A4 701 [ 1 1 1/10] ∼
D6 A5 421 [ 3 3 0 , 1 2 1/6], D10A1 141 [ 1 1 0 , 3 0 1/2] ∼ A10A1 1541 [ 3 1 1/22] ∼
A9 A2 2101 [ 3 1 1/30] ∼ E7 A3 A1 281 [ 1 2 1 0 , 0 1 1 1/4]

810 D9 81 [ 2 1/2] ∼ D8 ( 313 )2 [ 1 1/2 1/2] , E7 A1 ( 313 )2 [ 1 1 1/2 1/2] , A7 A3 [ 4 2 ] ,
E6 A3 241 [ 1 2 1/6] , D6 A3 A1 [ 1 2 1 ]

98 A8 ∼ E7 181 [ 1 1/2] , D7 361 [ 1 1/4] , A7 721 [ 3 1/8], D6 61
2 [ 1 1/2 0 , 3 0 1/2]

109 A9 , E7 ( 426 )2 [ 1 0 1/2] ∼ D6 A2 301 [ 1 1 1/6] , A7 A1 401 [ 3 1 1/8]

118 E7 221 [ 1 1/2] ∼ D6 ( 628 )2 [ 1 1/2 0 , 2 0 1/2] , A6 A1 1541 [ 3 1 1/14]

129 D8 121 [ 1 1/2] , D8 121 [ 2 1/2] , E7 A1 121 [ 1 1 1/2] ∼ A5 A3 A1 [ 3 2 1 ] , E7 41 61 [ 1 1/2 1/2] ,
D7 A1 61 [ 2 1 1/2] , A7 ( 427 )2 [ 2 1/4 1/2] , E6 31 ( 424 )2 [ 1 1/3 1/3 1/3] , D6 A1 41 61 [ 1 1 1/2 0 , 2 1 0 1/2] ,
D6 A1 41 61 [ 1 1 1/2 0 , 2 1 1/2 1/2] , D5 A3 121 [ 1 2 1/4]

138 E7 261 [ 1 1/2] ∼E6 A1 781 [ 1 1 1/6] , D7 521 [ 1 1/4] ∼ D5 A2 1561 [ 1 1 1/12] ,
E6 ( 518 )2 [ 1 1/3 1/3]

149 D7 A1 281 [ 1 1 1/4] , D7 ( 6210 )2 [ 1 1/4 1/4] ∼ D5 A2 A1 841 [ 1 1 1 1/12] ,
D6 A1 ( 428 )2 [ 1 1 1/2 0 , 2 0 0 1/2]
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Table 2 (cont'd)

dn Lattices

158 E7 301 [ 1 1/2] ∼ A5 A2 301 [ 3 1 1/6] , D6 61 101 [ 1 1/2 0 , 3 0 1/2] , A6 A1 2101 [ 2 1 1/14] ,
D5 A1 61 201 [ 1 1 0 1/4, 2 1 1/2 0 ]

168 D7 161 [ 2 1/2] , A7 81 [ 4 1/2] , E6 ( 848 )2 [ 1 1/3 1/3] , D6 A1 81 [ 1 1 1/2] , D6 41
2 [ 2 1/2 1/2] ∼

D5 A1
241 [ 2 1 1 1/2] , A6 ( 4229 )2 [ 2 3/7 1/7] , D5 A2 481 [ 2 1 1/6] , A5 A1

2241 [ 2 1 1 1/6] ,
D4 A3 41 [ 2 2 1/2] , D4 A1

4 [ 2 1 1 1 1 ] , A4 A3 801 [ 2 2 1/10] , A3
2 A1

2 [ 2 2 1 1 ]

177 E6 511 [ 1 1/3] ∼ D5 ( 3123 )2 [ 1 1/4 1/4] , A4 A2 2551 [ 1 1 1/15]

187 D6 181 [ 1 1/2] ∼ A6 1261 [ 2 1/7] , D5 A1 361 [ 1 1 1/4] , A5 61 181 [ 1 1/6 1/3] ,
D4 A1 61

2 [ 1 1 1/2 0 , 3 1 0 1/2]

196 D5 761 [ 1 1/4] ∼ A5 1141 [ 1 1/6] , A4 ( 9211 )2 [ 1 2/5 1/5] , A3 A2 2281 [ 1 1 1/12]

207 E6 601 [ 1 1/3] ∼ D5 A1 101 [ 2 1 1/2] , D6 201 [ 2 1/2] , D5 ( 317 )2 [ 2 1/2 1/2] , D5 ( 8412 )2 [ 1 1/2 1/4] ,
A5 A1 601 [ 1 1 1/6] , A3

2201 [ 2 1 1/4] , A3 A2 A1 301 [ 2 1 1 1/6]

218 D7 841 [ 1 1/4] ∼ D4 A2 ( 12624 )2 [ 1 1 1/6 1/6 , 2 0 0 1/2] , E6 31 211 [ 1 1/3 1/3] ∼
A5 A1 61 421 [ 1 1 1/2 1/6 , 0 1 0 1/2] , E6 61 421 [ 1 1/2 1/6] ∼ E7 421 [ 1 1/2] , D6 61 141 [ 1 1/2 0 , 3 0 1/2] ∼
A4 A3 4201 [ 2 1 1/20] , D6 ( 10410 )2 [ 1 1/2 0 , 3 0 1/2] , D5 ( 51415− 1 ) 3 [ 1 1/4 1/2 3/4]

227 D6 221 [ 1 1/2] ∼ D4 A1 ( 628 )2 [ 1 1 1/2 0 , 2 0 0 1/2] , A6 1541 [ 1 1/7] , A4 A1 ( 14216 )2 [ 1 1 1/10 3/10]

232 A1 461 [ 1 1/2] ∼ ( 416 )2 , ( 318 )2



- 51 -

References

Barnes, E. S. 1959. The construction of perfect and extreme forms.Acta Arith.5, 57-79

and 205-222.

Borcherds, R. E. 1984.The Leech Lattice and Other Lattices. Ph.D. Dissertation,

Cambridge University.

Borcherds, R. E. 1988. The 24-dimensional odd unimodular lattices. Chapter 17 of

(Conway & Sloane, 1988).

Cassels, J. W. S. 1978.Rational Quadratic Forms. New York: Academic Press.

Conway, J. H. & Sloane, N. J. A. 1982. On the enumeration of lattices of determinant

one. J. Number Theory15, 83-94.

Conway & J. H. & Sloane, N. J. A. 1982a. Laminated lattices. Annals of Math.116,

593-620.

Conway, J. H. & Sloane, N. J. A. 1982b. The unimodular lattices of dimension up to 23

and the Minkowski-Siegel mass constants.Europ. J. Combinatorics3, 219-231.

Conway, J. H. & Sloane, N. J. A. 1988.Sphere-Packings, Lattices and Groups.New

York: Springer-Verlag. 3rd Edition, Springer-Verlag, 1999.

Conway, J. H. & Sloane, N. J. A. 1988a. Low-dimensional lattices II: subgroups of

GL(n, Z ). Proc. Royal Soc. London, Series A, Vol. 419 (1988), pp. 29-68.

Conway, J. H. & Sloane, N. J. A. 1988b. Low-dimensional lattices III: perfect forms,

Proc. Royal Soc. London, Series A, Vol. 418 (1988), pp. 43-80.



- 52 -

Coxeter, H. S. M. 1951. Extreme forms. Canad. J. Math.3, 391-441.

Edwards, H. M. 1977.Fermat's Last Theorem: A Genetic Introduction to Algebraic

Number Theory.New York: Springer-Verlag.

Gauss, C. F. 1801. Disquisitiones Arithmeticae.Leipzig: Fleischer. English translation,

New Haven: Yale Univ. Press, 1966.

Kneser, M. 1957. Klassenzahlen de®niter quadratischen Formen. Archiv Math.8, 241-

250.

Korkine, A. & Zolotareff, G. 1877. Sur les formes quadratiques positives.Math. Ann.

11, 242-292.

Niemeier, H.-V. 1973. De®nite quadratische Formen der Dimension 24 und

Diskriminante 1.J. Number Theory5, 142-178.

Plesken, W. & Pohst, M. 1977. On maximal ®nite irreducible subgroups ofGL(n, Z ).

Math. Comp.31, 536-573;34, 245-301.

Voronoi, G. 1907. Sur quelques proprie Â te Â s des formes quadratiques positives parfaites.

J. Reine Angew. Math.133, 97-178.

Witt, E. 1941. Spiegelungsgruppen und Aufza
. .
hlung halbeinfacher Liescher Ringe.

Abhand. Math. Seminar Univ. Hamburg.14, 289-322.


