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Abstract

In this paper, the ®rst of a series dealvith low-dimensional lattices and their
applications, we classify positive-de®nite integpahdratic forms of determinadtf 25
in dimensions up to a limit which ranges from 18 (@do= 1) to 7 (ford = 25). [New
version Nov. 5, 2000A different version of this paper appeared in PRoyal. Soc.

London, Series A, Vol. 418 (1988), pp. 17Db41.]

1. Introduction

This paper is the ®rst ia series dealing with low-dimensional lattices and their
applications. Herghe application is to number theory: wkassify all positive-de®nite
integral quadratic formef suf®ciently small determinant and dimensitmlater papers
we intend to discuss maximal subgroupsGif(n, Z) (in Partll), perfect forms(in

Part Ill), the mass formulae (in Part 1V), and possibly other topics.

One motivation for writing this series of papers is to present a systematic néation

these latticesTheneed for this is illustrated by the fact that the symbols



Vs (Korkine & Zolotareff, 1877),

f 1 in ®ve dimensions (Voronoi, 1907),

Bs or D5 (Coxeter, 1951), (Barnes, 1959),

F, in ®ve dimensions (Plesken & Pohst, 1977),

L 5 (Conway & Sloane, 1982a),

PZ (Conway & Sloane, 1988b)
all name the same latticédf course some multiplicitpf names is both appropriate and
inevitable D this lattice is indeed the ®ve-dimensidaahinated latticeL 5 and is also
the absolutely extreme ®ve-dimensional latRée However,we feel that this lattice is

usually best regarded as the root latbice

Thus one of our main goals is to simpldynd systematize the work of others, rather

than to present new materidlleverthelessve do include a number of new results.

In Part I, the present paper, the underlying ideas are largely due to Witt @irg#i1)
Kneser (1957). We apply them to produce a tablef quadratic forms that goes

considerably further than any previous table.

In Partll we follow the work of Dade, Plesken & Pohst (1977), and others, who
classi®ed the maximal subgroup<zaf(n, Z) for various values af. Pleskerand Pohst
describe their groups as automorphism groups of latspesi®ed merely by Gram
matrices. Weshall describe these lattices in a mareariant way, which makes the

groups more visible.

In Part Ill we perform a similar service for the perfect lattices in up to seven
dimensions found by Barnes, Scott, Larmouth, Stacey and otkégsalso providea

simple proof for the classi®cation of perfect lattices in up to four dimensions.



Topics which may be discussed in lafarts include the Minkowski-Siegel mass
formulae, G. LWatson'sone-class genera of quadratic forms, and the completion of the

enumeration of septenary perfect lattices.

In the present papethe main table (Tablg) classi®es all indecomposable positive-
de®nite integral quadratic forms given determinantl £ 23, in all dimensions below
thecritical dimensionb the dimension in which indecomposaldengener®rst appear,
i.e. inequivalent forms belonging to tekame genusSincein preparing this table we also
classi®ed the forms in the critical dimension, we describe such forimy in a
supplementary table (Tab®). Thereader will®nd that these tables, together with the
examples given in 884-6, actually class#ly indecomposable forms of determinant at

most 25 and dimension at most TableO provides an overall summary.

Ultimately, of course, the number distinct lattices of a given determinant is super-
exponential in the dimensionWe were therefore surprised to see how far the
classi®cation can be carrieBor example it can be sedrom Tablel that there are just
two indecomposable seven-dimensional formsi@erminantll, of shape€g 33, and
Ag 771. Sincethese belong to different generg (117) and (11 )), they can be

simply called 1% and 1%.

We have been unable to ®nd any prior tables of compasatdat. Kneser(1957)
enumerated lattices with determinants= 1, 2, 3 for dimensionsn £ 17 - d.
Unimodular @ = 1) lattices have since beetlassi®ed for dimensions £ 25 in
(Niemeier, 1973)(Conway & Sloane, 1982,982b), and (Borcherds, 1984, 1988), and

lattices withd = 2, 3forn £ 20 - din (Conway & Sloane, 1988, Chap. 15).



Sections 4-6 describthe enumeration techniques we us&lr basic strategy is to
reduce the problemof enumerating the lattices of a given determirthAt 1 to a lower
determinant, and thudtimately to the casé = 1, where we can make use of the tables
in (Conway & Sloane, 1988)We have used two methods, calledomplementation”
(illustrated in 84 by the enumeration of lattices witketerminantd = 23) and
“supplementation” (illustrated in §8by the enumeration fad = 24). Thetechniques
are further illustrated in 86 where both methodsrereded to enumerate the lattices with
d = 25. Standardclassi®cation methods usingduced forms would be totally

impracticable in these dimensions.

Our technigues also make considerable use of properties midhkattices A,, D,
Eg, E7, Eg (such as the structure EE/ZEE, the transitivity ofEg on sublattices of type
A,, etc). Section2 containsa brief description of root lattices and gluing theory, and the
genus of a lattice or of the associatpéhdratic form is discussed in 83hetables will
be found in 87, and the Appendix describes the glue vectoreetatdd properties of the

root lattices.
The results have all been checked by use of the mass formulae (see Part 1V).
Notation

In real Euclidean spad®" equipped with inner product/(w) = v - w, a (positive-
de®nite)attice L consists of all integral linear combinations
V=2z1vy + - +zovy (zi1 2)
of n linearly independent vectoss, ,..., v,. The vectorsvq ,..., v, form anintegral

basefor L, and



f(z) = (v,v) = zAz"

with

z=(21,n2zy) 1 2",

A=(aj), a5 =(vi,v)),
is the corresponding quadratiorm. We shall normally speak of lattices rather than
guadratic forms, although it te be understood that the same terminology applies to both
concepts. ThaumbemM(v) = (v, v) is called themormof v, and the minimal valumof
(v,v)forvi L,v?1 0,is theminimal normof L. Also A is aGram matrixfor L, and

d = det Ais thedeterminanf this lattice.
TheduallatticeL” is de®ned by
L ={ul R":(uv)1 Zforallvl L}.

If Li L™, L is called integral. In the present paper lattice” will always mean

“positive-de®nite integral lattice"”.

Two latticesL andM areintegrally equivalentwrittenL = M, if one can be obtained
from the other by a rotatioand (possibly) a re ectionThe subscript on the name for a
lattice gives its dimension.For other unde®ned termand further background

information see (Cassels, 1978) or (Conway & Sloane, 1988).

2. Rootlattices and gluing theory

The strength of the Witt-Kneser method (see (Witt, 1941), (Kneser, 1863gs
from the fact that a latticef suf®ciently small determinant and dimension will contain a

large sublattice generated by vectors mdrmsl and 2, and such sublattices are



completely classi®ed.

In particular, Witt's theoremstates that, in any integral lattide the sublattice
generated by vectorf norms 1 and 2 is a direct sum of a lattige(in 3 0) androot
lattices taken from the listA, (n 3 1), D, (n3 4), Eg, E; and Eg. (We call this

sublattice the Witt part df D see the end of this section.)

These lattices are de®ned faiows. |, (n 3 0) is the ordinary integer lattice
consisting of all pointsx{ , . .., Xp), X; 1 Z, in Euclidean spacR" equipped withthe
standard quadratic form§ + - - - + x3 . Thedeterminant of {isd = 1. A, (n 3 1) is
the sublattice of ], satisfying

Xp + -+ Xny1 =0,
and has determinadt= n + 1. D, (n  4) is the sublattice of,lsatisfying

Xy, + -+ X, even
and has determinanl = 4. Eg is the lattice generated bfpg and the vector
(Y2, Y2, Y2, Y2, %2, Y2, ¥2, ¥2). Wemay de®n& - to be the sublattice &g satisfying

X1+"'+X8:0,
andEg to be the sublattice d&g satisfying

X1+X8:X2+"'+X7:O.
Eg, E7, Eg have determinants = 1, 2, 3respectively.
To describe the structure of a lattice that containlérect sum of |'s, A;'s, Dg's

andE;'s as a sublattice we use gluing theoi@luing theoryis a wayto describe the

generah-dimensional integral lattice that has a sublattice which is a direct sum



L, AL, A - ALy

of given integral latticek; , ..., Ly of total dimensiom. Thetypical vector ofL can

be written

y=y1s tyx2+ - +yg, (1)
where each componewt is in thesubspace spanned hy, although not necessarily in

L; itself. Whatare the possibilities for, , ..., yx?

The inner product of; with any vector oL; is an integer, since it is the same as the
inner product ofy with that vector. This shows thaty; must be a member of the dual

lattice L; .

Plainly anyy; can be altered by adding a vectorLgf so we may suppose thatis
one of a standard system of representatives for the cosels @i L. These
representatives are called thlee vectordor L;. It is usual tachoose the glue vectors to
be ofminimal norm in their cosetsThe quotient group.; /L; is called thedual quotient

or glue groupfor L;. Itsorder is equal to the determinantLgf

So each possible lattide is generated by.; A --- A L, together with certain
vectors of the form (1) satisfying (a) eaghis a glue vector foL;, (b) the various
vectors (1) have integral inner produatsh each other and (c) are closed under addition
moduloL; A --- A L. We describe such #attice L informally by saying that the
components L, ..., L, have beemglued together by the glue vectors (1)t may
happen that there is a glue vector (1) in which onlyygne nonzero, when we say that

the component ; hasself-glue and thay is aself-gluevector.



There is a standard choice of glue vectors [Q]] [..., [d - 1] for each root
lattice of determinand, and we used; - -- ax] as an abbreviation for the glue vector
(1) in whichy, = [a1] for L4, yo = [a,] for L,, .... Theglue vectors and related

properties of the root lattices are given in the Appendix.

In our application®f gluing theory it will usually be obvious that all automorphisms
of L will permute the latticeg ; , ..., Ly (often because; A --- A Ly will be the
part ofL generated by vectors of norms 1 and [2)thesecircumstances there is a simple

description of the automorphism groGigL) of L.

The group of all permutations of tthe that arisefrom automorphisms i&G(L) we
shall callG,(L). It is isomorphic to the quotiegfroupG(L)/Gg;, whereGg; consists

of just those automorphisms that give the trivial permutation.

Let Go (L) be the normal subgroup Gfy; consisting of those automorphisms which,
for everyi, sendeach glue vectoy; into a vector in the same cosgt + L;, i.e. which
®x the glue vectors modulo the componentfien Gg;/Gg(L) is isomorphic to a
permutation group acting on the glue vectors of eaomponent: we call this
permutation groupGq(L). Thusthe full group G(L) is compounded of the groups

Gg(L),G41(L), G, (L), and has order

g(L) = go(L)ga(L)g2(L) , )
whereg; (L) is the order ofG;(L). Also Gg(L) is the directproduct of the groups
Go(Lj). Butin generalG4(L) is only a subgroup of theirect product of th&,(L;)

and therefore must be computed directly for dach



If L is any integral lattice themve call the sublatticé&k generated by vectors of

norms 1 and 2 th@/itt partof L. If the Witt part is a direct sum

Xa A Yy Az A -

then we shall say thathas Knesej shape

XaYbZC e Mk y

wherek = n- a- b- c- ---andMy (the remainderlattice) is the sublattice df

orthogonal to th&Vitt part. If X; A --- A My has index in L we shall often describe

by the symbol

(XaYch Mk)+Ir )

3)

and will omitr when its precise value does not concernTiss notation generalizethat

of Coxeter (1951), except that we have added pthis sign for de®nitenesslhus

Coxeter'sAl,, Dj,,...are ourA;", D;"....

By de®nitionM  has minimal norm at least 3, and in fhresent paper its dimension

is at most 3.We have adopted the following abbreviatidies describing such lattices.

A one-, two- or three-dimensional lattice is named by its Gram matrix, using the

conventions
a; for

b
(a”c)» for

(acfgn);  for

(@), with generatou,

ia hbi :

b o with generators, v,
ia b hi

ib ¢ fi, withgenerators, v, w.
ih f gp

(4)

Glue vectorsfor these lattices are written as fractional linear combinations of their
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generator vectorsThus

[abg---] denotesau + bv + gw + -+, (5)

Whenever possible we decompose the remainder |attjcas a direcsum. When
the exact shape dfl , does not concern us, we use the convention@patenotes any
k-dimensional lattice with minimal norm at le&stAlso O% denotes the directum of

two isomorphic lattice®¢ , andOg O, the direct sum of two nonisomorphic lattices.

One further convention is sometimes used when describingrgtiters. Parentheses

in a glue vector indicate that all cyclic shifts of the parenthesized portion are included.
The following examples will illustrate the notation.

(i) The lattice 24 = Aq1371 [4 ¥] is a 14-dimensional lattice of determinant 2 that
contains a sublatticé\;3 A <u>, where (1, u) = 7, and the glue is generatdy
x Ay, wherex is the glue vector4] = ((3:)'°, (- %)%) for A;3, andy = % u. The

Witt part of this lattice i#\13, and its (Kneser) shapeAs371, or simplyA;30;.
(i) The four-dimensional lattice of determinant 21
21¢ = A7(10%10), [1 0% 0, 01 0%]

contains a sublattice; A A; A M,, whereM, = <u, v>andu, v have Gram matrix

14 10p
and the glue is generated ¥yA 0 A v uand OA y A % v, wherex is the glue vector

[1] for the ®rsA; andy = [1] for the second\;.
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(iii) The lattice % = D3[(12)]is the 16-dimensional unimodular lattice with Witt
partD§ = Dg A Dg. Generatingglue vectors are [1A [2] and [2]A [1]. The other

nonzero glue vector is their sum, B][3].

Finally we mention that, although, was so far de®ned only fard® 4, it is often

convenient to extend the de®nitiomté 1, where we ®nd

D1541, szAlAAl, D3EA3. (6)

3. Thegenus

It is slightly easier, andnore traditional, to discuss the genus using the language of
quadratic formsrather than latticesWe follow the treatment in (Conway & Sloane,
1988, Chapl5). Two integral quadratic forms are said to inethe sameyenusif they
have the same signature and are equivalent overalléc integers for all primgz We
shall call integrally inequivalent forms (or latticésy in the same genusngenersand

writef ~ g.

Any integral quadratic forthcan be decomposed over hvadic integers as a direct
sum of termgjyf,, where eacl is a power ofp and eaclf; has determinant prime o

Our genus symbol for amdimensional fornf has the shape

(o) orlin(-) (7)
where the Roman numeral is tAgpeof f (I if the 2-adic summand,; has anodd
diagonal entry, otherwise Il) and the parenthaseé/) contain factors indicating the
nontrivial Jordan summands for @ll Foroddp a factorq"* indicates a summangf,

with the Legendre symbol
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For p = 2 a factorq"* indicates a summandfy for which fq has Typell (i.e. the

diagonal entries df, are even) and

while gi o . indicates a one-dimensional summagd)(with

izU 1. 10
-I-_-I- :il’ -I- ) : +lor- 1
idp i dp

respectively.

For example, 8% 8), = %2 is written £, while the one-dimensional form

&

204 is 45, since

- 1Y

i
=-1, 71— =+1.
1

> b
Forp = 2 there are many essentially different Jordan decompositiemrsnstance

(2) A , with symbol Z 4%- |

[ —

8 4l
4 &
is 2-adically equivalent to

(10) A :jj ;B , with symbol 2 42* .

For a complete description of thesguivalences see (Conway & Sloane, 1988, Chap. 15,

87.8). Insimplecases their effect is usually just to make some of the signs redundant, in



-13 -

which case we omit such signs from our genus symbols.

Our name for the typical lattice, of Table 1 is usually dairly straightforward
abbreviation of the genusymbol, omitting unnecessary information, except that we feel
free to use the symbols

dp, dg¢ dge¢

for

a unique, uniqueTypel, uniqueType I

indecomposablen-dimensional latticeof determinantd (when such a lattice exists).
Also, whenthe dual quotienL;/Ln is cyclic, we attach the signs from the differpnt
adic symboldirectly to the numbaed, in decreasing order @f and omitting unnecessary

®nal signs.

4. Enumeration of lattices of determinant 23 by the method of complementation

In this section we describe the ®rst of our tvasic methods of enumeration, the
technique of "~complementation”, and use td enumerate lattices of determinant
d = 23. Theidea is to glue the unknown lattiteto a low-dimensional lattic& of a

genus which is in a sense complementary to the given one.
We say that two latticeX,, and L, are t-complementaryif their direct sum
Km A L, has index in an integral latticé . If this is the case then

detK,, - detL,
detMyspn = T (8)

In particular, anylattice K ., of genus either}(23") or 11,,(23") is 23-complementary

to any latticeL,, of genus eithed (23 ) or 11,(23 ), with detM,+, = 1. An
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unknown latticeL,, of genus },(23 ) or 11,,(23 ) can therefore be found ake
orthogonal complement K of the ““complementary" lattic& ,, of genus },(23") or
Il ,(237) in a unimodular “mother" latticeM 1,4, (and of course the same statement is

also true with the's and- 's interchanged).

We apply this withK,, = 23, of genus |{(23"), generated by a vectersay of
norm 23,and withK,, = 233, of genus (23" ), generated by three vect@sh, ¢ with

Gram matrix

(9)

—_ — —
Or Ol
P WP
pal=

and thus obtain the following result.

Proposition 1. Any lattice L, of genud ,(23 ) or Il ,(23 ) can be found as the lattice
v" orthogonal to a vector v of norm 23 in a unimodular latticg M. Any latticeL,, of
genusl ,(23%) or 1l ,(23") can be found as the lattice"Korthogonal to a sublattice

K = 233 =<a, b, ¢>with Gram matrix (9) in a unimodular lattice M s.

We begin by®nding the indecomposable lattices of gen23™ ) or I1,(23 ). By
referring to Tablel we see that, fon £ 7, M1 must be }, .1 (sinceEg has no vector
of norm23). Thenv is without loss of generality one of the followingFor by
symmetry we may suppose the coordinatesare nonnegative, arilany coordinate is

zero theny” has a summand, land so is decomposable.)
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v Shape of/”
3321 A0,
42111 A,0O,
322211 A,A; O,
3311111  A4A,0; (10)
41111111 AgO,
22222111 A4A,O,
32211111

1 AsA;0,

We illustrate how to ®nd the precise structurepf= v" inthe casey = 42 1 1 1.
We ®rst ®nd the Witt part uf , and its Kneser shagde®ned in §2)In this example

v" contains two independent vectarandb of norm 2:

(11)

OO0 TO <
[ O I I T |
PR OODM
RNoowN
NOOFRER
NORPRER
1
NOPFOR

and the Witt part of” is the latticeA, of determinan8 that they generateThenthe
Kneser shape of” is A,M,, where the residual lattic™, is a two-dimensional
sublattice of/” that is also orthogonal to this,, and contains no vectors of nofinor 2.
It is easy to see th&M, is generated by the vectarsandd in (11) (of normss and 14,

and inner product 1), so that
M, = (5% 14), ,
of determinant 691t remains to ®nd the glu&ince
det A, A M,) =3-69=3%"23,

A, A M, hasindexd inv”. Insuch a simple case it is easiest to guess the glue vectors.
We observe that the glue vectafc + d) for M5, which we abbreviate to'{ %:], has

integral inner product with each ofandd, and so belongs tMZ. This glue vector has
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norm

5+2-1+14 7
32 3’

and so can be glued tbe glue vector [1], of norr, for A,. (Theglue vectors foA,,
D, E, are given in the Appendix.poa possible gluing is

A5(51 14),[1 % %] .
But since our argumershows that” is theonly lattice of genus (23" ) or 11,(23),

this must be the structure ot .

Had there been any dif®culty in guessing ghes vectors, we could have explicitly
computed more generator$n this example it is easy to see thvat is generated by
A, A M, together with the vectar = (0, - 1, 1, 1, 0), which we resolve into the two

2-spaces oA, andM, as
e =(0,0,%,%, - 33) + (0,-1,3, 2, %) .
The ®rst vector is the glue vector [1] for the and the second is(c + d).

The smallestattice 23,, found in this way comes from = 3 3 2 1,and is the lattice

233 = <a, b, c>de®ned by (9).

Next we use Proposition 1 to ®nd the indecomposable lattiagsnos }(23*) or
Il ,(237), by looking for sublattice& = 233 = <a, b, ¢> in a unimodular lattice

Mn+3.

If Mh+3 = I 4+3 there are six possibilities for the vectar®d, c:
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a=2+00
b=+-+0
c=00+ + ,
a=2+000
b=0+++0
c=000++,
a=+++ + +
b=++-00
c=+00-0,
a=+++ + +
b=++-00
c=00-+0,
a=+++++00
b=0000+++
c=000-+00,
a=-+++++000
b=0000+++0
c=000000++

In the ®rst four casés is a one- or two-dimensional lattice, namely

231, (3'8),, (4'6),, and @'12),

b we omit the analysis, sincthese lattices are more easily obtained by Gauss' theory of

reduced forms (see 8§7).
In the ®fth casK” contains the vectors

d
e
f

o O +
o+
o' O
cNeoNe)
oNoNe)
+ OO
1 OO

generatingdd, A A;, and the shortest vectorfi perpendicular td, e, f is
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g=444-6-6 3 3,
of norm 138.SoK" is
AyA;138;[1 1 %]

(the glue vector I 1 %] being found as before).The last possibility can be analyzed

similarly, and leads to

A3(3131),[1 % 4] .

If n £ 7, so than + 3 £ 10, the only other possibilities fod,,,3 are ; A Eg and

|, A Eg (sinceEg itself has Type Il).Theseyield four more lattices, namely
Dg(8%12),[1 % 0, 20%] and Dg 92;[1 %] (12)
if Mg = 1; A Eg, and
Eg 691[1 %] and AgA;(14%19),[1 1 ¥10 %] (13)

if Mo = I, A Eg. Theanalysisof these cases involves heavy knowledge of the action
of the automorphism group &g on various con®guratiomd vectors. We illustrate by

showing how the ®rst lattice in (13) was found.

We must ®rst ®nid = 233 = <a, b, c>inl, A Eg. Oneof thetwo possibilities

is to take

oo
I
ooOonN
err
(on
[
(=3
[e0]

Then from (9) the vectors; ... bg andc; ... cg must generate a sublattiée of Eg.
Since the automorphism group Bg is known tobe transitive on sublattices, for

0 £r £ 8, we may choose
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a=2+00000000
b=0+,+00000 0+
C=00; ¥2 % % % ¥ ¥ 4 ¥,

and then proceeding as before we ®ndkhat= Eg 69;[1 ¥].

The following table summarizes the indecomposaidimensional lattices of

determinant 23 fon < 7.

Lattices

23,

A1461[1 %], (416),, (3'8),

A1(5°10), [1 0 %]

A5A1138; [1 1 %], Ay(5114), [1 ¥s Y]

A3(3'31); [1 % %], AgA1 (7°21) [1 1 % %]

A4A1230; [2 1 %], D592; [1 %], D4(8%12),[1 %20, 2 0 %]

E69; [1 %], Ag161; [3 %], AgA,345; [1 1 ¥is], AgA; (14%19), [1 1 Y10 %]

N~ o o0~ WO N P S

Determinant 19 A similar analysis show that the indecomposable Iattices of

determinant 19 in seven dimensions are

197 = As0; = Ag (10% 13); [1 % %] ,
obtained fromv" in 15, and

197 = D502 = D5 (5% 16); [1 % %] ,

obtained fromxa, b>"in 1, O Eg, wherev, a, b are the vectors

v=32111111]
a=2;2++00000,
b=0;+-000000.

<v> has genus;l(19" ) and<a, b> has genusJ(197).
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5. Enumeration of lattices of determinant 24 by the method of supplementation

In this section wealescribe the method of ““supplementation” and use it to enumerate
lattices of determinard = 24.
Proposition 2 Any lattice L, of determinanéd is a sublattice of index 2 in a lattice,M
of determinant d.
Proof. Thedual quotient groupEan has asubgroup of orde. If this is cyclic letv be
an element of ordet. Then2v - 2v = 4v - vO L, - LE 0 Z,soM, = <L, 2v>is

integral and containls,, as a sublattice of index 2.

OtherwiseLE/Ln contains a four-grougO, u, v, w} with u + v + w = 0. The
normsN(u), N(v), N(w) are in%: Z, since2N(u) = 2u - u O Z. Theycannot all be

congruent to- modulo 1, since

O=N(u+v+w) =N(u) + N(v) + N(w) + 2(u-v+vVv-w+ w:-u

N(u) + N(v) + N(w) (mod 1) .

If sayN(u) O Z then we may tak®l, = <L, u>.

Proposition 2 implies that we can writg as the kernebf a linear map fronM , to
Z[12Z. Now any linear map fronM , to Z is a map
X > X-v (xOMyp)
for somev O ME. Thuswe have established:

Proposition 3. Any lattice L, of determinan®4 is a sublattice ¥ of a lattice M, of

determinant 6, where ME and

vi2 = {xOM,:x-v=0 (mod2)}.
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Sincev™? is unchanged if a member oi\/@ is added tov, the value ofv is only
important modulo B/IE. Moreover,if M, is a nontrivial direct sum of several lattices,

the coordinates of must not vanish in any summand.

Examination of Table 1 shows that to ®ndLgllwith n < 7 we must consider these

possibilities forM ,:

| O 61, Il O Ay O 34,
Im O AL OAy, I O As,
Eg 0 Ay, Dg 61[1 %].

SupposeM, = I, O 67 (m = n — 1), the lattice of vectors

(X1 ... Xm; YV6) ,
wherex; , ..., Xy Y O Z. Theonlyv O MEfor which no coordinate vanishes when
we work modulo B/IE is
v=(11...1;%V6)

and thenv™? is (assumingn = 4)

Dy 244[2 %] . (14)
(The generator of 24is (0...0; 2V6) and the glue vectois (0...0 1; V6).) For
smaller values ainthe lattice (14) is

24, (if m = 0), (42 7), (if m = 1),

A% 24, [11%]([fm=2), Az24;[2%](G(fm=23)
(compare Eq(6)). Similar modi®cations fosmallm must be made to the lattices (15)-

(19) below b the results will be found in the summary table at the end of the section.
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In a similar way we obtain
D (5'5),[2 %2 %] from M, = |, O A; O 3;, (15)
DnhA16181[200%, 01% %] fromM, = 1,0 Ay O A, . (16)

We next consideM,, = I, 0 As(m = n - 5). NowA55/2A5D has order 32 with

representative number
vo = (0 0 0 O 0 0) (1)
Vq, = (— Y2 Y% Y Y Y2 sz) (6)
Vo = (+ - 0 O 0 0) (15)
V3 = (]42 Yo ¥ =Y =Y - sz) (10)
Sov must be
v=(11...1;v;), i1i=1,2 3.
In the three casas’? is
DmA4120,[2 1 Y] , a7
DmAzA;12,[2 1 1¥] , (18)
D,A524,[2 1 1%] , (19)

respectively.
If M, = E¢ O A, there are two cases:
V =Vy +[1] andv = v, + [1] ,

wherevs, andv, are elements of normsand 2 inEE, and[1] is the glue vector foA,

yielding

D5 81 121[1 Yy ]/4] andA5 A]_ 81[3 1]1'2]
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respectively.

We omit the analysis of the ®nal possibility ko, Dg 61[1 2], which yields®ve

further lattices

Ds 4y 24;[1% %] , Asg6q 241[1 % %],
A5 61 241[1 Y2 ]7'6] y A5 31 121[2 Y3 ]1'3] y
A3 24,[1 1] .

The following table summarizes the indecomposamidimensional lattices of

determinant 24 fon < 7.

o A W N +—, o

Lattices

24,

(4°7)2, (5'5),

A% 241 [11%], A16,84 [1 % %], (3141371),

Ag 241 [2 %], Af(5'5)2 [1 1% %], Ay 61(3'3); [1 % % ¥]

D424,[2 %], Ag 120,[2 ], A3(5'5), [2 ¥2 ¥2],A%24, [1 1 %3],
A36,8,[1100%, 00 1% %]

D5241[2 %], D4(5%5), [2 ¥2 v2], A4 (4%231), [1 25 ¥s], AgAq 41 121 [1 1 %2 va],
A3A16,81[20 0%, 01% %], A5(4°7),[1 1% %]

Dg241[2 %], D541241[1 ¥ Y], D581121[1 %2 ], D5 (5%5), [2 %2 ¥2], A5sA1 81 [3 1 %],
A5371121[2 ¥ 4], Ag61241[1 %2 %], Ag61241[1 %2 %], D4A16,81[2 0 0%, 01 ¥ %],
A4A71201[1 1 1%0], A3241p; 1 %], AgAT12,[1 1 1 1%], A5A724,[1 1 1 1%]

Enumeration of lattices of determinant 25 using both methods

In this section we ®nd the indecomposable lattices of determinamd28imension

n<7.

Proposition 4. Any lattice L, of determinant d divisible by?p p prime> 3, is eitherof

index p in a lattice M of determinant fip?, or else the p-part of the genus symbol3s p

ifp=1(mod4)org*ifp=- 1(mod4).



-24 -

Proof. If the dual quotient groulp,Q/Ln contains an elementof orderp? then (as in the

proof of Proposition 2 for the cape= 2) we may také, = <L, pv>.
Otherwise thep-part ofLE/Ln can be regarded as a vector space on which the map

X » XX (mod1l)
is a quadratic formlf this space contains a nonzero isotropic vectbien we may take
M, = <L,, v>. This certainly happens ip® divides the determinan@and when
p? md it fails just in the indicated cases (when the quadratic foas Witt defect 1).

When it does fail we fall back on the method of complementation.

In particular,whenp = 5, if the unknown latticé ,, has genusJ(5%~) or I1,(5%7)
it is 5°-complementary to any particulasuch lattice, for example to the lattice

K3 = 5; O 5, generated by vectosgs b, ¢ with Gram matrix
O
0 315. (20)

Thus we have the following result.
Proposition 5. Any lattice L, of determinant 25 is either of indéxin a unimodular
lattice M,,, or is the lattice K' orthogonal toa sublattice K= 5; 0 5, =<a, b, c¢>
with Grammatrix (20) in a unimodular lattice i 3. In the ®rst case .can be written

as L, = v7®in M, where vil M and
v = {xOM,:x-v=0 (mod5)}.

The second case occurs just when the genug ifll, (527 ) or Il ,(5%7).
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In the ®rst case (supplementation), wines 7 we need only considevl,, = I,,.

The vectow can be taken without loss of generality to be

v=12 | i+j=n,
since there are symmetries changing the signs afdbedinates.Theresulting lattice_ ,
will be denoted byW ;. Since the coordinates of 2 are congruent modul® to

2'(- 1)), we see thaw i Hy ji- Wealso set¥; = W,o. Thereare now nineteen

cases witm < 7, but
Wi =51 U5, Wop =505, W5 =51 U5,
are decomposablelheother sixteen lattices are listed below.

Second, to use complementation, we must teke. ;3 to be I,+3, 17 O Eg or
I, O Eg (sincen < 7), and ®nd all sublatticés = 5; [0 5, = <a, b, c>with Gram
matrix (20). Noting that<- a, b, c> = <a, b, ¢> and thatL, is decomposable if

<a>and<b, c> lie in disjoint direct summands ™ , , 3, we obtain only the following

cases:

a=+++++0
b=+-000+ inlg, yielding 5, O 55,
c=+0-000

a=+++++00

b=+-000+0 inl-, yieldingA,(10°10), [1 ¥ ],

c=00000++

a=+,20000000

b == %% % WY i inl, O Eg, yielding 5, [0 54,

0;0++00000O0
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a=0+20000000
b=+0,0+-00000 inl, O Eg, yielding
c=00,0+0-0000

Da(7t 71 773)3[1 %% 0,30 % 4] .

The following table summarizes the indecomposaidimensional lattices of

determinant 25 fon < 7.

o o~ W N - S

Lattices

25 =¥,

A150.[1%] =W,

Ap751[1%] = W3, A1(3M17),[1%%] = Wy

A31001[1 %] = W4, Ap(4119), [1 % %] = W 31, Ax(10°10), [1 % ¥]
A3(8%13); [1 4 %] = W4y, ApA1(10714), [1 1% %] = Wy

As150;[1 %] = Wg, Ag51251[22%5%] = Wiy, A3A1(6°34),[1 0% %, 21%0] =
W4, A5158[1 1% 0,12 0%] = W 53

Agl75:[2 %] = W, Ag10,15:[1 % %] = Wgy, Da(7131773)5[1 %% 0, 3 0% 4],
A4A151501[1 1%s 3/10] = l-|J52,16\316\2(7143)2[:I. 1 Y12 5/12] = l1—’43

. Thetables

Table 0 contains aummary. The typical entry gives the Kneser shapes of the

indecomposable lattices of determina@nand dimensiom, or just the number of such

lattices (in parenthesesA star indicates a dimension in which there are two or more

indecomposable congenersFor the continuation of thed = 1 column see

Borcherds (19841988), Conway & Sloane (1982, 1982b, and 1988, Table 16.7), and for

the continuation of thd = 2 and 3 columns see (Conway & Sloane, 1988, Tables 15.8,

15.9).
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Table 1 gives all indecomposabiedimensional lattices ,, of determinantd < 23
below the critical dimensionThe ®rstcolumn gives our name far,, (described below),
and subsequent columggre its Kneser shape (see 82), generators for the glue (using the
conventions described in 82), its genus (see 83), and the valggsofg; (L,) and
02> = go(L,) (see Eq(2)). We note thatgg(L,,) = 1 for all the lattice,, O,, O3

that appear in this table.

The lattices were found by the methods describe®84, 5, 6, except that for
dimension 2we used Gauss' theory of reduced forms (see (GaBy]), (Edwards,

1977), (Conway & Sloane, 1988, Chap. 15)).
Table 2 gives the lattices of determindmih the critical dimension.
Appendix. Properties of root lattices

In this Appendix we listhe glue vectors, glue groups and automorphism groups for
the root lattices.We makevery extensive use of this informatiofurtherproperties of

these lattices will be found in (Conway & Sloane, 1987, especially Chap. 4).

The typical glue vector fok, (n = 1)is

o0 i - -j b
] :D e, , y E|1
[1] Dn+1 n+1 n+1 n+1D

with j components equal o/ (n + 1), andi components equal to j / (n + 1), where
i+j=n+1and0<i<n Thenormof|]isij/(n+ 1). Theglue group is cyclic
of ordern + 1, with addition [j] + [k] = [j + k]. Automorphismgroup: Gy is the
Weyl group ofA,, which is the symmetric group , ;1 of all permutations of the

coordinates, an is the group obrder 2 generated by the negation of all coordinates
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(which interchanges] and [n + 1 — i]), exceptthaG; = 1 whenn = 1.

The glue vectors fdD, (n = 4) are

[0] = (0,0,...,0), norm O,
[1] = (=, =, ..., "), normn/4 ,
[2] = (0,0,...,1), norm 1,
[3] = (&, =, ..., - &), normn/4 .

The glue group is a 4-groupi{ + [i] = 0)if nis even, or a cyclic group of ordér

([1] + [2] = [3]) if nis odd. Automorphismgroup:

n=4: go=2%-41, g1 = 3! (all perms of L], [2], [3]),

2 (interchange{1] and [3]).

nz4: go=2""'-n', g,

Go is generated by all permutations together with sign changes of eweshy
coordinates, an; contains the sign change of the last coordinate anch, for4 only,

the Hadamard matrix

The only glue vector foEg is [0] = (0%), sinceE8D = Eg. Automorphismgroup:
go = 2% 3% 52 7 = 696729600g; = 1. Gy is the Weyl groupN(Eg), generated by

all permutations of 8 letters, all even sign changes, and the matritdiggH 4} .

The glue vectors fdE; are

[0] = (0,0,0,0,0,0,0,0), of norm 0,
[1] = (¥4, Ya, Ya, Ya, Ya, Y4, — %, — %), of norm % .

The glue group is cyclic of order ZAutomorphismgroup:Gg is the Weyl groupV(E-),
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of ordergy = 210 - 3% - 5 7 = 2903040g, = 1.

The glue vectors fdEg are

[0] = (0;0,0,0,0,0,0;0), of norm O,
[1] = (0; — %, — %3, %3, ¥3, %, %; 0) ,  of norm4s,
[2] = - [1], of norm 4s .

The glue group is cyclic of order utomorphismgroup:Gq is the Weyl groupV(Eg),

of ordergy = 27 - 3% - 5 = 51840,G, is cyclic of order 2 (generated by negation).
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List of Table Captions

Table 0. Summary table, showirigneser shapes of indecomposable lattices of
determinantd and dimensiom. The symbol k) indicates that there aikelattices, and

(k)Dthe presence of congeners.

Table 1. Indecomposable lattices of determimbgt 23 below the critical dimension.
An n-dimensional lattice of determinadtis namedd,,, whered may be factorized, and

possibly have signs or primes attach&ar full explanation of the notation see the text.

Table 2. Supplementary table, giving indecomposable lattices of deterrdigad8

in the critical dimensiom, with congeners indicated hy
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Table 0.

d=4 d=5 d=6 d=7

O, o] o] o]
) A,0; ) A,0;
As ) ) A,0;
Dy Ay b b
Ds ) As )
D ) ) As
D504
Dg E,O, ) E,O,
D,0; EqA,O4
Dy ) D,A;0;  AgOy
DgO; E,O,
E7A104
D10 AgAq AgO4q DO,
DgA? E.A,0; DO,

E- A} D7A20,



11

12

13

14

15

16

17

18

E-Dg

A1301

D14A1
DgDgA1

)"
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Table 0 (cont'd)

d=3 d=4 d=5
A1 D11 A1001
DgAs DgOy
E,A3A;
D10A10, (6)- (4)-
E,As
A2 O
E§ O
(4"

()"



10

A70;

A3z0q

(4)

(6)

(6

A3z0q

A,O;

As50,

AgO1

(5)-

As0,

DeO1
Ds5A;104

()"
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Table 0 (cont'd)

AsA104

A,O;

EeO1
AsO1

Ok

A$0,
A10,04

A3z0q
A0,

D,0,
A3zA104

D504
D,A,0;

(4)

(6)

(11)-

o] o]
A10q Oy
A,04 )
A10;

A;0; )
) A,0;
AsO; )
A4A;O4
DsO, E¢O;
DO
AsA104
(5)- DeO>
Ag010
(4)"-



As0;

A50,

D504
As0q
D,O,

AegO1
As0104

5)-

Ay0q
Af0,

A3z0q
As0;
A7O%

(5)

(7)

(9)

(13)"
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Table 0 (cont'd)

d=17 d =18

0, 0,
A,0; )
O,

A10; A10;

A3z0q A;0104
AsA104

A3z0; A30:0;

A4A10;  A40,

3)- (5)"

A7O,

A,O;

()"

D50,
AsO,

A70;
A10,0

A3z0q
A30;
A70,

(5)

(5)

8)"



A30,
A0,

A,O;

(4)

DO,
As0;
As0;

Q)
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Table 0 (cont'd)

d=22 d =23

0, 0,

) 3) "
A,0; A,0,
A10;

Ay0; AA104
Ay0;

A3zA104 A3z0;

A,A10,
As0, 3)"
A,0,
4)° (4)°

A70O;
A10,0

A3z0q
A70,
A1010;

(5)

(6)

(13)"

As0q
A0

A3z0q
Ay0;
A,0,

Az0;
AA10;

(@)

(5)”



Shape

D10A1
E7Ds
A137q

DgDgA1

D14A1

Dg12;
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Table 1.

Glue

[4]
[(12)]
[1]
[41]

o)
)
[11]
[11]

[4 ]
[111,320]
[11]

12

1>

12
[1 %]
[1 %]

Genus

I 1(2)
Ilg(1)
112(1)
114(1)
l15(1)
l16(1)
I116(1)
117(1)

I11(2)
117 (2)
111(2)
113(2)
114(2)
115(2)
I115(2)

11(3%)
112(37)
1g(37)
1(37)
110(37)

e S N

N DN D DD DN

«
N

P RPN RN R R R

e e

N N T =



Name

+
312

312
313

Shape

E,As
D10A161
A12,39,
E33,
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Table 1 (cont'd)

Glue

(6]
[13]
[110,30%]
[4 V1]

[1 1 %]

b

VR UENUVERUEN VRN U,

[1 %]
[11%]
o)
[1117
[11 1]
)
[12 1]
[12]
o)

Genus

111(37)
112(3")
112(37)
113(3")
113(37)

I11(47)
I3(42)
11 4(227)
I15(44)
lg(2-2-)
||7(4f)
I1g(22%)
l9(4+)
l9(4-)
1o (47)
110(2%)
110(2 - 2)
110(2+2+)
112(4+)
l11(4-)
111(42)

(@]
[

N N N N DN

N DN N N P P DN DN N DN DN DNDDND OO DD

«Q
N

N B R R

P R R R N O R R R R R R R R R



Shape

S1
A;10;
Aq
Eg15,
D,20,
E,10,
E,A,30;
AgA;
A10951
Do(3'7),
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Glue

b
[1 %]
b
[1 %]
[1 %]
[1 %]
[11%]
[5 1]
[4 %)
[1 % %]

b

b
[1 %]
[1 1]
[4 %]

b
[1 ]
[1 %]
[1 %]

>

Table 1 (cont'd)

Genus

11(5%)
12(57)
114(5%)
17(57)
1g(5")
l1g(57)
110(5")
110(57)
111(57)
112(57)

I1,(3" - 2)
(3" - 2)
17(37 - 2)
1(3% - 2)
l10(37 - 2)

11.(77)
Il2(77)
13(77)
l6(77)
e(77)

01

N N N DN N DN NN DNMNDN

N N N N DN

N N NN N DN

«Q
N

R R R R R R R R R R

N S T

N N e



Name

78
78
73
79
(7")10
(77)10
710
711

711

Shape

E, 14,
EcA1421
Ag63;
E7(3'5),
Dg(4%8),
D, A,84,
D28,
EcA4105,
AgA; 35,

81
(3'3);
Af8;
A38;
D,8;
D58,
D8
A7
E¢24,
D,8;
Ee(4°7);
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Table 1 (cont'd)
Glue

[1 %]
[1 1 %]
[4 ¥]

[1 v %]
[1%0, 20 %]
[11 ve]

[1 %]

[1 2 %]
[3 1 %]

b

b
[11%]
[2 %]
[2 %]
[2 %]
[2 %]

[1 %]
[2 ¥]
[1 %5 %3]

Genus

1g(77)
lg(77)
1o(77)
1o(77)
110(77)
110(77)
Il 10(77)
112(77)
112(77)

Il1(8%)
12(82)
13(8%)
14(8%)
15(8%)
l6(82)
17(8%)
11,(8%)
I1,(82)
1g(8%)
1'g(8%)

01

N DN D D DN DN DNMNDN

N L P

N e

«Q
N

N e T



10,
104

Table 1 (cont'd)

Shape

As4,
DeA141
Dsg8;
Eg¢AZ24,
A7AT
DeAl
Ds8;
EzA181

91
A, 18,
A536,
A, 45,
As6,
Ag63;

10,
A,30;
As15,

DsA;20;
D10,
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Glue

[4 ¥2]
[11%]

[2 %]
[11 1%]
[41 1]
[1111]

[1 %]
[11%]

b
[1 %]
[1 %]
[2 %]
[3 %]
[3 ]

b
[1 %]
[2 %]
[11%]
[1 %]

Genus

1g(8%)
lg(4-2)
19(8%)
l9(8%)
19(82)

19(2- 2 2)

I19(8%)
I19(8%)

11(97)
12(97)
14(97)
15(97)
16(3%7)
17(97)

I1,(5 -2)
Il 5(5* - 2)

(5™ - 2)
1,(5* - 2)

I,(5 -2)

01

2% -

N

S SR S N
e =

N N N DN

N D D N DN

"02

R = = T = =N U SR

e e



Name

11,
115
115
11,
115
11¢
11%
117

12,
12,
12
124
12,
12
12
12¢
12
12
1237
124,

Shape

11,4
(3'4),
A 22,

A,A,66,
A, 55,
D444
Ee33;
Ag77;

12,
(4%4);
A14,6,
A312,
A36,
A312,
A3A;6,
D412,
D4A16;
D512,
Ds4,12,
AsA,4,
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Table 1 (cont'd)

Glue

b

b
[1 ¥]
[1 1 %]
[1 ¥s]
[1 %]
[1 %]
[2 ]

b
b
[1 % %]
[11%]
[111%]
[2 %]
[21%]
[2 %]
[21%]
[2 %]
[1 %2 %]
[31%]

Genus

11(11%)
12(117)
Il 5(117)
l4(117)
I5(117%)
Il g(11%)
17(11%)
I7(117)

I14(3" -42)

I, (3"
13(3”

.22-)
- 47)

5(3* - 4%)

1 4(3”
Il (3"

15(3"

.22)
- 2-2)
- 4,)

Il5(3* - 4%)

l6(3~

TNEN
,(3"
l,(3*

-2 2)
.22+)
- 4.)
- 4.)

(@]
[

2

N N N N N NN NMNDN

e

N N T T e

N T = T = T e =N (o
N

W N



Name

12-,
12y
12,
127

(3" - 2%)g

(37 - 2%)g

(3-2-2)
124
13,
13,
133
13;
13,
13¢
135
13,

144
14,
145
145

Shape

DsA;6;
Dgl2;
A;24,

Eg3112;

AsA}

DgA161

DsA$12,;
D;12;

13,
A;26;
A,39;

A1(3'9);
A352;

A4A71130;
As578,

D5(7%8),

144
(3'5),
AsA;28,
A470,

-42 -

Table 1 (cont'd)

Glue

[2 1 %]
[2 %]
[2 ¥4]
[1 s %]

[3111

[2 1%]

[11 1%]

[2 %]

b

[1 %]
[1 %]
[1 % %]
[1 %]
[2 1 0]
[1 %]
[1 % %]

b

b
[11%]
[2 ¥]

Genus J1 -
1,(37 -4.) 22 -
I1,(3% - 4%) 22 -
lg(3™ - 44) 2
(3 -4.) 2-
1g(3" - 22) 2
(3™ - 22) 22 -
1g(3*-2-2) 2

Ng(3*-2-2) 22
1,(13"%) 2
1,(137) 2
13(13"%) 2
13(137) 2
1 4(13"%) 2
16(13") 2
16(137) 2
1,(137) 2-

I1,(7% - 2) 2
1,(77 - 2) 2
15(7% - 2) 2
5(7" - 2) 2

T e e =

e e



Name
(14")7
(147)7

145
145
14g

15,
155
15,5~
15,
15¢
154
158
155"
154~
157"

Shape

Dgldq
AsA142,
Eg42,
Ag71144
Dg(3'5),

15,
A;30;
(4'4),

A2 (6%9),
A315,
A510,

D4(8%8);
D560,
Ag105,

Ag6,15;

16,
(4%5),

(371371371,

A316,
A,48,
A, (4%13),
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Table 1 (cont'd)
Glue

[1 %]
[2 1 %]
[1 %]
[2 % %]
[1 %2 %]

>
[1 %]

>
[1 vs %]
[11%]

[3 ]
[1%0,30%)]
[1 %]

[1 ]

[1 vz %]

1>

1>

1>
[11%]
[1 %]
[1 % %]

Genus

1,(7% -
(7"
(7"
lg (7"
lg(7~

1,1(5 -
Il,(5"
,(5 -
I 4(5" -
I5(5 -
e(5
lg(5% -
lg(5 -
l,(5% -
17(5 -

2)

- 2)

- 2)

- 2)
- 2)

37)

.3+)

37)
37)
3%)
3%)
3%)
37)
37)
37)

I1,(16%)
12(165)
13(4%7)
13(165)
Il 5(167)
1, (16%)

01

N

NONNDNN
N N =

b PN s e P

T

=



Name

1654
(4-4),
1615
16;5
167¢
(4%)s
(4-2%)s
1616
165 ¢
1656
164
(44 - 44)6
(4+ - 4-)s
(2%)6
1657
1675
1657
167,
(8-2)7
(4%%)7
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Table 1 (cont'd)

Shape Glue
A316, [2 ]
Af4% [1 1% %]
D416, [2 ]
A480, [1 %]

A,A%48; [11 1]

A4 [2 %2 %]

A4, [1111%]
As(#21),  [2% %]
Az A,48; [2 1 %]
D516, [2 %]
A524, [2 %]
D441 [2 %2 %]

A3A%4, [211%]

A$ 111111

D16, [2 ]
Ag112; [3 7]
A,A%80; [2 1 1]
D4A,48; [2 1 %]
As(4°7); [2 43 %]

A344 [2 2 %]

Genus J1
l,(16;) 2%~
l.(4_-4.) 22
Is(16;) 2%~
Il5(167) 2
15(160) 2
15(4°%) 23 -
ls(4- -2%2) 2-
lg(167) 22~
| 6(16%) 22 .
lg(167) 22~
le(8.:2) 2
lg(44 - 4,) 23
(4, -4_) 22

l5(2%) 1-
I,(167)  2°-
Il 7(16") 2
17(164) 2
1,(162) 22 -
1,(8,-2) 22
I, (4%%) 23 .

" 02

41
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Name

(4%27)7
(4-2%)7
(4-2-2);

17,
175
17,
175
175
17,
175
176

18,
184
18,
18
18¢

19,
195
19;

Table 1 (cont'd)

Shape

D545
Az At
D,A?4,

174
A,1344
(3'6),

A1(5'7),
A368;
A,A11024
A3(8%9);
A4A11704

18,
A1(4%10),
A,3,18;
A36,12;
A4(7113),

19;
(415),
A,38;

=45 -

Glue

[2 % %]
211117
[211%]

b
[1 %]
b
[1 % %]
[1 %]
[11%]
[1 % %]
[1 1 %]

b
[10 %]
[1 ¥ %]
[1 ¥2 %]
[2 %5 %]

b
12
[1 %]

Genus

17(47)
17(4, - 2%)
1,(4-22)

1,(17")
1,(17%)
1,(177)
15(177)
14(177)
Il 4(177)
I5(17")
16(177)

11,(9” - 2)
13(9% - 2)
14(97 - 2)
15(3°7 - 2)
16(9% - 2)
1,(19%)

1,(19%)
Il ,(197)

N

N N DN

N DN D D D D NMNDN

" 02

41
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Name

193
193
19,
195

20,
205
204
205
204
203
20y

(5% - 2%),4

(57 - 22),

(20,)5
(20*)
(207)¥
(20.)5

(5-2-2)g

(5 4)%
(5 2%)%

Shape

A;(3%13),
A,57,
A%(8%10),
A,95;

20,
(3'7),
(4%6),

(313131),
A%20,
A14,10,
AL (3'7),
A320,
A310,
A34,20,
D420,
A3A;10;
A,A;14,30;
A3(3'7);
D4(3'7),
A,A330;
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Table 1 (cont'd)

Glue

[1 % %]
[1 %]

[11% 0,10 0%)]

[2 %]
>
>
>
>
[11%]
[1 % %]
[1 1% %]
[2 %]
[111%]
[1 % %]
[2 %]
[2 1%]
[1 1% %]
[2 % %]

[2 %, 1]
[11 1 1%]

Genus

153(19%)
13(197)
14(197)
15(19")

1,(5% - 47)
1,(57 - 42)

(5% - 2_-2_)

13(57 - 2%)
l15(5% - 4%)
Il 3(5 - 42)
14(57 - 45)
Il 4(5% - 22%)
(5~ -227)
I5(5" - 44)
Il5(5" - 4%)
I15(5™ - 4%)
15(5% - 4.)

15(5™ -2_-2.)

(5~ - 4.)
le(5% - 22)

J1 092

N ONNN
N e

N DN
=

N
N N

2 3!

N
N
T

2 3!



22,
224

Shape

A3 A220,
D520,
D4A;10;

21,
(5°5)2
Aq42,

(3131393

A%(10%10),

A384,

A,105;

Ag14,
A3A;16,28;
A5A,42,
A,(6%19),
Ag(9%15),
As(3'5),
D5 (8%11),

22,
A1(6°8),
A,66,
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Table 1 (cont'd)
Glue

[11 1%]
[2 %]
[21%]

>
>
[1 %]
>
[10%0,010%)]
[1 ]
[1 %]

[3 2]
[110%, 21% 0]
[11 1%]

[1 25 ¥s]

[1 ¥z %]

[3 ¥z %]

[1 va ]

>
[1 % %]
[1 %]

Genus

l6(5% -2 2)
(5% -2, - 24)
(5™ -2_-2.)

11(77 - 37)
1,(7% -37)
l2(7" -37)
13(7" - 37)
l4(7% - 3%)
4(77 -3%)
ls(7" -37)
lg(7F -37)
lg(7% - 37)
l6(77 - 37)
le(7" -37)
1,(7% - 3%)
I7(77 -3")
I7(7" -37)
I1,(11° - 2)
13(117 - 2)
3(117 - 2)

01
2.
2% -

" 02
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Table 1 (cont'd)
Name Shape Glue Genus

22,  A,(7%10), [1¥% %] 14(11" - 2)
225 AzA144;  [11v] llg(11* - 2)
22¢ As33; [2 ¥:] lg(11* - 2)
2%  A4(3'137), [1lws2s]  1g(11 - 2)

23, 23, o) 1,(23%)

01

N N N DN

N N



134

144
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Table 2.
Lattices

A17A1[3 1] OD1oE;A;[110, 30 1] OA3[1 3] ODE[(21 1)]

A11A5[2 2] OAgE15:[2 1 ¥is]

D13121[1 %], A;;A3[31] OE;Dg6,[110, 03%], DgD512;[12 0, 33 4]
D12, A1131[4 %], A11121[2 %], E;D4A; [11 1] OD§[1 1], DgD4[1 1]

D1120[1 %], D1pA;104[11 0, 30%] OEgDg60;[1 1 %],
DgA320,[320, 11 %]

D1064[1 %], DgA264[1110,201%],E;A312;[1 1%] ODgAs[1 3]

A11211[2 %] ODgA1(6210),[0 1 0%, 11 % %] OE7A4704[1 1 %] O
DgAs42,[33 0, 12 %], D1gA;144[11 0, 30%] OA;9A;154,[3 1%2] O
AgA,210;[3 1 %] OE;A3A128,[1210 01 1%]

Dg81[2 %] O Dg(3'3),[1 %2 %] , E;A1(3'3),[1 1% %], A;A3[4 2] ,
EgA324, [12 %], DgAzAL[12 1]

Ag OE-181[1 %], D7361[1 %], A772,[3 %], Dg6%[1 %2 0, 30 %]
Ag, E7(426),[1 0%] ODgA23041[1 1 %], A7A;404[3 1 %]
E;22,[1 %] ODg(6%8),[1% 0, 20%] , AgA;1541[3 1 %]

Dgl2,[1 %], Dg12;[2 %], E7A112;[1 1 %] OA5A3A1[32 1] ,E74,64[1 % %] ,
D;A161[2 1 %], A7(4%7),[2 % %], Eg31(4%4),[1 % ¥ %], DgA14,64[11%0,210%],
DgA14161[11%0,21%%], DgA312;[1 2 %]

E,26,[1 %] DEqA,78;[11%],D752;[1 %] ODsA,1564 [1 1] ,
Eg(5'8),[1 ¥ %]

D7A;128;[1 1%], D7(6%10),[1 % %] OD5A,A;84,[1 1 1] ,
DgA1(4%8)5[11%0,20 0]



15¢

164

17,

18,

19¢
20,

214

22,
23,

-850 -

Table 2 (cont'd)
Lattices
E;30,[1 %] OA5A»30,[3 1%], Dg67104[1 %20, 30%], AgA1210.[2 1 4] ,
D5A16420.[11 0%, 21%0]

D,167[2 v2], A781[4 %], Eg(8%*8),[1 % %] ,DgA181[11%:], Dgds[2 % %] O
DsA%4,[2 1 1%], Ag(4229),[2 3 %], D5A,48,[2 1 %], AsAZ24,[2 1 1%] ,
D4A34,[22%], D4Af[2 1111, AjA380,[2 2%0], AZAZ[22 1 1]

Eg511[1 %] OD5(323)5[1 ¥ %] , A4A»255;[1 1 %]

Dg181[1 %] 0Ag126,[2 %], DsA;361[1 1 %] , A56118;[1 ¥ %] ,
D4A16%[11%0,310%]

Dg764[1 %] OAg114;[1 %], Ag(9211), [1 % %], AzA»228;[1 1 %]

Eg60,[1 %] ODgA;10;,[2 1 %] ,Dg204[2 %], D5(317), [2 %2 %2], Dg(8%12),[1 ¥2 %] ,
AsA;1601[1 1 %], A320,[2 1 %], A3A,A;1307[2 1 1%]

D7841[1 %] OD4A,(12024),[1 1% %, 20 0%] , Eg31214[1 %2 %] O
AsA16142:[1 1% %, 01 0%], Eg6142; [1 %2 %] OE742,[1 %], Dg67147[1%0,30%] O
A4A3420,[2 1 %x], Dg(10%10),[1 %0, 30 %], D5(5%4157 1) 5[1 va v2 %]

Dg22,[1 %] OD4A1(6%°8)5[1 1% 0,20 0%] ,As154,[1 %], AgA1(14%16),[1 1 Y10 %10]
A146,[1 %] O(4'6),, (3'8),
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