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Abstract — A preliminary report on our investigations
into the existenceof spherical t-designson the unit sphere

 4 in 4-dimensionalEuclidean space.Tablesare given of
the putatively best t-designswith up to 100 points. Some
general constructionsare proposedand explicit construc-
tions aregiven for N -point strength t designswith N = 4p
and t = minf p � 1; 5g, N = 6p and t = minf p � 1; 7g, and
N = 12p and t = minf p � 1; 11g, for all p � 1.

I . INTRODUCTION

Sphericalt-designshave receiveda greatdealof attention
in recentyears.They werethesubjectof a conferenceat the
University of Geneva in October2002, organizedby Pierre
dela Harpe,andtherewasaspecialsessiononsphericalcodes
anddesignsat theannualmeetingof theAmericanMathemat-
ical Societyin Baltimorein January2003,organizedby Béla
BajnokandN.J.A.S.

Beginning in theearly1990's, the �rst two authorscarried
out a systematicsearchfor solutionsto many versionsof the
problemof �nding the “best” way to placeN pointson the
unit sphere
 n in n-dimensionalEuclideanspace,concentrat-
ing on up to about100 points in three,four and sometimes
� ve dimensions. We originally consideredjust the packing
problem,but the algorithmseemedto performwell on other
problems,so we also tackledthe covering, minimal energy
andmaximalvolumeproblems,thesphericalt-designproblem
andtheproblemof constructingoptimalexperimentaldesigns.
Wealsomodi�ed thealgorithmto computeclustersof spheres
with minimal secondmomentabouttheir centroid,isometric
embeddingsandpackingsin Grassmannianspaces.

Somepartsof this work have beendescribedin [14], [15],
[16], [17], [18], [28], andtablescontainingmany of theresults
canbefoundon N.J.A.S.'s homepage[27]. Thealgorithmwe
usedwasa modi�cation of the“patternsearch”of Hookeand
Jeeves[20]. It hasbeendescribedin ourearlierpapersandwe
will saynomoreaboutit here.

Of courseour computerprogramjust producesnumerical
coordinatesfor the pointsP1; : : : ; PN , typically speci�ed to
12 decimalplaces. If we want to prove theoremsaboutthe
results(ratherthanjust to usethem),wemustshow (for exam-
ple) that thereis a sphericalt-designin the neighborhoodof
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thenumericalpoints.Wewill saymoreaboutthis “beauti�ca-
tion” processlater.

Thepurposeof thepresentpaperis to giveapreliminaryre-
port (in SectionIII) on thesearchfor sphericaldesignsin four
dimensions.In SectionIV wepresentsomenew constructions
for four-dimensionaldesignsthat emergedfrom the beauti�-
cationprocess.Full detailswill bepublishedelsewhere.

I I . SPHERICAL t -DESIGNS

We give � veequivalentde�nitions.

(D1) A set of N points f P1; : : : ; PN g on the unit sphere

 n = Sn−1 = f x = (x1; : : : ; xn ) 2

� n : x � x = 1g formsa
sphericalt-designif theidentity

∫


 n

f (x)d� (x) =
1
N

N
∑

i =1

f (Pi ) (1)

holds for all polynomialsf of degree� t, where� is uni-
form measureon thespherenormalizedto have total measure
1 ([10]; [12]; [9, x3.2]).

Of coursea t-designis alsoa t ′-designfor all t ′ � t . The
largest t for which the points form a t-designis called the
strengthof thedesign.

It is known that if N is largeenoughthena t-designin 
 n

alwaysexists([25]). Theproblemis to �nd thesmallestvalue
of N for a given strengthanddimension,or equivalently to
�nd the largeststrengtht thatcanbeachievedwith N points
in 
 n .

(D2) P1; : : : ; PN is asphericalt-designif andonly if

N
∑

i =1

f (Pi ) = 0 (2)

for all harmonicpolynomialsf of degreesfrom 1 to t. (f is
harmonicif theLaplacian

� f =
n
∑

j =1

@2f
@x2

j

vanishes.)
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(D3) P1; : : : ; PN is a sphericalt-designif andonly if

N
∑

i =1

f (PT
i ) =

N
∑

i =1

f (Pi ) (3)

for all polynomialsf of degreesfrom 1 to t andall orthogonal
transformationsT 2 O(n;

�
).

(D4) For � 2 [� 1; 1], let A � bethenumberof orderedpairs
(i; j ) suchthatPi � Pj = � . Thenumbersf A � g arethedis-
tancedistribution of thedesign.Thenthe Gegenbauertrans-
form

∑

�

A � Qk (� ) � 0 for all k; (4)

andP1; : : : ; PN is a sphericalt-designif andonly if equality
holdsin (4) for all k = 1; : : : ; t. TheQk (x) areGegenbauer
or ultrasphericalpolynomialsde�ned by therecurrence

Q0 = 1; Q1 = nx;

� k+1 Qk+1 = xQk � (1 � � k−1)Qk−1 ;

where� k = k=(n + 2k � 2).
Theinequalities(4)arethebasisfor thelinearprogramming

boundfor sphericaldesigns.

(D5) P1; : : : ; PN formsasphericalt-designif andonly if the
polynomialidentities

1
N

N
∑

i =1

(Pi � x)2s =





s−1
∏

j =0

2j + 1
2j + n



 (x � x)s ; (5)

and
1
N

N
∑

i =1

(Pi � x)2s+1 = 0 ;

hold, wheres ands arede�ned by f 2s;2s + 1g = f t � 1; tg
([12]; [23, p. 114], [24]).

Spherical t-designsfr om groups. Let G be a �nite sub-
group of O(n;

�
). Considerthe ring R of polynomialsin

x1; : : : ; xn thatareinvariantunderG, ignoring the trivial in-
variantx2

1 + � � � + x2
n . If Rj is the linearsubspaceof R con-

sistingof homogeneousinvariantsof degreej , thenthedimen-
sionsdj = dim Rj aregivenby theMolien series

� G (� ) =
1

jGj

∑

T∈G

1 � � 2

det(I � �T )
=
∞
∑

j =0

dj � j : (6)

Let P = f P1; : : : ; PN g beaunionof m orbitsunderG (not
necessarilyall of thesamesize).Therearem(n � 1) degrees
of freedomin choosingP.

Then P is a sphericalt-designif andonly if the average
of f over P is equalto theaverageof f over 
 n for all f 2
R1 [ R2 [ � � � [ Rt [11], [13], [19]. This imposesa total of
et = d1 + � � � + dt conditionsonP. Soif m(n � 1) � et , we
mayhopethatwe canchoosetheorbitsto form a t-design.

In particular, supposethatd1 = � � � = dt = 0 for somet.
Thentherearenoconditionsto besatis�ed,andsoeveryorbit

underG is a t-design.(This resultseemsto bedueto Sobolev
[29], cf. [9].)

Furthermore,if dt +1 = 1, and  is the unique (up to
scalars)invariantof degreem, thentheorbit of any realzero
of  is at leasta (t + 1)-design.

I I I . FOUR DIMENSIONS

Table1 givesour lower boundsfor � 4(N ). The third col-
umn gives the orderof the largestsymmetrygroupwe have
found for a designwith the speci�ed strength. Bold entries
indicatewhere� 4(N ) appearsto exceed� 4(k) for all k < N .

Noteson Table 1. (i) For eachentry in the table we have
a numericalapproximationto theclaimeddesign;that is, nu-
mericalcoordinatesfor pointssuchthat themagnitudeof the
differencebetweenthe left andright sidesof (5) is lessthan
10−8. Thesedesignswill beplacedon N.J.A.S.'s homepage
[27].

(ii) The entrieswith N � 20, 24, 48 and120wereprevi-
ously known to exist (Mimura [21], Bajnok [2], [3], Hardin
andSloane[14], Delsarte,GoethalsandSeidel[10]); andthe
entrieswith N = 21� 23 and25, 26, 27, 31 werepreviously
conjecturedto exist [14].

(iii) In the presentinvestigationthe entrieswith N = 21,
26, 28, 32, 36, 39, 40, 42, 44, 52, 54, 60, 65, 66, 72, 78, 84, 90
havebeenbeauti�ed(andsoshown to exist).

(iv) Many entriesstill have not yet beenbeauti�ed, for ex-
amplethosewith N = 22; 23; : : : ; 30; : : : points,and espe-
cially theputative8-designwith N = 96 points.(Thebiggest
groupwe have foundfor sucha designhasorderonly 6, with
16orbits,which leavestoomany unknown parametersfor our
presentbeauti�cationmethodsto handle.)

(v) For de�nitions of orthoplex, diplo-simplex, etc.,see[8].
(vi) This is only a preliminary versionof the table. It is

possiblethat someentries— especiallythe grouporders—
maychangein the�nal version.

The datain Table1 canbe summarizedasfollows. It ap-
pearsthatsphericaldesignsin four dimensionswith strengtht
andN pointsexist if andonly if:

t N
2 � 5
3 8; � 10
4 � 20
5 24; 28; 30; � 32
6 42; 48; � 50
7 48; 54; 56; 60; 62; 64; 66; � 68
8 � 96

� � � � � �

For t = 2 this is known to be true from thework of Mimura
[21], and for t = 3 from Bajnok [2], [3] andBoyvalenkov,
Danev andNikova[4]. For t � 4 theseareonly conjectures.

Examples. Our beauti�cationtechniquebeginsby comput-
ing thedistancedistributionof thepoints,their apparentauto-
morphismgroupandits orbitson thepoints.

For small numbersof pointsthis is oftenenoughto reveal
thestructureimmediately.



7 points, strength 2. Thegrouphasorder14 andactstran-
sitively on thepoints.By a suitablechangeof coordinateswe
canmake thegeneratorsfor thegrouplook like









cos� 1 sin � 1 0 0
� sin � 1 cos� 1 0 0

0 0 cos� 2 sin � 2

0 0 � sin � 2 cos� 2









(7)

anddiagf 1; � 1; 1; � 1g, where� 1 = 2� =7, � 2 = 4� =7. This
transformationalsobeauti�esthepoints,whichbecome

1
p

2
(cosj � ; sin j � ; cos2j � ; sin2j � )

(j = 0; : : : ; 6). We may specifythis designmoresimply as
f (! j ; ! 2j ), j = 0; : : : ; 6g, where! = e2� i= 7, which is how it
is listed in Table1. Oncewe have thesesimplecoordinatesit
is straightforward to usea symbolicalgebrapackagesuchas
Maple[6] to verify thatthestrengthis asclaimed.

Of coursethis designhasbeenknown for a long time, but
wehavedescribedtheprocessin detailto illustratethebeauti-
�cation technique.

Thedesignsfor N = 9 and13areof thesametype.

20 points, strength 4. This wasalreadybeauti�ed in [14].
Thepointsconsistof theorbit of a singlepoint (a; b;c;d) un-
der a certaingroupof order20. The equationsthat a; b;c;d
must satisfy are given in [14]. At that time we found that
a; b;c;d wererootsof integral polynomialsof degree72. We
have now found that thesepolynomialscanbe factored,and
so a simpler descriptionis possible. It turns out that c =
� 0:4594335: : : is a root of the following polynomialof de-
gree20overQ[

p
3]:

1019215872x20 � 2548039680x18

+849346560x18
p

3 + 3609722880x16

� 1804861440x16
p

3 � 3185049600x14

+1769472000x14
p

3 + 1761177600x12

� 1006387200x12
p

3 � 608587776x10

+350631936x10
p

3 + 128240640x8

� 74108160x8
p

3 � 15465600x6

+8950080x6
p

3 + 930300x4

� 538800x4
p

3 � 20100x2

+11650x2
p

3 � 63+ 36
p

3 ;

anda; b and d are rootsof similar polynomialsof the same
degree.

A different20-point4-designwill begivenin SectionV.

21 points, strength 4. The group of this design is the
sameas the group of the above 7-point design. The 21
pointsfall into two orbits,with representatives(u; v; w; x) and
(y; 0; z; 0) (say),whoseapproximatevaluesare

(0:01210: : : ; � 0:83898: : : ; � 0:04657: : : ; � 0:54202: : :)

and
(0:30292: : : ; 0; � 0:95301: : : ; 0) :

After a considerableamountof simpli�cation we �nd thatthe
following equationsmustbesatis�edfor this to bea4-design:

u2 + v2 + w2 + x2 = y2 + z2 = 1;

u2 + v2 =
1
4

(3 � 2y2) ;

(u2 + v2)2 =
1
2

(1 � y4) ;

(u2 + v2)(w2 + x2) =
1
4

(1 � 2y2z2) ;

(w2 + x2)2 =
1
2

(1 � z4) ;

2w(u2 � v2) + 4uvx = � y2z ;
6wx(ux + vw) � 2uw3 � 2vx3 = � yz3 :

Theseimply
12y4 � 12y2 + 1 = 0;

u2 + v2 =
1
2

+
1

2
p

6
;

and�nally thatu is a root of theirreduciblepolynomial

370064301985047250503374330658816000000u56

� 2590450113895330753523620314611712000000u54

+8499914436219054034999379157319680000000u52

� 17391094775057715319228888466325504000000u50

+24899387662279537368324714887380992000000u48

� 26538129846554061588093258386374656000000u46

+21869812340899414041740569007357952000000u44

� 14288148063124617412183158428054467903488u42

+7528498207750245383367572061822929338368u40

� 3237480950055173571219844766822842761216u38

+1145499747167940743157516608475821506560u36

� 335215964942931989772955061161455255552u34

+81357491663702586946618517659406303232u32

� 16386240716737992044502246170623475712u30

+2734899456377829726261221866315186176u28

� 376908341370344979393267774145953792u26

+42638421653218179958830238871322624u24

� 3925374570079154331047708023848960u22

+290546738656133501034283042603008u20

� 17003134241759862086722092269568u18

+768504591189193729587321765888u16

� 25936049223509962319342862336u14

+620859209067240422756843520u12

� 9680230988740463748710400u10

+83470588537572204192000u8

� 264480246652176979200u6

+139741070071159200u4

� 24494390617200u2

+1383468025:

IV. A NEW CONSTRUCTION

Themostinterestingexamplethatwe beauti�edwasthe6-
designin 
 4 with 42 points. This turnedout to consistof six
heptagons,eachin a differentplane,with a groupof order42
actingtransitively on the42 points.Or, to put it anotherway:
the computer-produceddesignwas suggestingto us that we



shouldchoosesix planesin
� 4 , i.e. six points in the Grass-

mannmanifoldG(4; 2), anddraw a heptagonin eachplane.
This wasanappealingidea,in view of the recentwork on

�nding packingsanddesignsin Grassmannmanifolds(cf. [1],
[5], [7], [26])! It immediatelysuggesteda generalconstruc-
tion.

Informally stated,we take a “nice” setof M planesin
� 4 ,

draw a regularp-gonin eachplanefor a givenvalueof p, ob-
taining a set of N = M p points that will form a spherical
t-designfor somet (possibly0).

Thefollowing aretwo morepreciseversions.

Construction 1. Fix integersM andp, andlet � = 2� =p.
Let � i (i = 1; : : : ; M ) be a planein

� 4 spannedby a pair
of orthogonalvectorsui , vi , andlet � 1; : : : ; � M 2 [0; 2� ) be
phaseangles.Thenthedesignconsistsof theN = M p points

f cos(j � + � i )ui + sin(j � + � i )vi : 0 � j < p; 1 � i � M g:
(8)

Construction 2. Fix integersM andp, andlet � = 2� =p.
For i = 1; : : : ; M let � i = hui ; vi i , � ′i = hwi ; x i i be a pair
of perpendicularplanesin

� 4 , wheref ui ; vi ; wi ; x i g is a co-
ordinateframe,let � 1; : : : ; � M 2 [0; 2� ) bephaseangles,and
let k1; : : : ; kM be integers. Then the designconsistsof the
N = M p points

f cos(j � + � i )ui + sin(j � + � i )vi

+ cos(j ki � + � i )wi + sin(j ki � + � i )x i :

0 � j < p; 1 � i � M g: (9)

The �rst constructiongeneralizesthe 42-pointdesignand
thesecondconstructiongeneralizesthe7-, 9- and13-pointde-
signs(andothers).

Wearefar from completingour investigationsof thesecon-
structions.At presentthreeconcreteexampleshave emerged,
applicationsof Construction1 with all phaseangles� i setto 0.
(Therearealsosimplerapplicationsof Construction1 usinga
pair of planesto obtain3-designs,which we will not describe
here.)

Theorem1 Let � 1; : : : ; � 4 betheplaneswith generator ma-
trices

[

1 0 0 0
0 s s s

]

;
[

0 1 0 0
s 0 s � s

]

;

[

0 0 1 0
s � s 0 s

]

;
[

0 0 0 1
s s � s 0

]

;

where s = 1=
p

3. Then(8) (with all � i = 0) formsa 4p-point
sphericalt-designwith t = minf p � 1; 5g.

Theorem1 yieldsthefollowing t-designs:

p 2 3 4 5 6 7 8 9 10 11 12 � � �
N 8 121620 24 28 32 36 40 44 48 � � �
t 3 2 3 4 5 5 5 5 5 5 5 � � �
group 3841896151152211922724033288� � �

Notes. (i) p = 2 gives the orthoplex, which has higher
strengththanwasguaranteedby thetheorem.(ii) p = 5 gives
a simplerconstructionfor a 20-point4-designthantheonein
[14]. (iii) p = 6 givesthe24-cell. (iv) Thedesignsareantipo-
dal if andonly if p is even,andthis is re�ectedin thefactthat
thedesignswith p oddhavemuchsmallergroups.

Theorem2 Let � 1; : : : ; � 6 betheplaneswith generator ma-
trices

[

1 0 0 0
0 1 0 0

]

;
[

0 0 1 0
0 0 0 1

]

;

[

s 0 � h h
0 s � h � h

]

;
[

� h h s 0
� h � h 0 s

]

;

[

� s 0 � h � h
0 � s h � h

]

;
[

� h � h � s 0
h � h 0 � s

]

;

where now s = 1=
p

2, h = 1=2. Then(8) (with all � i = 0)
formsa 6p-point t-designwith t = minf p � 1; 7g.

Theorem2 yieldsthefollowing t-designs:

p 2 3 4 5 6 7 8 9 10 11 12 � � �
N 12 18 24 30 36 42 48 54 60 66 72 � � �
t 1 2 3 4 5 6 7 7 7 7 7 � � �

group 2436∗ 128∗ 30144∗ 4223045412066192∗ � � �

Notes. (i) The starredgroup orderswere obtainedusing a
slightly differentsetof six planes.(ii) p = 6 is the42-point
designthatthecomputerfound. (iii) p = 8 givesthe48-point
designformedfrom two copiesof the24-cell. Its groupis the
Clifford groupC(2) from [22].

We remindthereaderthatthereis a canonicalway to spec-
ify a plane� in

� 4 by a pair of points(l ; r ) 2 
 3 � 
 3 (see
[7], Theorem1). A setof M planesis describedby a “binoc-
ular sphericalcode” f (l i ; r i ) 2 
 3 � 
 3 : i = 1; : : : ; M g.
Thesetsof planesusedin Theorems1 and2 correspondto the
binocularsphericalcodesf point � tetrahedrong andf point �
octahedrong. Thethird theoremis anaturalcontinuation:

Theorem3 ByusingtheM = 12planesdescribedby f point
� icosahedrong we obtain from (8) a 12p-point sphericalt-
designwith t = minf p � 1; 11g.

Theorem3 yieldsthefollowing t-designs:

p 6 7 8 9 10 11 12 13 14 15 � � �
N 728496108120132144156168180� � �
t 5 6 7 8 9 10 11 11 11 11 � � �

group 242832 36 40 44 48 52 56 60 � � �

Theorems1–3 are establishedby computingthe distance
distribution of the designand working out its Gegenbauer
transform(cf. (4)). Thisissimpli�ed by thefactthattheplanes
in thethreetheoremsform isoclinic sets(cf. [7]). Detailsare
postponedto thefull versionof this paper.
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Table1: Conjecturedvaluesof � 4(N ), thelargestt for which anN -point con�gurationon thespherein 4 dimensionsformsa
sphericalt-design.

N � 4(N ) Group Remarks
1 0 ∞ single point
2 1 ∞ two antipodal points
3 1 ∞ equilateral triangle
4 1 48 tetrahedron
5 2 120 regular simplex
6 2 72 join of 2 triangles
7 2 14 {(! j ; ! 2j )}
8 3 384 orthoplex
9 2 72 {(! j ; ! k )}
10 3 240 diplo-simplex
11 3 22
12 3 288 join of 2 hexagons
13 3 52 {(! j ; ! 5j )}
14 3 392
15 3 60
16 3 512 join of 2 octagons
17 3 68
18 3 648
19 3 48
20 4 20 Theorem 1; [14]
21 4 14
22 4 6
23 4 6
24 5 1152 24-cell
25 4 20
26 4 52
27 4 18
28 5 28 Theorem 1
29 4 8
30 5 40
31 4 12
32 5 192 Theorem 1
33 5 6
34 5 12
35 5 10
36 5 144 Theorem 1
37 5 12
38 5 48
39 5 26
40 5 240 Theorem 1
41 5 12
42 6 42 Theorem 2
43 5 12
44 5 96 Theorem 1
45 5 30
46 5 96
47 5 12
48 7 2304 two 24-cells
49 5 4
50 6 100
51 6 4

N � 4(N ) Group Remarks
52 6 52
53 6 6
54 7 54 Theorem 2
55 6 20
56 7 16
57 6 9
58 6 116
59 6 12
60 7 240 Theorem 2
61 6 8
62 7 8
63 6 18
64 7 256
65 6 52
66 7 66 Theorem 2
67 6 12
68 7 136
69 7 3
70 7 40
71 7 6
72 7 576 Theorem 2
73 7 6
74 7 16
75 7 6
76 7 38
77 7 22
78 7 52
79 7 8
80 7 256
81 7 36
82 7 164
83 7 12
84 7 144
85 7 34
86 7 24
87 7 18
88 7 128
89 7 12
90 7 180
91 7 52
92 7 48
93 7 36
94 7 96
95 7 38
96 8 6
97 8 1
98 8 4
99 8 11
100 8 20
· · · · · ·
120 11 14400 600-cell [10]


