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ABSTRA CT

If the number of runs in a (mixed-level) orthogonal array of strength 2 is speci�ed, what numbers

of levelsand factors are possible?The collection of possiblesetsof parametersfor orthogonal arrays

with N runs has a natural lattice structure, induced by the \expansive replacement" construction

method. In particular the dual atoms in this lattice are the most important parameter sets, since

any other parameter set for an N -run orthogonal array can be constructed from them. To get

a sensefor the number of dual atoms, and to begin to understand the lattice as a function of

N , we investigate the height and the size of the lattice. It is shown that the height is at most

bc(N � 1)c, where c = 1:4039: : :, and that there is an in�nite sequenceof values of N for which

this bound is attained. On the other hand, the number of nodesin the lattice is boundedabove by

a superpolynomial function of N (and superpolynomial growth doesoccur for certain sequencesof

valuesof N ). Using a new construction basedon \mixed spreads",all parameter setswith 64 runs

are determined. Four of these64-run orthogonal arrays appear to be new.
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1. In tro duction

Although mixed-level (or asymmetrical) orthogonal arrays have been the subject of a number of

papersin recent years(seeChapter 9 of Hedayat, Sloaneand Stufken, 1999,for references),it seems

fair to say that we know much lessabout them than about �xed-lev el orthogonal arrays (in which

all factors have the samenumber of levels). For example,there is no analoguefor mixed orthogonal

arrays of oneof the most powerful construction methods for �xed-lev el arrays, that basedon linear

codes(seeChapters 4 and 5 of Hedayat, Sloaneand Stufken, 1999).

Again, there are many instanceswherethe linear programming bound for �xed-lev el orthogonal

arrays gives the correct answer for the minimal number of runs neededfor a speci�ed number of

factors. There is a linear programming bound for mixed arrays (Sloaneand Stufken, 1996), but it

is lesse�ectiv e than in the �xed-lev el case| it ignorestoo much of the combinatorial nature of the

problem (especially when the levels involve more than one prime number), and, though generally

stronger than the Rao bound, doesnot give correct answers as often as in the �xed-lev el case.

A mixed orthogonal array OA(N ; sk1
1 sk2

2 � � � skv
v ; t) is an array of size N � k, where k = k1 +

k2 + � � � + kv is the total number of factors, in which the �rst k1 columns have symbols from

f 0; 1; : : : ; s1 � 1g, the next k2 columns have symbols from f 0; 1; : : : ; s2 � 1g, and so on, with the

property that in any N � t subarray every possiblet-tuple of symbols occurs an equal number of

times as a row. We usually assume2 � s1 < s2 < � � � and all ki � 1. Except in Section 5, only

arrays of strength 2 will be considered,and we will usually omit t from the symbol for the array.

We refer to (N ; sk1
1 sk2

2 : : :) as the parameter set for an OA(N ; sk1
1 sk2

2 : : :). We also allow the

parameter set (N ; 11), corresponding to the trivial array consisting of a single column of N 0's.

In this paper we consider the question: if N is speci�ed, how many di�eren t parameter sets are

possible?

Given an array A = OA(N ; sk1
1 sk2

2 : : :), other N -run arrays can beobtained from it by the expan-

sivereplacement method. Let S beoneof the si occurring in A, and supposeB is an OA(S; t l1
1 t l2

2 : : :).

The expansive replacement method replacesa single column of A at S levels by the rows of B .

For example, if A = OA(16; 2344) and B = OA(4; 23), we obtain an OA(16; 2643). If B is a trivial

array OA(S;11), we are simply deleting one of the S-level factors from A. E.g. taking S = 2,

an OA(24; 22041) trivially producesan OA(24; 21941). The expansive replacement method also in-

cludesreplacing a factor at s levels by a factor at s0 levels, if s0 divides s. For further details about

the expansive replacement method seeChapter 9 of Hedayat, Sloaneand Stufken, 1999.

Let A and B be parameter setsfor orthogonal arrays with N runs. We say that B is dominated
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by A if an orthogonal array with parameter set B can be obtained from an orthogonal array with

parameter set A by a sequenceof expansive replacements.

Using \dominance" as the relation, the parameter sets for orthogonal arrays with N runs form

a partially ordered set, which we denote by � N (Hedayat, Sloaneand Stufken, 1999p. 335).

� N has a unique maximal element (N ; N 1) (corresponding to the trivial array with one factor

at N levels) and a unique minimal element (N ; 11). It is straightforward to verify that meet (^ )

and join (_) are well-de�ned for this relation (we omit the proof), so � N is in fact a lattice (cf.

Welsh, 1976;Trotter, 1995).

If an OA(N ; sk1
1 sk2

2 : : :) exists, then necessarilywe must have:

(C1) si divides N , for all i ,

(C2) s2
i divides N , if ki � 2,

(C3) si sj divides N , if i 6= j ,

(C4) the Rao bound holds:

N � 1 � k1(s1 � 1) + k2(s2 � 1) + � � � ; (1)

(C5) the linear programming bound holds (seeSloaneand Stufken, 1996).

Theseconditions are certainly not su�cien t for an array to exist, and it appearsto be di�cult

to test if an orthogonal array does exist with a putativ e parameter set satisfying (C1){(C5). A

further di�cult y is that in order to construct � N it is necessaryto know � d for all proper divisors

d of N .

To avoid thesedi�culties we de�ne a secondlattice, the idealized lattice � 0
N : this has as nodes

all putativ e parameter setssatisfying (C1) to (C4), with the dominancerelation as before, except

that in the expansive replacement method we may now make useof any of the nodesof any � 0
d for

d dividing N .

Constructing � 0
N is much easier than constructing � N , since essentially all we need to do is

enumerate the solutions to (1). Of course� N is a sublattice of � 0
N .

To avoid having to repeat the adjective \putativ e", from now on we will use \parameter set"

to mean any symbol (N ; sk1
1 sk2

2 : : :) satisfying conditions (C1) to (C4). The parameter sets are

precisely the nodes of � 0
N . If a parameter set is also a node of � N then it is implied that an

OA(N ; sk1
1 sk2

2 : : :) doesexist, i.e. that the parameter set is realized by an orthogonal array.

It is convenient to represent � N and � 0
N by their Hassediagrams (cf. Welsh, 1976, p. 45).

These diagrams are drawn \from the bottom up", with (N ; 11) as the root node at the bottom
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(Figure 1 shows � 12 and � 0
12). The height of a parameter set is the number of edgesin the longest

path from that node to the root. A node of height i appearson the i th level of the diagram. The

height of the maximal element (N ; N 1) will be denoted by ht(N ).
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Figure 1: (Left) Lattice � 12, showing all (true) parameter setsfor 12-run orthogonal arrays. There
are 23 nodes,four dual atoms (circled) and the height is 12. (Right) Idealized lattice � 0

12, showing
all (putativ e) parameter sets satisfying conditions (C1){(C4). No arrays exist for the nine nodes
marked � . There are 32 nodes, four dual atoms (circled) and again the height is 12.

The atoms in � N (those nodesjust above the root) are precisely the parameter sets(N ; p1) for

the primes p dividing N .

The dual atoms in � N (those nodesjust below the maximal element) are especially interesting,

sincethey dominate all other parameter sets.

We can now state our main results.

Theorem 1. (i) For all N ,

ht(N ) � bc(N � 1)c ; (2)

where

c =
1X

i =0

1
22i � 1

= 1:4039: : : : (3)
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(ii) If N = 22m
(m � 0) then ht(N ) = bc(N � 1)c.

Let T(N ) (resp. T 0(N )) denote the total number of nodesin � N (resp. � 0
N ).

Theorem 2. If N = 2n ,

1
4

(log2 N )2(1 + o(1)) � log2 T(N ) �
3
8

(log2 N )2(1 + o(1)) : (4)

Theorem 3. There is a constant c1 such that for all N ,

ln ln T(N ) � c1
ln N

ln ln N
(1 + o(1)) : (5)

Remarks. (i) The bounds in (4) and (5) also apply to T 0(N ).

(ii) Theorem 2 shows that when N = 2n , T(N ) grows very roughly like N a log2 N , for some

constant a between 1
4 and 3

8 . This is a \sup erpolynomial" function of N , meaning that it grows

faster than any polynomial in N .

(iii) It appears(although we have not proved this) that the upper bound in (5) can be achieved

by taking N to be a certain product of powers of the �rst m primes, where m is about

1
2e

ln N
ln ln N

(see Section 7). In other words, it appears that there is an in�nite sequenceof values of N for

which T(N ) grows very roughly like

exp(N c2= ln ln N ) ;

where c2 is a constant. This is again a superpolynomial function of N , and is now closeto being

an exponential function, since ln ln N grows slowly.

The above discussionhas shown that there is an in�nite sequenceof valuesof N for which the

number of nodesin � N grows superpolynomially, while the height of � N grows at most linearly. It

follows that the sizeof the largest antichain must also grow superpolynomially. The data in Table

3 suggestthe following conjecture.

Conjecture. There is an in�nite sequence of values of N for which the number of dual atoms

grows superpolynomially in N .

In fact it seemslikely that if N = 2n , a lower bound of the form in (4) (possibly with a di�eren t

constant) applies to the logarithm of the number of dual atoms, and that for some sequenceof

values of N a lower bound similar to the upper bound on the right-hand side of (5) will hold.

However, at present theseare only conjectures.
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In order to construct the orthogonal arrays neededto establish the lower bound in Theorem 2

we make use of what we call \mixed spreads", generalizing the notions of \spread" and \partial

spread" from projective geometry. Arrays that can be constructed in this way we call \geometric".

Many familiar examplesof orthogonal arrays, for example arrays constructed from linear codes,

are geometric. The construction is not restricted to strength 2 (and is one of the few general

constructions we know of for mixed arrays of strength greater than 2). The construction will be

described in Section 5.

In Section6 we usethis construction to determine the lattice � 64, and in doing so we �nd tight

arrays with parameter sets

(64; 2541781); (64; 41483); (64; 2541084); (64; 4786);

which appear to be new.

When studying parameter sets of putativ e orthogonal arrays with N runs, it is convenient to

be able to say that if the number of degreesof freedomof the parameter set (N ; sk1
1 sk2

2 : : :), that is,

k1(s1 � 1) + k2(s2 � 1) + � � � ; (6)

is small comparedwith N � 1, then an orthogonal array certainly exists.

To make this precise,we de�ne the thresholdfunction B (N ) to be the maximum number b such

that every parameter set (satisfying conditions (C1) to (C4)) with at most b degreesof freedomis

realized by an orthogonal array, but someparameter set (again satisfying (C1) to (C4)) with b+ 1

degreesof freedomis not realized. If every parameter set satisfying (C1) to (C4) is realized,we set

B (N ) = N � 1.

Figure 1 shows that B (12) = 6, sincethere is no OA(12; 2531), but every parameter set with at

most 6 degreesof freedomis realized.

We are not aware of any earlier investigations of B (N ).

Theorem 4. If N is a power of a prime then

N 3=4 � B (N ) :

In words, if the number of degreesof freedom in the parameter set does not exceedN 3=4, then

an orthogonal array exists. This is certainly weak, but is enough to establish the lower bound of

Theorem 2. It would be nice to have more preciseestimatesfor B (N ).

A �nal remark. We could have consideredthe partially ordered set whose nodes are all the

inequivalent orthogonal arrays with N runs, rather than just their parameter sets. However, the
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number of nodes then becomesunmanageably large, even for small values of N (furthermore, it

appearsthat \meet" and \join" are no longer well-de�ned, and so in generalthis partially ordered

set would not be a lattice).

Consider N = 28, for example. Using Kimura's (1994a,1994b) enumeration of the Hadamard

matrices of order 28, we have calculated1 that there are precisely 7570inequivalent OA(28; 227)'s.

This would be merely a lower bound on the number of dual atoms. On the other hand we know

(seeTable 1) that � 28 has precisely four dual atoms, between47 and 55 nodes,and height 28.

11

2131

31

11

p1

21

� 6� p

(b)(a) 61

Figure 2: (a) � p and (b) � 6.

2. Examples of the lattices � N and � 0
N

There are a few general caseswhen we can describe � N explicitly (and for which � 0
N is the same

as � N ).

If N = p is a prime then � N = � 0
N has two nodes, one dual atom and height 1, as shown in

Fig. 2(a) (dual atoms are circled).

If N = pq is the product of two distinct primes, � N = � 0
N has �v e nodes, one dual atom and

height 3. � 6 is shown in Fig. 2(b).

More generally, if N is the product of u � 2 distinct primes, it is not di�cult to show that

� N = � 0
N has 2u� 1 � 1 dual atoms, height 2u � 1, and � u+1 nodes,where

f � 1; � 2; � 3; : : :g = f 1; 2; 5; 15; 52; : : :g

are the Bell numbers(seeSequenceA110 of Sloane,1999). Figure 3 shows � 30, illustrating the case

u = 3.

If N = p2 is the squareof a prime, � N = � 0
N has a single dual atom, OA(p2; pp+1 ), has height

p + 2 and contains p + 3 nodes. If N = p3 (p prime), � N = � 0
N also has a single dual atom,

1Using the method described on page 165 of Hedayat, Sloaneand Stufken (1999).
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Figure 3: The lattice � 30: there are � 4 = 15 nodes, three dual atoms (circled) and the height is 5.

OA(p3; (p)p2
(p2)1), has height p2 + p + 3 and contains 2p2 + p + 4 nodes. � 8 is shown in Fig. 4.

If N = p4 (p prime), � N = � 0
N has two dual atoms, OA(p4; (p2)p2+1 ) and OA(p4; (p)p3

(p3)1), has

height p3 + 2p2 + p + 3 and contains

1
2

(p5 + p4 + 5p3 + 5p2 + 2p + 10)

nodes.

For all valuesof N mentioned so far in this section, the threshold function B (N ) = N � 1.

If N is not of oneof the above forms then it seemsnecessaryto considereach caseindividually .

Table 1 summarizes the properties of � N for some small values of N . Here A(N ) denotes the

number of dual atoms in � N . Most of the entries in this table can be deducedfrom the tables in

Chapter 12 of Hedayat, Sloaneand Stufken (1999), except for N = 32 and 64, which are discussed

in Section 6.

N = 24 is the smallest casewhen we do not know the complete lattice � N . In � 24 the maximal

value of k that occurs in each of the parameter sets 2k31, 2k3141, 2k4161 and 2k61 is presently

unknown. For 2k31, for example,it is known only that an OA(24; 21631) exists,and an OA(24; 22131)

is impossibleby the linear programming bound. The number of dual atoms is in the range 4 to 7.
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Figure 4: The lattice � 8: 14 nodes,one dual atom, height 9.

It is possibleto show that the height of � 24 is 25, however: no chain can be longer than

241 | 22041 | 223 | 222 | 221 | � � � | 21 | 11 :

We also do not know � N for N = 28, 36, : : :.

The four sequencesin Table 1 are SequencesA39927, A39930, A39931 and A48893 of Sloane

(1999). The entries in that databasewill be updated as further valuesare determined.

We end this section with a remark about the nature of � N as a lattice. Sincenot all maximal

chains betweentwo nodesneedhave the samelength (seeFig. 1), � N doesnot in generalsatisfy the

Jordan-Dedekindchain condition (cf. Welsh,1976). It follows that � N is in generalnot distributiv e,

not semimodular, nor is it the lattice of a matroid.

3. The maxim um heigh t of � N

In this section we give the proof of Theorem 1.

Let � denote a speci�cation sk1
1 sk2

2 : : : of factors at various levels, leaving the number of runs

unspeci�ed. Given � , there is a smallest number of runs, N 0 say, for which an OA(N0; � ) exists.

Let h be the height of the parameter set (N0; � ) in � N0 . Then if the parameter set (N ; � ) occurs

in any other lattice � N , it also has height h. (E.g. the speci�cation � = 61 has height 3 in each of

Figs. 1, 2(b) and 3.) We may therefore de�ne ht(� ) to be h, independently of the number of runs.
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Table 1: For the lattice � N of parameter setsof orthogonal arrays with N runs, the table givesthe
number of dual atoms A(N ), the height ht(N ), the total number of nodesT(N ) and the threshold
function B (N ).

N A(N ) ht(N ) T(N ) B (N )
1 0 0 1 0
2 1 1 2 1
3 1 1 2 2
4 1 4 5 3
5 1 1 2 4
6 1 3 5 5
7 1 1 2 6
8 1 9 14 7
9 1 5 6 8

10 1 3 5 9
11 1 1 2 10
12 4 12 23 6
13 1 1 2 12
14 1 3 5 13
15 1 3 5 14
16 2 21 61 15
17 1 1 2 16
18 2 10 26 15

The height of � N , ht(N ), asde�ned in Section1 coincideswith ht(� ) when � = N 1. The height

function has the following additivit y property.

Lemma 5.

ht(sk1
1 sk2

2 : : :) = k1ht(s1) + k2ht(s2) + � � � : (7)

Pro of. If there is a single factor on the left-hand side, say s1 = s, k1 = 1, then (7) just says that

ht(s1) = ht(s), repeating the assertionmadeabove. Otherwise, more than one factor occurs in the

speci�cation � on the left-hand side of (7). Supposethe parameter set (N ; � ) occurs as a node in

some� N . The portion of � N consisting of this node and all nodesdominated by it is the product

in an obvious senseof k1 copiesof � s1 , k2 copiesof � s2 , etc. The height of (N ; � ) is the sum of the

heights of all thesesublattices, and (7) follows.

Lemma 5 reduces the calculation of ht(sk1
1 sk2

2 : : :) to the calculation of the values of ht(s1),

ht(s2); : : :. To determine the latter we must considerexactly which orthogonal arrays exist with a

speci�ed number of runs. For this we can apply the following lemma.
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Table 1 (cont.)

N A(N ) ht(N ) T(N ) B (N )
19 1 1 2 18
20 4 20 35 11
21 1 3 5 20
22 1 3 5 21
23 1 1 2 22
24 4 � 7 25 119� 133 18� 22
25 1 7 8 24
26 1 3 5 25
27 1 15 25 26
28 4 28 47� 55 15
29 1 1 2 28
30 3 5 15 29
31 1 1 2 30
32 2 42 320 29
33 1 3 5 32
34 1 3 5 33
35 1 3 5 34
: : : : : : : : : : : : : : :
64 7 86 3037 57
: : : : : : : : : : : : : : :

Lemma 6.

ht(N ) = 1 + max
X

i

ki ht(si ) ; (8)

where the maximum is taken over all parameter sets(N ; sk1
1 sk2

2 : : :) 6= (N ; N 1) for which an orthog-

onal array exists.

Pro of. The height of � N is onemore than the maximal height amongthe dual atoms. (8) follows

by applying Lemma 5 to the parameter set of such a dual atom.

We can now uselinear programming to obtain an upper bound on ht(N ), by maximizing

1 +
X

i

ki ht(si ) (9)

over all choicesof s1, k1, s2, k2; : : : that satisfy (C1) to (C4).

We �rst consider the casewhen N = 2n for somen.

The caseN = 64 will illustrate the method. If there is a factor 321 then linear programming

shows that (9) is maximized by 232 321, giving height 75. If there is a factor 161 then there is

a unique parameter set that maximizes (9), 416161, giving height 86. Otherwise, if only factors
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2k1 4k2 8k3 occur, the height does not exceed85. Sincean OA(64; 416161) exists, we conclude that

ht(64) = 86. We will return to the caseN = 64 in Section 6.

In this way we obtain the valuesof ht(N ), N = 2n shown in Table 2.

Table 2: Height of � N for N = 2n .

n 1 2 3 4 5
N = 2n 2 4 8 16 32
ht(N ) 1 4 9 21 42

ht(N )=(N � 1) 1 1:3333: : : 1:2857: : : 1:4 1:3548: : :

n 6 7 8 9 10
N = 2n 64 128 256 512 1024
ht(N ) 86 171 358 715 1431

ht(N )=(N � 1) 1:3650: : : 1:3465: : : 1:4039: : : 1:3992: : : 1:3988: : :

Consider the general problem of maximizing (9) for N = 2n . Comparing (1) and (9), we see

that an s-level factor contributes ht(s) to the height but usesup s � 1 degreesof freedom. If we

ignore the constraints of integrality then the value of the expressionin (9) would be maximized by

a term sk where s is chosento maximize ht(s)=(s � 1). This suggeststhat we should investigate

this quantit y in order to prove Theorem 1. The data in Table 2 suggestthat the ratio ht(s)=(s � 1)

is maximized if s is of the form 22i
and is as large as possible. That this is indeedso is established

by the next three lemmas.

Lemma 7. Given positive real numbers � r , � r (r = 1; : : : ; m), 
 , the maximal value of

mX

r =1

� r xr

subject to the constraints
mX

r =1

� r xr = 
 ;

xr � 0 (r = 1; : : : ; m)

is


 max
r =1 :::m

� r

� r
:

We omit the straightforward proof.

12



Lemma 8. Given positive real numbers � r , � r (r = 1; : : : ; m + n), 
 , 
 0 with 
 0 � 
 , the maximal

value of
m+ nX

r =1

� r xr (10)

subject to the constraints
m+ nX

r =1

� r xr = 
 ; (11)

m+ nX

r = m+1

� r xr � 
 0 ; (12)

xr � 0 (r = 1; : : : ; m + n) (13)

is

max
�


 max
r =1 :::m

� r

� r
; (
 � 
 0) max

r =1 :::m

� r

� r
+ 
 0 max

r = m+1 :::m+ n

� r

� r

�
: (14)

The maximum is given by the �rst expression if and only if

max
r =1 :::m

� r

� r
� max

r = m+1 :::m+ n

� r

� r
:

Pro of. Let � , 0 � � � 
 0, denote the value of the left-hand side of (12). Then by Lemma 7 the

maximal value of the sum in (10) is equal to

(
 � � ) max
r =1 :::m

� r

� r
+ � max

r = m+1 :::m+ n

� r

� r
:

This is a linear function of � and so its maximal value is taken at oneof the two endpoints, leading

to (14).

We can now give an upper bound on the height ht(N ) for N = 2n . Let

� n =
ht(N )
2n � 1

; N = 2n :

Lemma 9.

� n < c for all n ;

where c is the constant
1X

i =0

1
22i � 1

= 1:4039: : :
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Pro of. We usethe induction hypothesisthat, for m � 0,

� 2m > � x whenever 1 � x < 2m+1 ; x 6= 2m : (15)

This is trivially true when m = 0. We �rst compute � 2m . From the Rao-Hamming construction,

for N = 22m
, an OA(N ; (

p
N )

p
N +1 ) always exists, and we �nd that

� 2m � � 2m � 1 +
1

22m � 1
:

On the other hand, we obtain an upper bound on � 2m from the linear program: choosenonnegative

integersk1; k2; : : : so as to maximize

1 +
2m � 1X

r =1

ht(2r )kr

subject to the constraint
2m � 1X

r =1

(2r � 1)kr = 22m
� 1 :

From Lemmas6 and 7 we have

� 2m �
1

22m � 1
+ max

r =1 :::2m � 1
� r

=
1

22m � 1
+ � 2m � 1 :

Sincethe two bounds agree,

� 2m = � 2m � 1 +
1

22m � 1
: (16)

We now complete the proof of the induction step. For 1 � x < 2m , we have

� 2m > � 2m � 1 � � x ;

as required. Suppose2m < x < 2m+1 . Then � x is upper-bounded by the solution to the linear

program: maximize  

1 +
x� 1X

r =1

ht(2r )kr

!
.

(2x � 1)

subject to the constraints

x� 1X

r =1

(2r � 1)kr = 2x � 1 ;

x� 1X

r =2 m

(2r � 1)kr � 2x� 1 � 1 :
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(The secondconstraint is implied by the requirement that there can be at most one factor which

has more levels than the squareroot of the number of runs.) By Lemma 8 and induction on x, we

obtain

� x �
1

2x � 1
(1 + 2x� 1� 2m � 1 + (2x� 1 � 1)� 2m )

= � 2m �
1 + 2x� 1 � 22m

(22m � 1)(2x � 1)

< � 2m :

This completesthe induction step.

To completethe proof of Lemma 9, by the induction hypothesisit su�ces to prove that � 2m < c

for all m. But from (16) it follows that

� 2m =
mX

i =0

1
22i � 1

< c ;

and that � 2m ! c as m ! 1 .

If N is not a power of 2 then similar arguments show that the height is (considerably) lessthan

cN. This completesthe proof of Theorem 1.

4. Upp er bounds on the num ber of parameter sets

In this section we establish the upper bounds in Theorems 2 and 3. We will bound T 0(N ), the

number of nodesin � 0
N . Since� N is a sublattice of � 0

N , this is alsoan upper bound on the number

of nodesin � N . Suppose�rst that N = 22r .

We start by considering parameter sets (N ; 2k1 4k2 8k3 : : : (2r )kr ), containing no level exceeding
p

N . From (1),

N � 1 � k1 + 3k2 + 7k3 + � � � + (2r � 1)kr : (17)

Let 
 be the number of nonnegative integer solutions (k1; k2; : : : ; kN ) to this inequality. Then


 =(N � 1)r is the Riemann sum approximating the volume of the simplex bounded by the hyper-

planes

1 � x1 + 3x2 + 7x3 + � � � + (2r � 1)x r ;

x1 � 0; x2 � 0; : : : ; x r � 0

in
� r . For large N this yields


 =
N r

r !
rQ

i =1
(2i � 1)

(1 + o(1)) : (18)
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The product in the denominator approachesc32r (r +1) =2, as r ! 1 , where c3 = 0:2887: : :.

Now supposethe parameter set contains a factor at 2i levels, where r + 1 � i � 2r � 1. There

can be at most one such factor, and the number of such parameter sets in each caseis at most 
 .

The total number of parameter sets is therefore at most r 
 , and setting r = 1
2 log2 N we �nd that

log2(r 
 ) �
3
8

(log2 N )2(1 + o(1)) :

This establishesthe upper bound in Theorem 2 for N = 22r . It also implies the upper bound for

N = 22r +1 , after noting that T 0(N ) � T0(2N ).

We now give a sketch of the proof of Theorem 3, omitting many tedious details. To simplify

the analysis we will neglect terms on the right-hand side of (1) that correspond to factors with a

level greater than
p

N . Suppose�rst that N is a large number of the form 22a1 32a2 . Pretending

for the moment that a1 and a2 are allowed to be real numbers, not just integers,we may consider

what choice of a1 and a2 maximizes the number of solutions to (1) for a given value of N . The

number of terms on the right-hand side of (1) is now (a1 + 1)(a2 + 1) � 1. The arguments usedto

establish the upper bound of Theorem 2 show that the number of solutions to (1) is maximized if

22a1 is approximately equal to 32a2 .

Now supposethat N is of the form

p2a1
1 p2a2

2 � � � p2am
m ; (19)

where p1 = 2, p2 = 3; : : : are the �rst m primes. We �nd that the number of solutions to (1) is

maximized when the numbers p2ai
i are all approximately equal, and we will therefore assumethat

p2ai
i = N

1
m (1+ o(1)) , i.e. that

ai =
1

2m
ln N
ln pi

(1 + o(1)); i = 1; : : : ; m :

The Rao bound contains a term for every possiblelevel

s = pi 1
1 pi 2

2 � � � pi m
m

in which 0 � i � � a� , 1 � � � m, where not all the i � are equal to 0. The number of such terms is

� := (a1 + 1)(a2 + 1) � � � (am + 1) � 1 =
1

(2m)m

(ln N )m

mQ

j =1
ln pj

(1 + o(1)) : (20)

The product of the coe�cien ts of all the terms on the right-hand side of the Rao bound is

� := pa2
1a2 :::am =2

1 pa1a2
2a3 :::am =2

2 � � � pa1 :::am � 1 a2
m =2

m (1 + o(1)) :
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This implies

ln � =
�
4

ln N (1 + o(1)) :

Again using 
 to denote the number of solutions to the Rao inequality, we have


 =
N �

� !�
(1 + o(1)) ;

hence

ln 
 =
3
4

(ln N )m+1

(2m)m (ln m)m(1+ o(1))
�

1
(2m)m

(ln N )m

(ln m)m(1+ o(1))
(m ln ln N � m ln m)

+ smaller terms :

This expressionis maximized if we take

m =
1
2e

ln N
ln ln N

(1 + o(1)) ;

and then we �nd that the leading term in the expressionfor ln 
 is

3
4

ln N N
1

2e
1

ln ln N :

We concludethat

ln ln 
 �
1
2e

ln N
ln ln N

;

which establishesTheorem 3.

5. Geometric orthogonal arra ys

We consider subspacesV of the vector spaceGF (q)n over GF (q), where q is a power of a prime.

By the dimension of V , dim V , we mean the vector spacedimension over GF (q) (rather than the

projective dimension, which is one less). The following notion was suggestedby the notions of

spreadand partial spreadin projective geometry (cf. Thas, 1995).

De�nition. A mixed spread of strength t is a collection V = f V1; V2; : : : ; Vkg of subspacesof

GF (q)n such that for all choicesof � � t indices i 1; i2; : : : ; i � (with 1 � i 1 < i2 < � � � < i � � k) the

dimension of the span of Vi 1 ; : : : ; Vi � is equal to dim Vi 1 + � � � + dim Vi � .

An equivalent condition is that the span of Vi 1 ; : : : ; Vi � is the direct sum Vi 1 � � � � � Vi � for all

choicesof � � t indices i 1; : : : ; i � with 1 � i 1 < � � � < i � � k.

Any collection V of subspaceshas strength 1. V has strength 2 if and only if every pair Vi ,

Vj 2 V, i 6= j , intersect just in the zero vector. V has strength 3 if and only if it has strength 2 and

for any triple of distinct subspaceseach onemeetsthe spanof the other two just in the zerovector.
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If V is a d-dimensional subspaceof GF (q)n we denoteby V � the dual space,the spaceof linear

functionals on V (seefor exampleHo�man and Kunze, 1961),and we �x a labeling f 0; f 1; : : : ; f qd � 1

for the elements of V � .

Given a mixed spreadof strength t, V = f V1; V2; : : : ; Vkg, wherethe Vi are subspacesof GF (q)n ,

we obtain an orthogonal array OA(V) with qn runs asfollows. The columnsof the array are labeled

V1; V2; : : : ; Vk and the rows are labeled by the linear functionals f 2 (GF (q)n )� . If f restricted to

Vi , f jVi , is the j th linear functional in V �
i , the (f ; Vi )-th entry in the array is j . The symbols in

column i are therefore taken from f 0; 1; : : : ; qdim Vi � 1g.

We will say that an orthogonal array constructed in this way is geometric.

Theorem 10. The orthogonal array OA(V) has strength t if and only if the mixed spread V has

strength t.

Pro of. SupposeOA(V) hasstrength t. Considerfor examplethe �rst t columns. In the projection

of the array onto thesecolumns we see

tY

i =1

qdim Vi = q

tP

i =1
dim Vi

di�eren t t-tuples of symbols. Since thesedepend only on the restrictions of the f 2 (GF (q) n )� to

the span of V1; : : : ; Vt , the dimension of that spacemust be at least the sum of the dimensionsof

V1; : : : ; Vt , and clearly it cannot have a higher dimension. So V is a mixed spreadof strength t.

Conversely, supposeV is a mixed spreadof strength t. We can write

GF (q)n = V1 � � � � � Vt � X

where X is the complementary space to the Vi . Since the dual of a direct sum is canonically

isomorphic to the direct sum of the duals, we immediately �nd that as we run through the linear

functionals on GF (q)n , every tuple (f jV1 ; : : : f jVt ; f jX ) of restrictions occurspreciselyonce. Ignoring

the last component, we seethat every tuple (f jV1 ; : : : f jVt ) occurspreciselyjX j times. HenceOA(V)

has strength t.

Lemma 11. Any geometric array of strength 2 can always be extended to a tight array (i.e. one

meeting the Rao bound) by adding q-level factors.

Pro of. We simply group any unusedpoints into 1-dimensionalsubspaces.
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Examples. (i) The 1-dimensionalsubspacesof GF (q)n form a mixed spreadof strength 2. The

corresponding array is the familiar

OA(qn ; qk); k = (qn � 1)=(q � 1) ;

of the Rao-Hamming construction.

(ii) More generally, a classicala-spreadin PG(b;q) is a mixed spreadof strength 2 in our sense.

This is a set of subspacesof PG(b;q) of projective dimension a which partitions PG(b;q) (Thas,

1995), and exists if and only if a + 1 divides b+ 1. From Theorem 10 we obtain an

OA(qb+1 ; (qa+1 )k ); k = (qb+1 � 1)=(qa+1 � 1) ;

which of courseis also given by the Rao-Hamming construction.

We could also have obtained example(ii) directly from example(i), by remarking that a mixed

spreadof strength t over GF (q), q = p� , is also a mixed spreadof strength t over GF (q0), q0 = p� ,

if q0 divides q. The dimensionsof the subspacesare multiplied by � =� .

(iii) Provided a � b=2, there exists a mixed spreadof strength 2 in GF (q)b consistingof a single

subspaceGF (q)a and a partitioning of the remaining points into qa subspacesGF (q)b� a. This

can be proved directly, or alternatively is equivalent to Lemma 2.1 of Eisfeld, Storme and Sziklai

(1999). From Theorem 10 we obtain a geometric

OA(qb; (qb� a)qa
(qa)1)

whenever a � b=2. Orthogonal arrays with these parameters were already known from the dif-

ferencescheme construction (Hedayat, Sloaneand Stufken, 1999, Example 9.19), but the present

construction also shows that they are geometric.

(iv) The classical \partial a-spread" constructed in Lemma 2.2 of Eisfeld, Storme and Sziklai

(1999) translates in our languageinto a mixed spread of strength 2 consisting of k b-dimensional

subspaces(b � 2) of GF (q)n , where n = ib + r , 0 � r < b, and

k = qr qib � 1
qb � 1

� qr + 1 :

This producesa geometricOA(qn ; (qb)k ) (again arrays with theseparameterswereknown from the

di�erence schemeconstruction), which by Lemma 11 can be extendedto a tight

OA(qn ; (q1) l (qb)k ) ; (21)

where l = qb(qr � 1)=(q � 1). The orthogonal arrays constructed by Wu (1989) are a special case

of (21), but in general thesearrays may be new.
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(v) Generalizing examples(i) and (ii), any orthogonal array formed from the codewords of a

projective linear code (one for which the columnsof a generatormatrix are nonzeroand projectively

distinct) is geometric.

(vi) The OA(256; 216) of strength 5 formed from the Nordstrom-Robinson code (seeHedayat,

Sloaneand Stufken, 1999,Section5.10) is not geometric,and no geometricOA(256; 216) of strength

5 exists.

We shall seeother examplesin Section 6.

Remarks. An unmixed geometric orthogonal array is always linear, in the senseof Hedayat,

Sloaneand Stufken (1999), Chapter 3. In generala mixed geometric orthogonal array is additiv e

but not necessarilylinear2 over each of the �elds involved.

If the strength is 2, the number of degreesof freedom in the parameter set for OA(V) is equal

to the total number of nonzeropoints in all the subspacesVi .

Finally, the following is a recipe for constructing the orthogonal array from a mixed spread

V = f V1; V2; : : : ; Vkg of subspacesof GF (q)n in the casewhen q is a prime. Let v(i )
1 ; : : : ; v(i )

di
be a

basis for Vi , where di = dim Vi , 1 � i � k. Let w0; : : : ; wqn � 1 be the vectors of GF (q)n . Then the

i th entry of the j th row of the orthogonal array, for 1 � i � k, 0 � j � qn � 1, is the number

diX

r =1

wj � v(i )
r qr � 1 :

(This is a number in the range f 0; : : : ; qdi � 1g:)

6. If the num ber of runs is a power of 2

In this section we consider the caseN = 2n , n = 1; 2; : : :. We have already discussedht(N ) in

Section 3 (seeTable 2). With the assistanceof Michele Colgan, we useda computer to determine

the number of dual atoms A0(N ) and the total number of nodesT 0(N ) in the idealized lattice � 0
N

for n � 9. The results are shown in the secondand third columns of Table 3. Note in particular

the extremely rapid growth from N = 256 to N = 512. We regard this as convincing evidencethat

when N = 2n , A0(N ) (and therefore presumably A(N )) grows faster than any polynomial in N .

As to the lattice � N itself, for n � 4 this is covered by the results in Section 2. For N = 32

there are precisely two parameter sets in � 0
32 which do not exist, (32; 410) and (32; 21410). These

can be ruled out either by the linear programming bound or by the Bose-Bushbound (Hedayat,

2For the distinction betweenadditiv e and linear sets in the context of coding theory seeCalderbank et al. (1998).
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Table 3: Dual atoms and total number of nodes in idealized lattice � 0
N (A0(N ) and T 0(N )) and in

lattice � N (A(N ) and T(N )).

N A0(N ) T0(N ) A(N ) T(N )

1 0 1 0 1
2 1 2 1 2
4 1 5 1 5
8 1 14 1 14

16 2 61 2 61
32 3 322 2 320
64 11 3058 7 3037

128 21 33364
256 72 789085
512 144521 18614215

Sloaneand Stufken, 1999, Theorem 2.8). All other parameter sets in � 0
32 are realized. It follows

that � 32 contains exactly two dual atoms, OA(32; 216161) and OA(32; 4881).

Before considering� 64 we give a lemma that will be usedto construct new arrays.

Lemma 12. SupposeV1, V2, V3 are three r -dimensional subspaces of GF (2)2r such that Vi \ Vj =

f 0g, i 6= j . Then their union can be replaced by 2r � 1 two-dimensional subspaces, any pair of which

meet just in the zero vector.

Proof. Since V1 \ V2 = f 0g, V1 and V2 span the spaceGF (2)2r . Let � 1, � 2 be the associated

projection maps from GF (2)2r to V1, V2 respectively. Then i 1 = � 1jV3
: V3 ! V1 and i 2 = � 2jV3

:

V3 ! V2 are both isomorphisms. It follows that V3 is the set

f v + i (v) : v in V1g; i = i 2i � 1
1 :

But then we needsimply take the planesf 0; v; i (v); v + i (v)g for v 2 V1 to establish the lemma.

The lemma implies that if a geometric OA(22r ; : : :) exists then so does the array obtained by

replacing (2r )3 in the parameter set by 4k , k = 2r � 1. In particular, in a geometricOA(64; : : :) we

can replace83 by 47.

Theorem 13. The lattice � 64 contains precisely sevendual atoms, with parameter sets

(64; 2541781); (64; 41483); (64; 2541084);

(64; 4786); (64; 89); (64; 416161); (64; 232321) : (22)

A geometric orthogonal array exists for each of theseparameter sets.
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Pro of. As an intermediate step, we use mixed spreads of strength 2 to construct orthogonal

arrays with the following parameter sets:

(64; 421); (64; 2541781); (64; 2441582); (64; 41483);

(64; 2541084); (64; 244885); (64; 4786); (64; 284287);

(64; 244188); (64; 89); (64; 416161); (64; 232321) : (23)

On the other hand, linear programming shows that orthogonal arrays do not exist with parameter

sets

(64; 41881); (64; 41682); (64; 41184); (64; 4985); (64; 4387); (64; 4288) : (24)

We then check that every parameter set with 64 runs either dominates one of (24) (and so is not

realized), or is dominated by one of (23) (and is realized). Furthermore, the parameter setsin (22)

dominate all of (23).

It remains to construct the arrays mentioned in (22). The last two follow from Example (iii) of

Section5. Also (64; 89) comesfrom Example (i), and (64; 4786) and (64; 41483) follow from Lemma

12.

To construct an OA(64; 2541084) we proceedas follows. We begin by constructing an explicit

example of an OA(64; 89) from Theorem 10, by using an extended Reed-Solomoncode of length

9, dimension 2 and minimal distance 8 over GF (8). This gives a decomposition of GF (2)6 into 9

copiesof GF (2)3 meeting only in the zero vector. These9 subspacesare spannedby the following

nine triples of columns:
0 I I I I I I I I
I 0 I A A2 A3 A4 A5 A6 (25)

where

0 =

2

4
0 0 0
0 0 0
0 0 0

3

5 ; I =

2

4
1 0 0
0 1 0
0 0 1

3

5 ; A =

2

4
0 1 0
1 0 1
0 1 1

3

5 ;

and A7 = I .

Wemay replacethe �rst four subspacesand the last subspace(which together contain 35nonzero

points) by ten two-dimensional subspaceswith �v e single points left over. One choice for the ten

two-dimensionalsubspacesis shown in Table 4. This givesa mixed spreadof strength 2 consisting

of four 3-dimensionalsubspaces,ten two-dimensionalsubspaceand �v e points, and so by Theorem

10 corresponds to an OA(64; 2541084). Finally, Lemma 12 producesan OA(64; 2541781).

Remark. Geometric orthogonal arrays with parameter sets of the form (64; : : : 8k : : :) involve

selecting k disjoint (except for the zero vector) copiesof GF (2)3 inside GF (2)6. It is simpler to

22



Table 4: Ten pairs of columns each spanning a two-dimensionalsubspaceof GF (2)6.

01
00
01
00
10
11

01
01
00
11
01
10

00
01
10
00
11
10

00
00
01
00
00
10

01
01
00
10
10
10

01
11
11
01
01
01

00
01
00
10
00
00

01
00
00
10
11
00

10
01
01
01
01
00

01
11
01
10
00
10

work projectively, and then we must choosek disjoint copiesof PG(2; 2) inside PG(5; 2). Equation

(25) then givesa decomposition of PG(5; 2) into nine copiesof PG(2; 2).

With the help of Magma (Bosma and Cannon, 1995; Bosma, Cannon and Mathews, 1994;

Bosma, Cannon and Playoust, 1997), we showed that if 1 � k � 4 there is a unique way to choose

k disjoint PG(2; 2)'s in PG(5; 2), and these are equivalent to a subset of (25). For k = 5, there

are precisely two ways, one of which is equivalent to a subset of (25) while the other contains no

PG(2; 2) in its complement, and so cannot be extendedto k = 6. For k = 6; : : : ; 9, there is again a

unique way to choosek disjoint planes. In particular the decomposition into nine planesshown in

(25) is also unique.

An example of a maximal set of �v e PG(2; 2)'s in PG(5; 2) is shown in Table 5. This corre-

sponds to a geometric OA(64; 85) that cannot be extendedto a geometric OA(64; 86). It would be

interesting to determine if it can be extendedto any OA(64; 86).

Table 5: A set of �v e disjoint PG(2; 2)'s in PG(5; 2) that is not contained in a set of six. Each
triple of columns spansone of the subspaces.

100
010
001
000
000
000

000
000
000
100
010
001

100
010
001
100
010
001

100
010
001
010
101
011

100
010
001
111
110
100

7. The existence of orthogonal arra ys with certain parameter sets

In this section we prove Theorem 4, the lower bound in Theorem 2, and also give some other

conditions which are su�cien t to guarantee that a parameter set can be realized by an orthogonal

array.

23



Lemma 14. Suppose N = pm is a power of a prime and (N ; sk1
1 sk2

2 : : :) is a parameter set with

k = � i ki factors. If k � pb(m+1) =2c + 1 then this parameter set is realized by a geometric orthogonal

array.

Pro of. Suppose�rst that the parameter set contains a factor with s = pn >
p

N levels. If m is

even then a geometric OA(pm ; (pm� n )pn
(pn )1) exists by Section 5, and pm� n is the largest number

of levels other factors can have if there is an s-level factor. Since there are pn factors with pm� n

levels, the existenceof any array with one s-level factor and at most pm=2 factors with � pm� n

levels follows immediately. The casethat m is odd follows similarly.

We now assumethat all si �
p

N . If m is even, N = p2r , then a geometric

OA(p2r ; (pr )pr +1 ) (26)

exists by Section 5. Any parameter set with all si � pr and k � pr + 1 is dominated by (26) and

so is realized. If m is odd, N = p2r +1 , then a geometric

OA(p2r +1 ; (pr )pr +1 +1 ) (27)

also exists by Section5. Any parameter set with all si � pr and k � pr +1 + 1 is dominated by (27)

and so is also realized.

Sincethe number of factors in a parameter set is lessthan or equal to the number of degreesof

freedom (6), Lemma 14 immediately implies that any parameter set (N = pm ; sk1
1 sk2

2 : : :) with at

most pb(m+1) =2c + 1 degreesof freedom is realized by an orthogonal array. However, Theorem 4 is

much stronger.

Pro of of Theorem 4. We will show that any parameter set (pm ; pk1 (p2)k2 (p3)k3 : : :) satisfying

X

i � 1

ki (pi � 1) � p3m=4 (28)

is realized by a geometric orthogonal array, where p is any prime. To simplify the notation we

assumem = 4r is a multiple of 4. The arguments in the other three casesrequire only minor

modi�cations and are left to the reader.

From (28) we have

kr +1 + kr +2 + � � � + k4r � 1 � p2r + 1 ; (29)

and so by Lemma 14 a geometric

OA(p4r ; (pr +1 )kr +1 (pr +2 )kr +2 : : : (p4r � 1)k4r � 1 )
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exists.

We now proceedby induction. Let H n be the hypothesisthat every parameter set

(p4r ; pb1 (p2)b2 : : : (pr )br (pr +1 )kr +1 : : : (p4r � 1)k4r � 1 ) (30)

with bi � ki for 1 � i � r and

b1 + b2 + � � � + br = n

can be realized by a geometric orthogonal array constructed using disjoint subspacesof PG(4r �

1; p). We have shown that H 0 holds. SupposeH n holds with

n < k1 + k2 + � � � + kr :

We will show that we can increasebr by 1 and still realize the parameter set, thus establishing

Hn+1 .

To show this, note that the number of projectively distinct nonzeropoints in all the subspaces

in (30) is at most
4r � 1X

i =1

ki
pi � 1
p � 1

� 1 �
p3r

p � 1
� 1 :

However, by Theorem 1 of (Thas, 1995),Section7, if a subsetof PG(4r � 1; p) contains fewer than

(p3r +1 � 1)=(p � 1) points ;

there is a subspacePG(r � 1; p) disjoint from it. Since

p3r

p � 1
� 1 <

p3r +1 � 1
p � 1

;

such a subspaceexists and we can useit to augment br by 1.

By induction, we can realize the parameter set (p4r ; pk1 (p2)k2 : : : (p4r � 1)k4r � 1 ), as required.

Pro of of lower bound of Theorem 2. First suppose N = 22r . From Theorem 4, every

parameter set

(22r ; 2k1 4k2 8k3 : : : (2r )kr )

with at most 23r =2 degreesof freedomcan be realized. The lower bound of Theorem 2 now follows

in the sameway that we proved the upper bound in Section 4. If N = 22r +1 we use the previous

casetogether with T(N ) � T(N=2).

It would be nice to have analoguesof Theorem 4 and Lemma 14 when N is not a prime power!
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